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PREFACE 


EveERY beginner in the science of geometry knows that the 
circle and the sphere have always. played a central réle, yet 
few people realize that the reasons for this are many and 
various. Attention was first called to these figures by their 
mechanical simplicity and importance, and the fortunate 
position thus won was further strengthened by the Euclidean 
tradition of limiting geometry, on the constructive side, to 
those operations which can be carried out with the aid of 
naught but ruler and compass. Yet these facts are far from 
sufficient to account for the commanding position which the 
circle and the sphere occupy to-day. 

To begin with, there would seem no @ priori reason why 
those curves which are the simplest from the mechanical point 
of view should have the greatest wealth of beautiful properties. 
Had Euclid started, not with the usual parallel postulate, 
but with the different assumption either of Lobachevski or 
Riemann, he would have been unable to prove that all angles 
inscribed in the same circular are are equal, and a large 
proportion of our best elementary theorems about the circle 
would have been lacking. Again, there is no @ priori reason 
why a curve with attractive geometric properties should be 
blessed with a peculiarly simple cartesian equation; the 
cycloid is particularly unmanageable in pure cartesian form. 
The circle and sphere have simple equations and depend 
respectively on four and five independent homogeneous para- 
meters. Thus, the geometry of circles is closely related to 
the projective geometry of three-dimensional space, while the 
totality of spheres gives our best example of a four-dimensional 
projective continuum. Still further, who could have predicted 
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that circles would play a central rédle in the theory of linear 
functions of a complex variable, or that every conformal — 
transformation of space would carry spheres into spheres ? 
These are but examples of the way in which circles and spheres 
force themselves upon our notize in all parts of geometrical 
science. 

The result of all this is that there is a colossal mass of 
literature dealing with circles and spheres, the various parts 
of which have been developed with little reference to one 
another. The elementary geometry of the circle was carried — 
to a high degree of perfection by the ancient Greeks, but by 
no means completed, for in comparatively recent times there 
have been notable contributions from mathematicians of no 
mean standing, Steiner and Feuerbach, Chasles and Lemoine, 
Casey and Neuberg, and a countless following host. The 
relation between circle geometry and projective geometry has 
been thoroughly studied by Reye, Fiedler, Loria, and their 
pupils. Every text-book of the theory of functions of a com- 
plex variable discusses the relation of circles to the linear 
function, while the general theory of circle transformations — 
has had such distinguished exponents as Mobius and von 
Weber. The circle and sphere with positive or negative 
radius have been the subject of admirable studies by Laguerre 
and Lie, algebraic systems of circles in space have been studied — 
by Stephanos, Koenigs, Castelnuovo, and Cosserat, while circle — 
congruences in general have received no little attention from 
recent writers on differential geometry, notably Ribaucour, 
Darboux, and Guichard. 

The present work is an attempt, perhaps the first, to present 
a consistent and systematic account of these various theories. 
The greatest difficulty in any such undertaking is obviously 
that of selection. This is particularly the case in the early 
part of the subject. A complete account of all known elemen- 
tary theorems regarding the circle would be far beyond the 
strength of any writer, or reader. The natural temptation 
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is to go to the other extreme, and omit entirely the elementary 
portions; yet this would be equally fatal. How could one 
write at length on the geometry of the circle without dis- 
cussing the Apollonian problem and the nine-point circle ? 
‘But if we include the circle of Feuerbach, why should we 
exclude the circles of Lemoine, Tucker, and Brocard? Where 
does the geometry of the circle end, and that of the triangle 
begin? Clearly any principle of choice must be largely 
arbitrary and illogical. 

In the present treatise preference is shown to those theorems 
which are unaltered by inversion, and to those which are as 
general as possible in their scope. The author has tried to 
say something about every circle that is known by a recog- 
nized name, but the vast subject of the geometry of the 
triangle is treated only in a superficial manner. Similarly, 
only a small number of the most famous problems in con- 
struction have been discussed, but these have been treated 
at some length. 

When we pass from the elementary to the more advanced 
portions of the subject, we find a tolerably clear line of 
demarcation running through the geometry of the circle and 
the sphere, namely, the separation of those theorems which 
involve the centre or radius from those which do not. Other- 
wise stated, we have those theorems which are invariant 
under the group of conformal collineations, and those which 
are invariant for inversion. An attempt is made to keep 
these two classes as far separate as practicable. For this 
reason, distinction is drawn between cartesian space which 
is supposed to have been rendered a perfect continuum by 
the adjunction of a plane at infinity, and pentaspherical 
space where the finite region is defined, in the real domain, 
as a single point. Among the cartesian theorems there is 
a sharp sub-division between those where the radius is looked 
upon as essentially signless and those where a positive or 
negative radius is allowable. The circle and the oriented 
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circle should be considered as essentially dissimilar figures ; 
the former is a locus of points, the latter, in the plane, is best 
handled as an enyelope of oriented lines, and considered under 
a totally different group. In the present work the oriented 
circle and sphere are discusscd in three chapters entirely 
devoted to them. 


Every writer knows that the pleasantest part of his task 


consists in writing the preface, for here he has a chance to 
express his gratitude to the generous friends who have helped - 
him with suggestion and counsel. The present author would 
especially mention his colleague Professor Maxime Bécher, 
who kindly read the proof of Ch. VIII, and his former pupil 
Dr, David Barrow, who not only supplied much of the 
material in Ch, XIV but also did yeoman service in unearth- 
ing mistakes in various parts of the work. Another pupil, 
Dr. Roger Johnson, has kindly suggested a number of minor 
corrections, mostly of a bibliographical nature. Yet the 
greatest debt is not to any one of these. 

The present work went to press in the spring of 1914, 
During the two years which have intervened, the Delegates 
of the Clarendon Press, despite the fact that their country 
was passing through the most severe trial in her history, 
have yet seen fit to continue the publication of a book which 


dealt. with a subject utterly remote from all that occupied © 
men’s thoughts, and which was not even written by one of 


their countrymen. Let the author’s last word be one of 
gratitude to them for this great kindness, as signal as it 
is undeserved. 


CAMBRIDGE, U.S.A. 
July, 1916. 
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CHAPTER I 


THE CIRCLE IN ELEMENTARY PLANE 
GEOMETRY 


$1. Fundamental Definitions and Notation. 


ALL figures discussed in the present chapter are supposed 
to exist in the real and finite domain of the Euclidean plane; 
the domain of elementary plane geometry. As fundamental 
objects, we shall take points, lines, and circles. We shall 
make no attempt to define a point. By line we shall mean 
a straight line; a class of points uniquely determined by any 
two of its members. It extends to an infinite distance on 
either side of any of its points. That portion of a line which 
is on either side of any point shall be called a half-line; the 
portion which includes two points and all between them shall 
be a segment. If two half-lines be given which are not 
collinear, but are bounded by a common point, that portion 
of the plane which includes all segments whose extremities 
are on the given half-lines shall be called their interior angle, 
or, more shortly, their angle. The remainder of the plane 
shall he their exterior angle. These definitions may be easily 
extended to include null and straight angles. Three non- 
collinear points will determine three segments forming 
together a triangle. The given points and segments are 
the vertices and sides respectively, the lines whereon the 
segments lie shall be called the side-lines.* The three angles, 
each of which is bounded by two half-lines including two 
sides of the triangle, shall be called the angles of the triangle, 

* This term suggests football rather than geometry. It is, however, 
proper to distinguish between the side of a triangle, and the line whereon 


that side lies, 
B2 
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their supplements its exterior angles. A line through a vertex 
perpendicular to the opposite side-line shall be called an 
altitude line, its intersection with the side-line its foot, and 
the segment bounded by the foot and the opposite vertex, 
the altitude. 

We shall mean by a circle the locus of points at a given 
distance from a fixed point called the centre. A segment 
bounded by two points of a circle shall be called a chord, 
its line a secant. The limiting position of a secant as the two 
points of the circle approach one another shall be a tangent. 
A segment bounded by the centre and a point of the circle 
is a radius, that which is made up of two collinear radii 
a diameter. 

Let us pass from these definitions to establishing certain 
conventions as to notations. Points shall be denoted by large 
italic letters as A BP;. The segment bounded by A and B, 
or the distance of these points, shall be written (AB). When 
a question of algebraic sign arises, or a segment is looked 
upon as measured in a particular sense, we shall superpose 
an arrow pointing to the right, to indicate that the segment 
is measured from the point denoted by the first letter to that 
denoted by the second, thus 


(AB) = —(BA). 


The line determined by the points A and B shall be indicated: 


AB. It is often convenient to indicate a line by a single 
small dtalic letter as a,1;. The angle of the half-lines which 
include the segments (A B)(AC), when considered as a quantity 
bereft of sign, shall be indicated X.BAC. When the sense 


of description is essential we shall introduce a right-pointing 
ALTOW, as 


—__—__> Goes 

{ BAC = — CAB. 
When we wish one of the lesser angles determined by two 
lines, uncluding its sense of description,* we shall use the 
notation LBAC or 4/,/,. Parallelism shall be denoted by ||, 
perpendicularity by 1. The distinction in meaning between 


* There is, of course, a slight ambiguity when the lines are mutually 
perpendicular ; it does not, however, cause any practical inconvenience 
e 
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our various symbols will appear from the following familiar 
equations : 
Tf 7, || 2, and 7,||2,’, then 22,7, = 21/1, 
Tf 2,177 and 7, 11,’, then Z bb Ot, 
If ABCD be concyelie, 
LABC=ZADC, 
4 ABC =X. ADC or r—X_ ADO, 


4 ABC=% ADC or +(7+X ADC). 
If ABCD be any four coplanar points, 
ZADB+2Z BDC+ZCDA =e (mod 7), 


4 ADB+% BDC+4.CDA=0 (mod 27). 

A triangle where vertices are ABC shall be indicated 
AABC. 

It is useful to make certain further conventions for the 
study of a single triangle. The vertices shall be A,A,As, 
this order of letters corresponding to a circuit of the triangle 
in a counter-clockwise or positive sense. If the letters 7, j, k 
indicate a circular permutation of the numbers 1, 2, 3, 

ZA; A;A,=4A,A;A;=LA; (A4;4,)= 4; Za; = 28, 

If P. be any other point of the plane, the line A;P shall 
meet A; A; in P;; a line through P 1 A; A; shall meet A; A; 
in Pa;. The middle point of A; A;, shall be M;; the centre of 
gravity of the triangle is thus M. The centre of the cir- 
cumscribed circle shall be O, the orthocentre, the point of 
concurrence of the altitude lines, shall be H. We have thus, 
incidentally, H; = Ha;. The area of this triangle shall be A, 
the radius of the circumscribed circle shall have the length r. 
A theorem shall be referred to as x] or y] while an equation 
is (p) or (q). 

§ 2. Inversion, 

A truce to these preliminaries! Suppose that we have 
given a circle whose centre is O and radius has the length 
7%0. Let P and FP’ be any two points collinear with O 
such that 

— — 
(OP) x (OP’) = 7°. (1) 
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The relation between the two is perfectly symmetrical, each 
is said to be the inverse of the other with regard to that circle, 
and the transformation from one to the other is called an 
inversion. The point O is called the centre of inversion, the 
given circle the circle of inversion, and its radius the radius 
of inversion.* F 


Theorem 1.] Zvery point other than the centre of inversion 
has a single inverse. 


Theorem 2.] The circle of inversion is the locus of points 
which are their own inverses. 


Theorem 8.] Points within the circle of inversion other 
than the centre will invert into points without, points without 
will always invert into points within. 


Another transformation similar to inversion is found by 
taking S and S’ collinear with O so that 


(08) x (08’) = —r*. 


This is seen immediately to be the product of an inversion 
and a reflection in the centre, though algebraically it is an 
inversion in a circle of imaginary radius. We shall make 
but little use of this transformation in the present chapter. 
Returning to the direct study of inversion, let the reader 
show that if P be without the circle, P’ is the intersection 
of OP with the chord of contact of tangents from P to this 
circle, i.e. with the polar of P. We notice further that if OP 
meet the circle in H and K, H lying between O and P, 

— 
(HP) _ (OH)—(OP), (KP) _ (OK)—(OP) 


(iP) (0H)-(OP) (KP) (O)—(OP) 


* This transformation is usually credited to Pliicker. See his Analytisch- 
geometrische Aphorismen, Crelle, vol. xi, 1886. It was rediscovered a decade 
later by Sir William Thompson, Principe des images électriques, Liouville 
vol. x, 1845. The most recent view, however, seems to be that the method 
was found some time previous by Steiner. Cf. Biitzberger, Ueber bizentrische 
Polygone, Leipzig, 1918, pp. 50-5. The inversion of a small region can be 
effected mechanically by link works invented by Peaucellier, Hart Kempe 
and others. : 
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(HP) (KP) _ =78+1°—[(0P) (OK) + (OP) (OH) _ 
(HP) (KP) —r?4+7°—[(OP) OH) +(OP) OR)] _ 


We thus reach a theorem slightly beyond the limits of elemen- 
tary geometry strictly construed. 


—1. 


Theorem 4.] Mutually inverse points are harmonically 
separated by the intersections of their line with the circle of 
inversion. 


If P’ and Q be the inverses of P and Q respectively, we have 


APIOP) ~(00\ (06, WP) _ (OP) 
OP) (OP’) = (OQ) (O nee A TY 
A OPQ and AOQ’P’ are similar. 
(PQ) = (PQ 2X? = (PQ) (3) 
(0Q) — OP, 00 ) OO 


If PQRS be four points whose inverse are P’Q’R’S’, 
(P'Q') (B'S) _ (PQ) (BS) 
(SP) (QR) (SP) (QR) 

We shall make great use of this equation subsequently. For 


the moment we merely draw therefrom an extension of the 
previous proposition. 


(4) 


Theorem 5.| The cross ratio of four points collinear with 
the centre of inversion, but distinct therefrom, is equal to that 
of their inverses. 

We now assume specifically that P and Q are not collinear 
with O. We see from (2) that AOPQ and A OQ P’ are similar, 

——> —e 
hence UL os UST. 

If R be a fourth point in general position, 
——> —_—> 
4 OPR = %_OR'P’. 

We substitute for each angle on the right its equivalent in 
terms of the other two angles of the triangle whose vertices 
are thereby designated, then subtract ; 


X RPO+4 RPO = tROO = 4 RO". 
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Theorem 6.] The algebraic swm of the corresponding angles 
of two mutually inverse triangles is equal to the angle swb- 
tended at the centre of inversion by the sides opposite these 
angles. 


Theorem 7.] If two opposite angles of a quadrilateral be 
measured in such a way that the two initial sides and the two 
terminal sides meet respectively in vertices of the quadrilateral, 
their algebraic difference is numerically equal to the corre- 
sponding difference for the inverse quadrilateral. 

Of course, when we say that two triangles or quadrilaterals 
are mutually inverse, we merely mean that this is true of their 
corresponding vertices. We next let Q approach P as a limit, 
so that PQ and P’Q’ approach tangency in two mutually 
inverse curves. 


Theorem 8.] The angle made at any point by a cwrve with 
a line from there to the centre of inversion is numerically the 


supplement of the corresponding angle for the inverse curve 
at the inverse pownt. 


Theorem 9.] An angle at which two curves intersect at any 
point other than the centre of inversion is the negative of the 


corresponding angle made by the inverse curves at the inverse 
point. 


Theorem 10.] Curves which intersect at right angles not at 
the centre of inversion will invert into curves intersecting 
at right angles. 


Any curve which is its own inverse is said to be anallag- 
matic.* 


Theorem 11.] If the circle of inversion intersect an anallag- 
matic curve at any point which is a simple point for the 
latter, the two will intersect at right angles. 


Theorem 12.] A line through the centre 


of inversion is 
anallagmatic. 


Theorem 13.] A circle through a pair of inverse points is 
anallagmatic. 


* This curious word seems to be due to Moutard. 
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We see, in fact, that if we consider any pair of points on 
such a circle collinear with the centre of inversion, the 
product of their distances therefrom is the square of the 
radius of inversion. Let the reader show that 


Theorem 14.] A circle which cuts the circle of inversion 
at right angles is anallagmatice. 


Theorem 15.] If two intersecting circles cut a third at 
right angles, their intersections are inverse in the third circle. 

This last theorem leads to another way of looking at 
anallagmatic curves. If we have a system of circles moving 
continuously yet always orthogonal to a fixed circle, we see 
that the intersections of infinitely near circles are inverse in 
the fixed circle, i. e. the envelope is anallagmatic. Conversely, 
if an anallagmatic curve be given, a circle through two 
inverse points and tangent at one, will be tangent at the 
other ; the curve is the envelope of circles orthogonal to the 
circle of inversion. The locus of the centres of the moving 
circles shall be called the deferrent. 

If a circle orthogonal to the circle of inversion be anallag- 
matic, what is the inverse of a circle in general position? 


Fia. 1, 
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Let C be the centre of such a circle, p the length of the 
radius; PQ shall be two points of the circle collinear with O 
the centre of inversion, P’ and Q’ their inverses. We assume 
for the moment that our given circle does not pass through 
the centre of inversion. A line through P” || QC shall meet 


OC in C’. Now (OP) x (0) and (OP) x (OP’) have constant 
values, hence 


a= 4 eae ———= 


— —> — 
(0Q) (OC) (CQ) 
The locus of P’ is thus a circle of centre C’ and radius 
—- 
»2 OC) 
Pee 
(OC) 


Theorem 16.] The inverse of a circle not passing through 
the centre of inversion is a circle of the same sort. 

The reasoning above is inapplicable when the given circle 
passes through the centre of inversion. In this case Q 
coincides with O. Let R be diametrically opposed to this 
point, R’ its inverse. Then since A OPR is similar to AOR’P’ 


VORP 


Theorem 17.] The inverse of a circle passing through the 
centre of inversion is a line not passing through that centre. 


Theorem 18.] The inverse of a line not passing through 
the centre of inversion is a circle through that point. 


Theorem 19.]. Paraliel lines invert into circles tangent to 
one another at the centre of inversion. 


Theorem 20.] If two figures be mutually inverse with 
regard to a circle, their inverses in aw second circle whose 
centre does not lie on the first are mutually inverse in th 
inverse of the first circle with regard to the second. : 

Suppose, in fact, that P and P’ are inverse in a circle C,. 
Every circle through them will, by 13], cut C, at right angles, 
The inverses of these circles with regard to a second circle C. 
will cut the inverse of C, at right angles, and the two points 


: 
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common to them will be mutually inverse in that inverse 
of C;,. 


Theorem 21.] If a circle be inverted into a straight line, 
a parr of points inverse with regard to the circle will become 
a point and its reflection in the line. 


Theorem 22.] Jf a curve be anallagmatic with regard to 
two circles, it is anallagmatic with regard to every circle that 
can be obtained by successively inverting one circle of inver- 
ston in another.* 

We saw in the reasoning which led up to 16] that mutually 
inverse circles are similar figures radially situated. If two 
figures be similar we may clearly adjoin to the one and the 
other as many points as we please, getting more comprehensive 


. figures which are still similar with the same ratio of similitude, 


and include the originals as parts of themselves. If there be 
a point which corresponds to itself in two such similar figures, 
it is called a double or self-corresponding point. When the 
figures are radially situated, corresponding points are collinear 
with the double point, and their distances therefrom bear to 
one another a ratio fixed in magnitude and sign. The double 
point is called the centre of similitude, and the fixed ratio the 
ratio of sumilitude. 


Theorem 23.] If two circles be mutually inverse, the centre 
of inversion is a centre of similitude for them while the ratio 
of similitude is numerically that of their radu. IPf this centre 
lie outside of one circle it is outside of the other, and is the 
point of intersection of their direct convmon tangents. 

Suppose, conversely, that we have two circles which are 
neither concentric nor of equal radius. Let us divide the 
segment bounded by their centres in two parts proportional 
to the radii, and find the harmonic conjugate of this point 


with regard to those centres (loosely called dividing the 


* Cf. Mobius, Collected Works, vol. ii, p. 610 ; also Finsterbusch, Die Geometrie 
ebener Kreissysteme, Werdau, 1893, p. 68. For the conditions that an algebraic 
curve should be anallagmatic see Picquet, Sur les courbes et surfaces anallagma- 
tiques, Comptes rendus de l’Association frangaise pour V’avancement des 
sciences, Session of 1878 at Paris. 


28 THE CIRCLE IN CH. 


segment externally in that ratio). These points are the in- 
ternal and external centres of similitude respectively, and are 
the points of intersection of such common tangents as the 
circles may have. Let O be one of these points and te a line 
through it meet one circle in PQ and the other in Q’P’. Then 


— > 
(OP) _ (09) _ 2, 
(OY) (OF) °° 
— — 
(OP) x (OP?) = (00) x (0@) = 
We easily find that & will be positive in the case of one 
point when the circles do not intersect, and in the case of both 


when they do. They are thus certainly mutually inverse in 
one circle of radius “Wk. 


Theorem’ 24.] Any two circles of different centres and 
unequal radii are mutually inverse in at least one circle 
whose centre is one of their centres of similitude. 

The circle or circles in which the given circles are mutually 
inverse are called their circles of antisimilitude; that on the 
segment bounded by the centres of similitude as diameter is 
their circle of similitude. 


Theorem 25.] If two circles of wnequal radius lie outside 
of one another, their common tangents intersect at their centres 
of similitude and at fowr points of the circle whose diameter 
as the segment bounded by their centres. 

Let us define as a tangential segment of a point with regard 
to a circle a segment bounded by that point and the point of 
contact of a tangent to the circle which passes through the 
point. The common tangential segments of two circles will 
be segments lying on common tangents and bounded by the 
points of contact. Let us find the locus of a point whose 
tangential segments to two circles are proportional to their 
radii. The circles being c,c,, their centres O,C,, while the 
radii have the lengths 7,7, if P be a point of the locus while ¢, 
is the tangential segment from there to c; 


tet _ ttn? 52 (Po Pe oF) eat 


tp ne tte? (PO)* (PC) ~ x," 
We have, thus, by a familiar theorem of elementary geometry, 
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Theorem 26.] The locus of points whence the tangential 
segments to two non-concentric circles of wnequal radius are 
proportional to the radii is so much of the circle of simili- 
tude as lies without the circles. 


Theorem 27.] The distances from a point of the circle of 
similitude of two given circles to their centres are proportional 
to the respective radii. 


Theorem 28.] The circle of similitude of two given circles 
includes all points whereat equal angles are determined by 
the pairs of tangents to the two. 

We find at once from Menelaus’s theorem 


Theorem 29.] If three circles be given, no two concentric 
nor of equal radius, a line connecting a centre of similitude 
of one pair with a centre of similitude of a second pair will 
pass through a centre of similitude of the third pair. 

If two circles touch one another, their point of contact is 
a centre of similitude. 


Theorem 30.] Jf a circle touch two others of wnequal 
radius, the line connecting the points of contact will pass 
through a centre of similitude of the two. 


Theorem 31.| The centres of similitude determined by three 
circles whereof no two are concentric or of equal radius lie by 
threes on the sides of a complete quadrilateral, whose diagonal 
lines connect the pairs of centres of the circles.* 

We find at once from the theorem of Ceva 


Theorem 32.] If three circles be given, no two being con- 
centric or of equal radius, the lines connecting each centre 
with the centres of similitude of the other two are the side- 
lines of a complete quadrangle whose diagonal points are the 
centres of the given circles. 

Let us return to the point of view where we regarded the 
two circles as inverse in a circle of antisimilitude. If their 
radii be p and p’, the radius of inversion 

0) 1 ra re 
ph (0%) °~ (OP) ~ "(OP)(0Q) 


* Chasles, Traité de géométrie supérieyre, Paris, 1852, p. 539. 
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If we define as the power of a point with regard to a circle 
the product of its oriented distances to any two points of the 
cirele collinear with it (the square of the tangential segment 
when the point lies without) we have 


Theorem 33.] The radius of the inverse of given circle 
not through the centre of inversion is equal to the radius of 
the given circle multiplied by the square of the length of the 
radius of inversion, and divided by the absolute value of 
the power of the centre of inversion with regard to the gwen 
circle. 

Let us next follow the fate of the centre of the given circle. 
This point has the property that all straight lines through it cut 
the given circle at right angles. These lines invert into circles 
through the centre of inversion, whence by 15] 


Theorem 34.] The inverse of the centre of a circle which 
does not pass through the centre of inversion is the inverse 
of that centre in the inverse of the given circle. The inverse 
of the centre of « circle through the centre of inversion is the 
reflection of that centre in the line which is the inverse of the 
given circle. 

If two circles be given which do not intersect, either they 
lie outside of one another, or the one includes the other. In 
the first case we may easily find a point of the segment 
bounded by their centres which has the same positive power 
with regard to the two. This will be the centre of a circle 
cutting the two at right angles, and intersecting the line of 
centres in two points inverse in both circles. In the second 
case, if a point move off indefinitely on the line of centres 
from that intersection with the outer circle which is nearer to 
the centre of the inner one, its inverse in the outer circle will 
trace a segment which includes in itself the segment which is 
the locus of its inverse in the inner circle. In each case we 
can find a pair of points which are inverse in both circles. If 
we take either as centre of inversion we find: 


Theorem 35. Any two circles which do not intersect may 
be wnverted into concentric circles. 


eS ee ee eee eee 


_— ee oo a. eee 


= 
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§ 3. Mutually Tangent Circles. 


The last theorem enables us to solve a problem very dear to 
Jakob Steiner.* Suppose that we have given two non-inter- 
secting circles. What relations must exist between their radii 
and the distances of their centres in order that there should be 
a finite succession of circles all tangent to the given two, 
and each tangent to its two neighbours in the ring? Let us 
imagine that there are w circles in the ring, and that they 
make m complete circuits. These numbers will be invariant 
when we invert the given circles into two concentric circles of 
radii 7, and r, respectively. If the common radius of circles 
of the new ring be 7, | 


1(2m7 7 
tan 3(——*) = [SS ==? 
” J (r+7,)?—7? 
PHT = 3 ("1 +7%); 
CL ee 


tan? —— = — 
n T Fe 


Next, let any line through the common centre of the two 
meet them in P,’Q,’ and P,’Q,’. 


Fie. 2. 


* See his Collected Works, vol. i, pp. 48 and 135. The aesulying 
systems of circles are described by English writers as ‘ poristic’. See 
H. M. Taylor, ‘ Porism on the ring of circles touching two circles’, Messenger 
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To be definite, we assume that the former pair includes the 
latter, and that P,/P, are on one side of the centre while 
Q,’Q,’ are on the other side. Then 


— — 
i ge (Py P,’) x (Qs Qy) 
"1" (PY Qy) x (Py Q) 
1 V1 2 %2 
We saw, however, in equation (4) that the right-hand side 
of this is invariant for inversion, the centre of inversion being 


on the line of centres of the given circles. If, thus, this line 
meet the original circles in P,Q, and P,Q, 


gt as (P,P,) x (2.2). 
is (P,Q,) x (P2Qs) 


This equation has a simple geometric meaning. Reverting 
to the concentric case, let us construct circles on (P,’Q,’) and 
(P,’Q,’) as diameters. The distance from the common centre 
to their centres will be 4(r,—7,), their common radius 
i(r,+7,). To find the angles at which they intersect, we 
have 


tan 


—(7,—1))7 +3 (%,+7,)? fai 4(r,+7,%—47" 


cos 6 = = 
§ (1%, +7)" 3 (T.+7)) 
7 oT 
tan?36 = = tan? —-.- (6) 
ito n 


We thus get, recalling 9], 


Theorem 36.] Let two non-intersecting circles be given, 
and let the line of centres meet the first in P,Q, and the second 
in PQ,; the points P,Q, separating the points P,Q,. A 
necessary and sufficient condition that it should be possible 
to construct a finite succession of circles tangent to the given . 
ones and successively tangent to one another is that the circles 
constructed on the segments (P,Q,) and (P,Q,) as diameters 


of Mathematics, vol. vii, 1878, and his brother W. W. Taylor, ‘On the Rin 

of Circles touching two Circles’, ibid. See also Lachlac ‘On Postetie 
Systems of Circles’, ibid., vol. xvi, 1887. Our present icatmene follows 
Vahlen, ‘Ueber Steinersche Kugelketten’, Zeitschrift fiir Mathematik und Physik 
vol. xli, 1896. For an interesting generalization see Emch, ‘An Ap ligation 
of Elliptic Functions’, Annals of Mathematics, Series 2, vol. ii, 1901. r 
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should intersect at an angle commensurable with 7. The 
denominator of the measure of such an angle when expressed 
in terms of 27 and reduced to its lowest terms will give the 
number of circles in the succession and the numerator the 
number of complete circuits formed by them. If one such 
circuit exist, there will be an infinite number of them, one 
crrcle being perfectly arbitrary eacept for the types of contact 
with the given circles. The points of contact of successive 
circles in all of thece circuits lie on one circle. 


We may pursue this subject further. If we take as a 
circle of inversion any circle orthogonal to the two given 
ones, they are, by 24], anallagmatic therein, the line of 
centres becomes a circle orthogonal to the two given circles, 
the circles on (P,Q,) and (P,Q,) as diameters, become circles 
tangent to the original circles, and orthogonal to a circle 
orthogonal to them. We may thus state our condition in 
slightly more general terms by means of the angle of these 
last two circles. Suppose, then, that we have a ring of 
circles, and that two circles of the ring touch the given circles 
at four points of one same circle orthogonal to the original 
ones. By two successive inversions we may go back to the 
concentric case where, in our previous notations two circles 
of the ring have (P,P,) and (Q,Q,) as diameters. The con- 
centric circles will be two out of a ring tangent to the circles 
on (P,P,) and (Q,Q,) and to one another in turn, and the 
circles on (P,Q,) and (P,Q,) as diameters play the same réle 
with regard to both rings. If, then, m,n, be the numbers 
for the new ring, we have 

Bp t= 2x or else 22 = 7-27 - 
Ny nv Ny n 


The decision between these two possibilities requires delicate 


handling.* Let us first remark that, < being given, these two 


eee m : 
equations give different values for except in the case where 
1 1 


* Vahlen, loc. cit., overlooks the necessity for making both assumptions. 


1702 Cc 
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; ™m, 
6 a As 6 changes continuously the correct value for a 


cannot leap from being a root of one equation to being the 
root of the other, except, perhaps, when @ passes through 
the value = First take r, = 0, 

m=1, n=2; t= Mm 1 n=O, 
since the circles on (P,P,) and (Q,Q,) can be simultaneously 
inverted into parallel lines. Here, surely, 
H.R 1 


—? 


n Ny, 2 


and this will hold for 6 > = On the other hand, if we take 


Ty as 
m=I1, n=O. 


To find “ notice that if two extremely small circles lie 
af 
without one another and be inverted into concentric circles, 


the one becomes tiny, and m, = 1, n, = 2. 


Theorem 87.] Given two non-intersecting circles which 
possess the property that a ring of n circles may be constructed 
all tangent to them and successively tangent to one another 
making m coniplete circuits, and if two circles of the ring 
touch the original ones at points on one circle orthogonal to 
these two, then the original circles are members of a ring of ny 
circles making m, complete circuits, all tangent to the two 
of the first ring, where 

Te 1 ed 
Aas mm 2) (7) 

This theorem so far astonished Steiner that he called it one 
of the most remarkable in all geometry.* 

We know that two mutually tangent circles can be inverted 
into parallel lines. Let us do so for two internally tangent 
cireles c,¢. ‘The circles tangent to these two lines will all 
have the same radius p’; let ¢,/ be that circle of the system 
whose centre lies on the perpendicular on the lines from the 


* Collected Works, vol. i, p. 136. 
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centre of inversion, the circles of a system of successively 
tangent circles, which touch the parallel lines shall be 
Cy Cy Cy... 07, their centres C,/0,’...0,/.  Inverting back 
we get our original circles with the system of circles ¢, ¢ ... cy 
tangent to them and to one another in succession. The centre 


ee 
Ci 


Fie, 3. 


of c, shall be C,, the perpendicular thence to the line of 
centres of the original circles shall meet the latter in D,. 
Since C,, and C,/ are collinear with O the centre of inversion 
(C, Dn) es 2np" 
(OC,) — (OC,’) 
But since O is a centre of similitude for C,, and C,,’ 
/ 
pre 8a a nc = 2ip,, (8) 
Theorem 38.] Given two circles ¢, and é externally tangent 
to one another and «a third circle ec having as diameter the 
sum of their collinear diameters, Then «of a series of circles 
CC, ...c, be all drawn tangent to é and c, and successively to 
one another, the distance from the centre of Cy to the line of 
centres of é, c’ is n times the diameter of ¢,. 
This theorem is sometimes called the ‘Ancient Theorem’ 
of Pappus. Steiner deduces a number of rather dull corrol- 


laries therefrom. 


oO 2 
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The figure bounded by the halves of ¢, ¢, ¢ which lie on one 
side of the line of centres was first studied by Archimedes 
and named by him ‘The Shoemaker’s knife *.* Let A be the 
point of contact of ¢ and ¢, B that of ¢ and ¢,, while D is 
the point of contact of ¢ and c. A perpendicular to AB 
at D shall meet ¢ again in Z, The following theorems are 
then easily proved.t 


Theorem 39.] The area of the knife is equal to that of the 
circle on (DE) as diameter. 


Theorem 40.] The perimeter of the knife is equal to the 
circumference of c. 


Theorem 41.] The point A has the same power with regard 
to all circles which touch c internally and DE on the same ~ 
side as C). 


Theorem 42.] The two circles which touch ¢ internally 
and DE ow opposite sides while one is externally tangent to 
c, and the other to é are equal. 


Theorem 43.] Zhe common tangent to the first of these 
and to ¢, passes through A. 


Theorem 44.] The circle on (DE) as diameter passes through 
the points where c, and é touch a common tangent, while its 
centre rs the intersection of this tangent with DE. 


We next pass to an invariant of two circles. Let them be 
¢¢, with centres C,C, and radii p,p,. The centre and radius 
of inversion being O and 7, ‘ 


‘ 


(00!) =(06)" (0G) = (00,), 
Py Po 
(0,C,/)? = OC’? + 00,'*— 2 (OC) (00,’) cos X_C,/00, 


19 72 fe 
E(00,*) "+ (00.sfas =o aes : 
eS °) 2 = 2 100,)2 + (00,2) —(0,0,)]; 
py Pe ae: 1) ( 2) ( 1 2)” ]3 
* Cf. Heath, The Works of Archimedes, Cambridge, 1897, pp. 804 ff. 
+ For an account of the authorship of the theorems concerning the knife, 


see Simon, Ueber die Entwickelung der Elementar-Geometrie im XIXten Jahrhundert. 
Leipzig, 1906, pp. 87, 88. : 


I ELEMENTARY PLANE GEOMETRY 37 


from these and formula (5) we find 
(0) C,')? —(0,’— py’)? axe (2, C2)? — (p2— 14)? . 


4 py’ py’ oe 4 Pop 
(CC, (py 2 p)? a (C, C,)? = (p, Sh p.)” : 
4 py’ py’ = 4 pp; 


The numerators of the left-hand sides of these equations are 
the squares of the direct and transverse common tangential 
segments, when these exist. Suppose that we have four 
mutually external circles c,, ¢,, cs, ¢, tangent to a fifth. 
Hither all are on one side thereof, or two on one and two on 
the other, or three on one and one on the other. We may 
invert them into four mutually external circles ¢,’, ¢,/, cy, ¢/ 
tangent to a line. Let them touch it at points P/’, PY, 
P,/, Pj, which will be connected by the identity 


——> 1~—- > SS — — — 

(P/ Py) (Py P() + (PY Ps) (PL Py) + (PY Py) (Py Py) = 0. 
If ¢,, indicate a common tangential segment of ¢, and c,, 
we may write this 

tag toy Ab byg bay’ + tig tos’ = 0. 
Here ¢;,’ must indicate a direct common tangential segment 
if c,;’ and c,’ touch the line on the same side, otherwise a trans- 
verse one. Dividing through by the square root of the product 
of the diameters we get a form invariant for inversion, hence 
dropping the primes and multiplying the diameters out again, 
we get Casey’s condition for four circles tangent to a fifth.* 


Theorem 45.] Four mutually external circles tangent to 
a fifth are connected by a relation 
trots, t lighss + bytes = 0. (9) 
Here all the t,’s denote common direct tangential segments, or 
those connecting two pairs with no common member denote 
direct tangents and the other fowr transverse, or those which 
lack one subscript denote direct, and those which include rt 
transverse tangential seyments.* 
* See his greatly overrated Sequel to Euclid, London, 1881, p. 101. The 


ingenious writer makes two characteristic mistakes. He assumes that in 
proving the theorem he has also proved the converse. Secondly, he omits 
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Theorem 46.] If a convex quadrilateral be inscribed in 
a circle, the sum of the products of the opposite sides is equal to 
the product of the diagonals. 

This is Ptolemy’s famous theorem. Let us proceed to the 
converse of 45]. We assume that we have four mutually 
external circles connected by that relation. We shall call 
them ¢,,¢.,¢,,¢, and suppose that p, is the smallest radius. 
We shrink the radius of c, by p, and shrink by that same 
amount the radius of each of the given circles whose common 
tangential segment with c, is direct, but increase the radius 
by p, if the tangential segment be transverse. We thus get 
four circles ¢,’,¢:’,¢,,¢, whereof ¢,’ is a point-cirele C,’ con- 


nected by ee ae 
tio ts +h, Ugo +t, tos = 0. 


These circles are still mutually external. Let us next invert 
with O,’ as a centre, we get three new circles ¢,”, ¢,”,¢,”, 


bag” tte” tog = 0. 


Let us show that these three circles, which are also external 
to one another, will touch a line. Once more shrink the 
smallest circle until it becomes a point shrinking or increasing 
the radii of the other two as before. We have a point so 
related to two mutually external circles that the sum of its 
tangential segments with them is equal to a common tangential 
segment of theirs. Ifthe point lie on a common tangent to 
the two circles such a condition will be fulfilled, and if it 
move off on a cirele concentric with the one, the condition will 
be unfulfilled until it fall again on the like common tangent. 
Hence the point lies on a common tangent to the two cireles; 
hence c,”, c,”, ¢,” touch a line, ¢,/, c,/, ¢,/ touch a cirele 
through C;,’, and ¢,, ¢,, cy, c, touch one circle. 


to require his circles to be mutually external. But in that case it is easv 
to find four circles tangent to a fifth whereof one surrounds the three others 
and has no common tangential segments with them , in the real domain. 


q 
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Theorem 47.] If there ewist among the common ta ngential 
segments of four mutually external circles an equation of the 
type (9) with the same requirements as to direct and transverse 
tangents as there obtained, then these four circles are tangent 


to a fifth.* 


Theorem 48.] Jf the swm of the products of the opposite 
sides of a convex quadrilateral be equal to the product of the 
diagonals, the vertices wre concyclic. 

As a second application of our formula (9) let us prove the 
justly celebrated theorem of Feuerbach.t+ 

We start with a triangle with the standard notation ex- 
plained on p. 21. Construct the three altitude lines, and let 
A;H meet the circumscribed circle again at B;. We have 
then 


4. B;A; A, = 4. B;A;A;, = 


T 


<4 A,=4B,A,Ay, 


This shows that Ha; is mid-way between H and B;. If we 
take H as a centre of similitude and a ratio 4, the given 
triangle becomes that whose vertices are half-way from H to 
the given vertices, and the circumscribed circle is transformed 
into the circle through these three half-way points, and also 
through the feet of the altitudes. These six points are thus 
concyclic. Again, if we take the A HA; Aj, the orthocentre 
is A;; the feet of the altitudes are the same points as before, 
the points M;, M;, are half-way from the new orthocentre to 
two of the vertices. We thus get the first part of our theorem, 
namely, the feet of the altitudes of a triangle, the middle 
points of the sides, and the points half-way from the ortho- 
centre to the vertices lie on one circle. We next construct 
the escribed circle c; tangent to (A;A;) and to the prolonga- 


* This proof is substantially taken from Lachlan, Treatise on Pure Geometry, 
London, 1893, pp. 245 ff. See also Allardice, ‘Note on Four Circles Tangent 
to a Fifth’, Proceedings Edinburgh Mathematical Society, vol. xix, 1901. Neither 
writer takes the pains to require the circles to be mutually external. It 
might thus happen that c, surrounded c, and the proof would break down. 

+ First published in 1822. The number of proofs in existence is almost 
transfinite, a recent writer adding nine. Swayama, ‘ Nouvelles démonstra- 
tions d’un théoréme relatif au cercle de neuf points’, L’Lnseignement 


mathématique, vol. xiii, 1911, 
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tions of (A;A;) and (4;4;) beyond A; and A; respectively. 
Let x be the tangential segment from 4; to this circle. The 
equality of the two tangential segments to this circle from A; 
gives 

Oj, Fe = a; +g—a, 


= S—Ay, Uj—-L& = 8—Ay. 


Let us take this as our circle c,, while the middle points of the 
sides shall be the point-circles ¢,, ¢,, ¢3, 
ty = 2%, ty = 30;, ty, =a, 
te = +4(%,—-%), ty =3(a+4;), bj = o(4 +), 
tastus —tantya + tuts, = 0. 
A similar relation will be found connecting the new circle ) 


with the inscribed circle; we thus get the theorem in its 
entirety. 


Theorem 49.] The middle points of the sides of a triangle, 
the feet of the altitudes and the points half-way from the 
orthocentre to the vertices lie on a circle which is tangent to 
the inscribed and the three escribed circles. 


This circle is, for obvious reasons, called the nine-pornt 


Fie, 4, 
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circle. Let us give another proof that it touches the inscribed 
and escribed circles.* 

Let the circles c, and ¢, be escribed to the given triangle 
and touch the line A, A, in the points P, and P, respectively. 
Let S be the point of concurrence of. ¢,c, (the line of centres), 
A, A,, and the fourth common tangent toc, andc,. A, and S 
are thus the centres of similitude of c, andc,. Moreover, if we 
recall the original definition of centres of similitude, we see 
that A, and S are harmonically separated by C, and C,, or 
Ha, and S are harmonically separated by P, and P;. The 
tangent at M, to the nine-point circle makes with M, M,, and 
so with A, A,, an angle equal X_A, and so is parallel to the 
fourth common tangent. The nine-point circle is thus the 
inverse of the fourth common tangent in a circle whose centre 
is M, and radius is equal to (I,P,) = (M,P;). The nine- 
point circle must thus touch the escribed circles ¢,, ¢,, which 
are anallagmatic in this last circle. By similar means we 
show that it touches the inscribed circle also. 

If a triangle have an obtuse angle, the orthocentre lies 
without it. The feet of the altitudes lie in pairs on the three 
circles on the sides of the given triangle as diameters. The 
orthocentre has the same positive power with regard to these 
three, so that the product of the distances from the ortho- 
centre to each vertex and the foot of the corresponding 
altitude is a constant positive number. 


Theorem 50.] The cirewmscribed and nine-point circles 
of an obtuse-angled triangle are mutually inverse vn a circle 
whose centre is the orthocentre. 

It is to be noted that this is the only circle with regard 
to which the given triangle is self-conjugate in the sense of 
modern geometry. 

Feuerbach’s theorem may be extended in a number of 
ways. The second part states that the inscribed and escribed 
circles of a triangle touch another circle. By inversion this 


* Fontené, ‘Sur le Théoréme de Feuerbach’, Nowvelles Annales de Mathe- 
matiques, Series 4, vol. viii, 1907. This proof possesses the advantage over 
the other of showing where the points of contact are. 


~~ oa 
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will hold if we replace the triangle by a curvilinear one 
formed by concurrent circles. Let us try to remove the 
restriction that the three original circles should be concurrent. 
We start with three inter- 
secting circles ¢,, Cy, ¢,, the 
intersections of c;c, being 
points A;A,’. Eight circular 
triangles are thus formed 
whose angles are connected 
in simple ways. It is in- 
tuitively evident that a 
circle may be inscribed in 
each of these triangles. In 
particular let us take the 
triangle 4,A,A, which we 
assume to be convex, and 
thethree triangles A,’, A,, A, 
Fig. 5. which we shall call asso- 

ciated with it. The four 

inscribed circles shall be ¢)’, ¢,’, ¢;, cs. If we write ¢;;' 


to indicate a direct common tangential segment and tj a 
transverse one, we have three equations of the type 

i ay, Wane ie 

tog tik +t, big t boy tag => 0. 


Let us determine the signs more specifically. In the arcual 
triangle A,,A,, A, two of our circles ¢,’,¢,/ touch the circle of 
each side between the vertices, but with opposite contacts, 
Suppose, to fix our ideas, that in making the circuit of the 
triangle we meet the vertices and points of contact with the 
tangent circles in the following order 


aie? ret! eee 4 
A¢,'¢)/ Agcy ¢; Ag, Gem 
We have the following orders on our original three circles : 
Bi hoes, 
on ¢,, Cy AG. Cy A, cy’; 


ie rat / 
on Cy, Cy Ascy 6 Ale. 


nl ait 
oe Cas Cy Ayescy Agcy’. 
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These will yield the following equations: 
tos’ tay’ ia ty’ tog + toy’ tye’, 
tos tig’ = toa’ tag’ + ton, tay’ 
tog’ tay’ = ty’ tas, = tg tye’. 

Hence 
bog yg! = ty’ tos + ton’ tay. 


We thus get Hart's theorem.* 


Theorem 51.] The inscribed circle of a convex circular 
triangle and those of three associated triangles are touched by 
@ circle which has contact of one sort with the first, and of the 
opposite sort with the other three. 

This new circle is called a Hart circle of the first three. 
It may coincide with one of the four inscribed circles. It will 
exist even when the given triangle is not convex; our proof is 
not, however, necessarily valid in that case, for the four may 
not lie external to one another. These delicate considerations 
are usually ignored in the geometrical treatment of this 
subject. 

Let the Hart circle be called c,. The following will give 
the system of contacts. 


/ a . 7 + 
€) touches c,, Cy, C3, ¢, internally. 


J / ? 7 » qv * vT 
C/ 5, Cay Cg internally c,,c, externally, 
f 
Cy ” C3, Cy ” Co, C4 9 
/ ? J 
Cy ” Ci; Co 19 C25 C4 ) 


[he essential thing to notice is that c; has an opposite sort of 
‘outact with c;’ from what it has with cy’, ¢,’, ¢;/. 


Theorem 52.] If four circles be gwen whereof one is the 
Hart circle for a conven circular triangle formed by the 
ther three, then each of the four is a Hart circle for the 


emarnder.t 


* ‘On the extension of Terquem’s Theorem ’, Quarterly Journal of Mathematics, 


ol, iv, 1860, For a much simpler proof see p. 168, foot-note. 

+ For an elaborate treatment of this and similar theorems see an unusually 
idly written article by Orr, ‘The Contact Relations of Certain Systems 
Circles’, Transactions Cambridge Philosophical Society, vol, xvi, 1898, 
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§4. Circles related to a Triangle. 


Suppose that two circles are so related that a triangle can 
be inscribed to the one and vircumscribed to the other. Their 
radii shall be 7 and p respectively, while the distance of their 


centres O and O’ isd. Let OO’ meet the circumscribed circle 


Fie. 6. 


in BC. Let A, A;, touch the inscribed circle in 4,’, while 0’A; 
meets Aj Ay! in A,’ the middle point of (A j AY) and the 
inverse of A; in the inscribed circle. 


Theorem 53.] Jf two circles be so related that a triangle 
inscribed in the one is circumscribed to the other, then the 
former is the inverse in the latter of the nine-point circle of 
the triangle whose vertices are the points of contact.* 

The nine-point circle is circumscribed to a similar triangle 
of one-half the size of the original, so that its radius is one-half 


that of the circumscribed circle. If the inverses of Band C 
be B” and CO” respectively, 


2 2 ¢ 
(OlB) = oe a rv) — p ; 
) (O’B) r—d- e . ) r+d 
(BC ie p- p? ‘ 
1S é r+d eS r—d 


* The treatment of this and the four followi r j i 
iy ht a owing theorems is taken direct 
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Theorem 54.] The radii of the circles cirewmscribed and 
inscribed to a triangle are connected by the equation 


1 1 ed. 10 
read f—d op. an) 


where d is the distance of their centres. 

This necessary condition is also sufficient if r be greater 
than p, for the inverse of the nine-point circle of the triangle 
whose vertices are the points of contact with the smaller circle 
of a triangle circumscribed thereto and having two vertices in 
the larger circle will be that larger circle which thus goes 
through the third vertex. Let us pursue our inquiry further 
and find a necessary and sufficient condition that it should 
be possible to inscribe a quadrilateral to one circle which is 
circumscribed to the other. We need two preliminary 
theorems. . 


Theorem 55.] If a variable chord of a circle subtend a 
right angle at a fixed point not on the circle, the locus of the 
intersection of the tangents at its extremities is a circle. 

This locus is, in fact, the inverse of that of the middle 
points of the chord. The sum of the squares of the distances 
of this middle point from the fixed point and from the centre 
of the circle is easily seen to be constant, so that it traces 
a circle about the point half way between the centre of the 
given circle and the given point. 

Suppose, now, that we have indeed a quadrilateral inscribed 
in one circle and circumscribed to the other. The sum of 
the opposite angles is 7, double the angle formed by the lines 
connecting opposite points of contact. 


Theorem 56.| If a quadrilateral be inscribed in one circle 
and circumscribed to another, the lines connecting the points 
of contact of opposite sides are mutually perpendicular. 


Theorem 57.] If two circles be so related that a triangle 
or quadrilateral may be inscribed in the one and circwm- 
scribed to the other, then an infinite number of such triangles 
yr quadrilaterals may be fownd, one vertea being taken at 
random on the other circle. 
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~~ 


Let us take this random vertex on the line of centres: call — 
it A,; the opposite vertex A, will clearly be on this line also. 
The pairs of sides which do not meet in these vertices and are 
not opposite to one another are mutually perpendicular, as 
are the radii of the inner circie to their points of contact. 
If thus A,’ and A,’ be the intersections of the line of centres 


A4 


al J 
\S 


Ad 


Fre, 7, 


with the chords of contact to the inner circle of the tangents 
from A, and Ag, i.e. the inverses of these points 
(OA/’)?+ (OA;’)? = p?, 
1 it, eae 
(de © PF 
As before, we have no difficulty in showing that this necessary 
condition is also sufficient, hence 


Theorem 58.| If r and p be the radii of two circles, the 
former surrownding the latter, while d is the distance of their 
centres, a necessary and sufficient condition that i should 
be possible to construct a quadrilateral inscribed in the one — 
and circumscribed to the other is that * . 

1 1 1 
(r+d)? i (r—d)? 7" p ay 


* There is a considerable body of literature connected with equations 10 
and 11; see Simon, loe, cit., pp. 108, 109. They are originally due to Euler, 


tll EEL. —_——s 
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Continuing with the inscribed quadrilateral of vertices 
A,, A,, A;, Ay, let P be any point of the circumscribed circle. 


Az 
Fre. 8. 


If p;; indicate the distance from P to the side-line A;A,, 
we have 
Pi2Pse _ 810 ¥_PA,A, am 4 PALA, 
ep, sind PA, A, sint_PA,A, 


=e ie 


Theorem 59.] The product of the distances from a point on 
a circle to one pair of opposite side-lines of an inscribed 
quadrilateral is equal to the product of the distances to the 
other pair of side-lines, and to the product of the distances 
to the diagonal lines. 

If a polygon of an even number of sides he inscribed in 
a circle, it may be divided into one or two less sides and 
an inscribed quadrilateral. We thus get by mathematical 


induction 
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Theorem 60.] If a polygon of an even awmber of sides be 
inscribed in a circle, the product of the distances of any point 
of the circle to the even numbered side-lines is equal to the 
product of its distances to the odd numbered ones. 


Theorem 61.] If a polygon be inscribed in a circle and 
tangents be drawn at all of its vertices, the product of the 
distances of any point of the circle from these tangents ws 
equal to the product of its distances from the side-lines. 

The circle circumscribed to a triangle is, on the whole, 


Ay 


Fic. 9. 


more interesting than the inscribed one. Let us take a 
triangle in standard notation and consider the pedal triangle 
Pa, Pa, Pa, of a point P. Let PA, meet the circumgeribed 
circle again in B,. To fix our ideas we shall take P outside 
the triangle, near A,, 


4. Pa, Pa,Pa, = 4. Pa, PPa, +4 Pa,Pa, P43 Pa. Pas 
Since, however, the quadrilateral P Pa, Pa, A, is cyclic, i.e 
inscriptible in a circle, ee 
KaP dt, Pa, Pa, = »—t. Ale A, ALP a Ane 
=e 42a. B,, 
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A Pa, Pa, Pa, = } (Pa, Pa,) (Pa,Pa,) sin X- Tea. 
(Pa; Pay) =(PA;) sin X_A;; (PA,)sin ¥.PA,B,=(PB,)sinx_A j 
1=$ 
A Pa, Pa,Pa; =4(PA,)(PB,) [J sinX_A; 


Cit 
+=8 


= +4[7?-(0P)]| [sing 4,. 
sail 

Theorem 62.] The locus of the points whose pedal triangles 
with regard to a given triangle have a given area is a circle 
concentric with the circumscribed circle. 

Theorem 63.] The locus of the points so situated that the 
feet of the perpendiculars from them to the side-lines of a triangle 
are collinear is the circumscribed circle to the given triangle. 

This line is called the pedal or Simson line of the given 
point. 


Let the value of one Be a;, while 


Tl snag =i (12) 
¢=1 i 


Conversely, if three lines be drawn through the three vertices 
of a triangle in such a way that this equation is satisfied, 
these lines will be concurrent or parallel. If, then, starting 
with P we take the reflection of A;P in the bisector of 
4 A;A,A;,, we get three other lines eee in a point ey 
called fie isogonal conjugate of P with regard to the given 
triangle, or else three parallel lines. 

Theorem 64.] Lvery point not on the circwmscribed circle 
to a triangle has a single definite isogonal conjugate. The 
relation between the two is symmetrical. 

Let us consider the pedal circles of two isogonally conjugate 
points, i.e. the circumscribed circles of their pedal triangles. 


(A;Pajz) _ cos ay (A; A;Pay, ) 


COLT es 04; A, -Pa,) 
(A; Paj) x (4; Paj) = (A; Pay) x (A; Pay). 


1702 D 
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The points Pa,;, Pa,, Pa;,, Pa,’ are thus coneyclic. The six 
points Pa,;, Pa, could not lie by fours on three circles, for the 
common chords of these circles would be the side-lines of 


Fie, 10, 


the triangle, instead of being concurrent. Hence the six 
points are concyclic. We thus get a generalization of the 
first part of Feuerbach’s theorem. 


Theorem €5.] Two isogonlly conjugate points have the 
same pedal circle. 


Theorem 66.] If from the foot of each altitude of a triangle 
a perpendicular le dropped on the remaining side lines, the 
six points so determined are concyclic. 


A generalization of 65] is found as follows. It is not 


necessary in the above proof to assume _ PPa; A, = 53 
we merely need ¥. PPa,A; = 4. P’ Pa; A, = 8. 
The AA, P Pa; is thus similar to A A; P’ Pay’ 


——— ———> ——> ———> 
(4; Pa,) x (Aj Paj’) = (A; Pa,) x (A; Pa’) 


° 


gi 22 : 
Hence Pa;, Pa,’, Pa;,, Paz’ ave concyelic, and, as before, 


_ * 
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Theorem 67.] Tf through a chosen print not on the cirewm- 
scribed circle of a triangle three lines be drawn each making 
a fixed angle with one side-line of the triangle so oriented as 
to trace the whole circuit in one sense, and if through the 
isogonally conjugate point three others be drawn making 
the supplementury angles with their oriented side-lines, the 
sia points where the lines of the two concurrent triads meet 
the corresponding side-lines are concyélic.* 

Let us see where the pedal circle of a point P meets the 
nine-point circle. The intersection of the lines Pa; Pa, and 
M,M, shall be A;. We intend to show that the three lines 
A;Pa, are concurrent in a point Z of the nine-point circle. 


Construct the circle A;M;M,. It will contain O which, 
parenthetically, is the orthocentre of the AM,M,M,, and 
is diametrically opposite to A; Let PO meet this circle 
again in L;, The points L,Pa,;Pa, are the vertices of three 
right triangles on (A;P) as common hypotenuse, and so are 
concyclic with A; and P. This circle will also contain Pa,’, 
the reflection of Pa; in M;M;,. Moreover, the points A,L,; Pa; 


* Of. Barrow, ‘A Theorem about Iscgonal Conjugates’, American Mathe- 
matical Monthly, vol. xx, 1913, p. 25. 
D2 
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are collinear. For L; lies on the circles A;M;M;,, A, Pa; Pay; 
hence the feet of the perpendiculars thence to the four lines 
A,M,, A;M,, M;M,, Pa; Pay, are collinear by 63], so that L; 
lies on the circle A;M;, Pa,,- 
LA,L,; Pa, = 2A;M;,Pa,. 

The pentagon A;PPa;, Pa; L; is inscriptible, as we have just 
seen, and 
—LPa,L,Paf= —LPa,A,;Paj=2 Pa! PPa, = Z A; M,,Pa;,, 
the sides being perpendicular each to each. 

=LA,L, Pa, = 2 Pa, 1,Pa;, 

Hence A;L;Pa,’ are collinear. Now let the reflection of L; 


in M;M;, be L. It lies on the line A, Pa, and also on the nine- 
point circle. Also 
——S> -_ oS lh FS _—S Cl 
(A; L) (A; Pa;) = (A; L,) (A, Paj) = (A; Pa,) (Aj Pay). 
Hence LZ is.the intersection of the nine-point and pedal circles. 
If P move along a fixed line through O the points L;Z remain 
fixed, whence * 


Theorem 68.] Jf a point move along a fixed line through 
the centre of the circumscribed circle, its pedal circle will 
contain a fixed point of the nine-point circle. 

The other intersection of the nine-point and pedal circles 
will be similarly obtained from the isogonal conjugate of P, 
whence 


Theorem 69.] A necessary and sufficient condition that the 
pedal circle of a point should touch the nine-point circle is 
that the point and its isogonal conjugate should be collinear 
with the centre of the cirewmscribed circle. 


We deduce Feuerbach’s theorem, second part, at once from 
this by noticing that the centres of the inscribed and escribed 
circles are their own isogonal conjugate. 


* This theorem and the next are due to Fontené, ‘Extension du théorame 
de Feuerbach’, Nouvelles Annales de Mathématiques, Series 4, vol. v, 1905. ‘The 


proof here given is that of Bricard, under the initials R. B., and inserted in 
the next volume of the same journal. 
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We have already noticéd that the orthocentre of a triangle 
is one centre of similitude for the nine-point and circumscribed 
circles. The other centre of similitude will be the harmonic 
conjugate of the orthocentre with regard to the centre of the 
nine-point circle and the point 0. This must be the centre 
of gravity, since the foot of the perpendicular from there on 
A; A}, divides (A; A;) in the ratio 1: 2. 


A3 


Fre. 12. 


Theorem 70.| The orthocentre and the centre of gravity are 
centres of similitude for the nine-pornt and circumscribed 
circles, the ratios of similitude being 1:2 and --1:2 respec- 
tively. 

There is another circle much less well known than the nine- 
point circle but possessing a number of analogous properties.* 
Let the inscribed circle touch (A; A,) in A,’ while the escribed 
circle corresponding to this side touches it in A,”. 

(4; 4,) a o;, (A;,A,’) = (8—ay), (A; A;”) ee ae 
(A;,4;") = 8—4;. 
The lines A,A,” are thus concurrent ina point V.t J shall 


* Spieker, ‘Ein merkwiirdiger Kreis um den Schwerpunkt des Perimeters 
des geradlinigen Dreiecks als Analogon des Kreises der neun Punkte’, 
Grunert’s Archiv, vol. li, 1870. 

+ This is Nagel’s point: Untersuchungen tiber die wichtigsten zum Dreiecke 
gehdrigen Kreise, 1836 (inaccessible to present author). It corresponds to 
Gergonne’s point where meet lines from the vertices to the points of contact 
of the opposite sides with the inscribed circle, 
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be the centre of the inscribed circle. Applying Menelaus’s 
theorem to 4;4;A;”, and the line A,A,”: 


Ay 


Eres, 13; 


(Ai) (AyAy’) (Aj AQ) 


(WAY ° (4,42) Ape 
(VA,”) __t=G; 


(VA,) a a; : 
M5 ys 


(A4,"A)) = i“. 


We have further 


oA 
(A;Ha)="2, (asa 
u 


2 
tS) 


I ELEMENTARY PLANE GEOMETRY 55 
(A; Ha;) = a, cos A,, 
(Ha;A;/’) = (s—a;,)—a;, cos XA,= = [z4;—(s—a,)], 
4 


(Ha;A;’) _ (A; Ha,) 


ae) = .¢,—(s —a. . 
a al eal (Aji) (JAj’) 


The triangles A;Ha;A;’ and JA/M, are thus similar. 


TM) a, VA, , 
Be eds IM) = UNA). 


(4;4;”) 28 ~ 


Hence (JV) meets (A;M;) in M, and is divided internally 
thereby in the ratio 1:2. We sce also by 70] that OJHN 
are the vertices of a trapezoid whose diagonals meet in J/, 


(JO) = 3(HN). 


Now let P be the middle point of (JV). Join A,’ with J 
and M; with P, and draw A; M,, 


(JP) =3(JN), (JM) =4(JN). 


It then appears that if we take the centre of gravity as centre 
of similitude, a ratio of —1: 2, the following are interchanged 


M,~ A; O~H, J~N. 


4 a 


Theorem 71.] The centre of the inscribed circle is the 
Nagel point of the triangle whose vertices are the middle 
points of the sides. 


We have further 

(JM) (A;M) _ 

(MP) (MM) ~ ay 
Hence A,J is parallel to M;P, or M;P bisects ¥.M;M,M;, 
so that P is the centre of the circle fncribed in the triangle 
M,M,M,. Its radius is one-half that of the inscribed circle, 
and WN is a centre of similitude. We shall call this the 
P circle, and exhibit its analogies to the nine-point circle 


as follows: 
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Nine-point circle. 


Circumscribed to the tri- 
angle whose vertices are the 
middle points of the sides. 

Radius one-half that of 
circumscribed circle. 

Centre of gravity and 
orthocentre are internal and 
external centres of similitude 
for nine-point and cireum- 
scribed circles, ratios being 
—1:2 and 1:2 respectively. 

Nine-point circle passes 
through points half-way from 
orthocentre to the vertices of 
the triangle. 


Nine-point circle cuts the 
sides of triangle where they 
meet the corresponding alti- 
tudes. 


CH. 


P circle. 


Inscribed in the triangle 
whose vertices are the middle 
points of the sides. 


Radius one-half that of 
inscribed cirele. 
Centre of gravity and 


Nagel point are internal and 
external centres of similitude 
for P circle and inscribed 
circle, ratios being —1:2 and 
1:2 respectively. 

P circle touches the sides 
of the triangle whose vertices 
lie half-way between the 
Nagel point and the vertices 
of the given triangle. 

P circle touches the sides 
of the middle point triangle 
where they meet the lines 
from the Nagel point to the 
corresponding vertices of the 
given triangle. 


To prove the last statement on the right let us suppose that 
NV; is the point of contact of (M;M;,) with the P circle. Let 


JA,’ meet A,’ NV in M,, 


(A, M,) = 24; —(8—a,) = 3(4,—4,), 


(A/4,") = (4,—a;) = 2(A/M)). 


Hence, since JM; is parallel to A;A,”’, J is the middle point 


of (A/M;’), 


(JM) = (A/J) =p = 2(PN/), PN || JMy. 


NV; is thus the middle point of (WM/) and on M;M;,,, 
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Nine-point circle. 


Meets the lines through the 
points mid-way from the 
orthocentre to the given ver- 
tices parallel to the corre- 
sponding side-lines where they 
meet the perpendicular bi- 
sectors of the given sides. 


P circle. 


Touches the sides of the 
triangle whose vertices are 
half-way from the Nagel point 
to the given vertices at the 
points where each meets the 
line from the centre of the in- 
scribed circle to the middle 


point of the corresponding 
sides of the original triangle. 


‘The last statement is at once proved by noticing that JM; 
bisects (V.A,’). 


_Theorem 72.] The nine-point circle passes through twelve 
notable points, the P circle touches six notable lines at notable 
points. Each is obtained from a notable circle by either of 
two similarity transformations, the ratios being —1:2 and 
1:2, while the centres of similitude are notable points whereof 
the centre of gravity is one. 

Returning to the Nagel point we saw that 


(WA) __ 3—a, —-{NA,) _ G 
(WA) a, “(Af/aj) 6 


v 


The altitude (A;Ha,) has the length “et Hence the ortho- 


7 
gonal projection of (A, 1) thereon has the length 2p. Again, 
if A,” A,’” A,” be the vertices of the triangle whose side-lines 
each pass through one of the original vertices parallel to the 
opposite side-line, we see that J is the centre of the inscribed 
circle to AA,” A,” A,/”. Since A;J passes through the 
middle point of the are A,;A;, of the circumscribed circle, 
Aj N passes through the reflection of this point in A;A;. 
Call this 4,’; the points 4/” A;, H,’A;, are concyclic, since 
the reflection of H in A, A;, is on the circumscribed circle, and 
HA;” is a diameter since Hand A,” are at the same distance 


/ Sth Tv 
from the diameter 1 to A; A;,, 4 HA/N = 4 HA/A/"= 35: 
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Hence 7 

Theorem 78.] The circle on the seyment from the Nagel 
point to the orthocentre as diameter passes through those three 
points on the altitudes whose distunces from the corresponding 
vertices are equal to the diameter of the inscribed circle, and 
the reflections in the side-lines of the given triangle of the 
middle points of the corresponding arcs of the circumscribed 
circle. 

This circle is known as Fuhrmann’s circle.* 


Fie. 14. 


Let us continue to study the relations of a triangle to the 
circumscribed circle. Let A;H meet the circle again in A; so 
that (HHa,) = (Ha;A;). Let B be any other point of the cir- 
cumscribed circle; BA; shall meet A j4;,in R. Draw HR. The 
Simson line Ba, Bay, of B shall meet BH in B’, while it meets 
BA; in BY. Let RBa; meet HR in BY’. We see from the 
cyclic quadrilateral BBu; Ba; A;, 

Z Ba, Ba;B = Z Bay, A; B; 
ZB’ Ba,B = 1A,A;B = Z Ba, BB". 
* Synthetische Beweise planimetrischer Sttee, Berlin, 1890. This and the 
Brocard circle presently to be discussed are special cases of a more general 


circle discovered by Hagge, ‘Der Fuhrmannsche Kreis und der Brocardsche 
Kreis’, Zeitschrift fiir mathematischen Unterricht, vol. xxxviii, 1907. 
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The triangles HRA;, Bu;B’B ave similar isosceles triangles. 
4 Bu;,B’B = 4 B’RBa; + Bb’ Ba, R, 
=X HRA, = 2X Ba, RB, 
X Bu;RB’= x B’Bu;R 
(BB”) = (Bu;B”) = (B’R) 
Ba; B” || HR. 


Theorem 74.] The middle point of a segment bounded by 
a point of the cir.wmscribed cirile and the orthocentre lies on 
the corresponding Simson line and the nine-point circle. 

If we drop a perpendicular from A; on the Simson line of B 
its lesser angle with A;A ; will be equal to 


ZBBu;, Ba; mpd BA;A,,. 


* Theorem 75.] The isogonal conjugate with regard to an 
angle of a triangle of a line through the vertex of that angle is 
perpendicular to the Simson line of the second intersection of 
the given line with the circumscribed circle. 

Let us next take a fourth point A, on the circumscribed circle, 
let H; be the orthocentre of the AA;A;A;,. The line from 1/; to 
the middle point of (HA) bisects (H,0), being a diameter of the 
nine-point circle, and (A;H) = 2(OM,). Hence, in our present 
case, (A;H;)=(A;H;), and their lines are parallel. We assume 
that A; and A; are on the same side of A; Aj. 


Theorem 77.] Jf four points be taken upon a circle, the 
nine-point circles of the four triangles which they determine 
three by three are concurrent in a point common to the Simson 
line of each point with regard to the triangle of the others.* 

Let us for the moment call this the point S. 


Theorem 78.] The perpendicular from the middle point of 
(A;4,) on A, A, passes through S, and the dis‘ance from S to 


* Lachlan, loc. cit., p. 69, assigns the credit of this theorem to the Cam- 
bridge Tripos of 1886. It will be found much earlier in rather a clumsy 
article by Greiner, ‘ Ueber das Kreisviereck’, Grunerts Archiv, vol. 1x, 1877, 
For this, and the five following without proof, see Kantor, ‘ Ueber das 
Kreisviereck und Kreisvierzeit’, Wiener Akademie, Sitewngsberichte, vol. Ixxvi, 


section vy, 1877. 
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the middle point of (A;A,) is equal to the distance from O 
to Aj, Aj. 

Since the diagonals of a parallelogram bisect one another, 

Theorem 79.] The segments connecting the middle points of 
the pairs of segments (A;,A;)(Aj,A;) bisect one another in the 
middle point of (OS). 

Theorem 80.] The four orthocentres are the vertices of a ywad- 
rilateral congruent to that with the vertices A,A,A,A, and 
having the same point S. Each is a reflection of the other im 
this pownt. 

Theorem 81.] The centres of the four nine-point circles are 
vertices of a quadrilateral similar to that with vertices Aj, 
and bearing thereto a ratio1:2. It is inscribed in a circle of 
centre S. 

We see, in fact, that the distance of each nine-point centre 
from Sis 47. Remembering the relations of OM;H developed 
in the study of the P circle, 


Theorem 82.] The centres of gravity of the four triangles 
are vertices of a quadrilateral similar to that having the vertices 
A, and bearing thereto the ratio 1: 3. 


$5. The Brocard Figures. 


Besides the inscribed, circumscribed, nine-point, and P circles 
there are many others which bear simple and striking relations 
to the triangle. For example, let us construct three circles 
through the pairs of points A;A ; tangent respectively to A; A; 
If Q be the intersection of two of these, 

od Oa — m—¥_A,; ¥A,QOA, =7-ZLA,; 
hence AOA = 7h 
It thus appears that-the three are concurrent in Q, which is 
called the positive Brocard point of the triangle. Had we 
constructed circles through A;,A; tangent to A;,A; we should 
have had three concurrent in the negative Brocard point O* 


* In the study of the Brocard figures which follows we shall lean heavily 
on an admirable little book by Emmerich, Die Brocardschen Gebilde, Berlin, 1891. 


This gives not only proofs, but bibliography and historical notices. The ~ 
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The distinguishing characteristic of these points is ex- 
hibited by the equations 


aa A. A, = x OA,A, = s04,4, =) 
gO ASA, = X¥ 0A,A,= OA, A, a 


Conversely, it is easily seen that if we seek a construction 


Fie. 15. 


for points to satisfy these equations we shall fall back upon 
the Brocard points. To calculate 


(QA,):a,=sin wo: sint A,, (QA,):a,=sin 4(A,—):sinX_A,, 
sinX_A, sin (A,—o)sin¥ A, 


sn¥ A, sinwsint A, 
ie sin X_ A, oy 
ctn wo = sin ¥_A, sin XA, 4p ctn ¥_ A, = tats (13) 


The symmetry of this expression shows that =o’. It is 
called the Brocard angle. 


Brocardian geometry, like the study of nine-point and P circles, is part of the 
modern ‘Geometry of the Triangle’. This subject has attained colossal pro- 
portions almost over night. Vigarié, ‘La bibliographie de la géométrie du 
triangle’, Mathésis, Series 2, vol. vi, 1896, estimates that, up to 1895, 
603 articles had been written dealing therewith. The subject was only 


started in the seventies. 
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Theorem 83. | 
jugates of one another. 
ese?w = ese? XA, + ctu? A,+ctn?4 A,+2Ectn4 A;ctnZA,, 


1—ctn X_A,ctn¥ A, 


The two Brocard points are isogonaul con- 


B t Se bees ves Bains 
ue Ca ee ctn XA, + ctnX A,’ 
i=3 . 
ese’w = >, esc?X_ A;. (14) 
f=1 
t=3 
[{sint 4; 
6 co 4 A? 
SiLAw = g=5 ee : (15) 
Ze + 9 . ‘6 
as XA,sin?X A, 2 aia; 


16 A? = 168 II (s—a,) 
—— 2 Fa7aP— Taj", 


ea 2 
“Ue 
Sea] 
=F 

— . 


2 
COs = = 


DS a,? a ; 


k=1 


(16) 


1=8 
> sin? X_ A; 
From (13) cin oS 


211 sin X_A; 


t=1 


= ae (17) 


sin? w 


(QQa;) = (QA,)sinw = a,——, 
sin A, 


ad» 
ia Ayes ‘| / 5 5 
(QQa,) = 27 sinto 2 (’0'an)= 2rsintw (18) 
j 
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sin (f_ A;,—) = sin? X_ A, 19 
sin ~ sin A;sin LA, i 
(A; 0,) = a7" 


Lp 
aj—(A;Q2)  % 


a}, om a; 4 ed 


sin(ZA;t+o) a 


SID w a, a; 


sin ({_A;+) > 2sino. 
sinw < 4. 


Theorem 84.] The Brocard angle is not greater than one- 
third of a right angle. 


(A;Q)_ sino _ (A,2’) 
a; snXfA; ay 


Theorem 85.] Zhe distances from each vertex to the two 
Brocard points are proportional to the two sides including 
that vertex, 


The three triangles into which the original one is divided 
by connecting the vertices with the positive Brocard point 
are similar to those obtained by connecting them with the 
negative one. 


The area of AA;QA, is 
; a2 sin (X_A,—) . ~ » Ut 

1 »), ee Us k Ss = 2 = . 

4(A,Q) a, sin o = 5 sin XA, sin » = rsin?w a 

Theorem 86.] Zhe triangles into which the given triangie 
is divided by connecting its vertices with the positive Brocard 
point are equal to those obtained by connecting them with the 
negative one. 


As the Brocard points are isogonal conjugates they have 
the same pedal circle by 65], and so by 62] are at equal 
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distances from 0. Let A;Q meet the circumscribed circle 
again at A;. 


Fie. 16. 


4. A,=% A;A,A,+4 A,4;,4,, 
=4.A;A;A,+%4,4,4,, 
=X A;-o+o=% Aj. 
We have thus two similar triangles inscribed in the same 
circle, i.e, 


Theorem 87.| The points where the lines from a Brocard 
point to the vertices of a triangle meet the cirewmscribed cirele 
again are vertices of an equal triangle. 


Sie 
Since x A, A; MA, = W, 4. A,OA; => 20. ; 
We may pass Re AA, A,A, to AA,A,A, by a rotation 


about O ae an eagle whee measure is . Moreover, 
since x AA = 6). 


Theorem ane Q is the negative Brocard point for the 
AA, A galas 


Theorem 89.] The sia triangles A; :O4y, A, ,Q2A; are 
similar to the given triangles. 
We have but to compare the various base angles. 


(QA,) :(A;,A;) = (A;4,): (4,9), 
(QA,) x(QA;) = —47? sin? w 
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Theorem 90.] The power of a Brocard point with regurd 
to the cureumscribed circle 1s minus the square of the chord 
determined by a central angle equal to the Brocard angle. 


r— (OQ)? = 47’ sin?o, 


0O2=r7rV/1—4sin?o 
a 


d 


Ree 3@ 9 
=_ 3 
COS W : ( 0) 


(Q0’) = 2rsin ie sh (21) 


COS w 
We have here a second proof of 841. 

There is another notable point of the triangle which bears 
the closest relation to the Brocard points. We reach it as 
follows. Let a transversal meet A;A ; and A;A;, in two such 
points B, and B; respectively that 

4 B,BA;=LA;,, 1B B,A;=LA,. 

Such a line is said to be antiparallel to A;A,.* The 
distances from the middle point of (B;B,) to (A;A;,) and 
(A; 4,) are proportional to a; : a;,. 

The locus of the points is thus a line, called a symmedian. 
Incidentally, the tangent to the circumscribed circle at A; 
is antiparallel to A; A,. 

The three symmedians of a triangle meet in a point called 
the symmedian point,t and indicated in our present scheme 
by the letter K. It is the isogonal conjugate of the centre 
of gravity, and its distances from the side-lines are propor- 
tional to the lengths of the corresponding sides. Three anti- 
parallels pass through this point, and it is the centre of the 
three equal segments determined by each two sides on the 
antiparallel to the third. 


Theorem 91.] The symmedian point is the centre of a circle 
meeting each side of the triangle where the latter meets the two 


* This term is said to be due to Leibnitz. 

+ In German works this is referred to as Grebe’s, and in French ones as 
Lemoine’s point. We are not in a position to decide the question of 
priority, so use the usual English term. 


1702 E 
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antiparallels to the other side which pass through this sym- 
median point. 

This circle is called Lemoine’s second circle. 

Having premised this account of K, let us draw through Q; 
a line ||.4;A,; and let it meet A,A; in K’. The distances 
from Q; to A;A, and A;A; are proportional to sin @, 
sin (4_ A,;—a); K’ is at the same distance from A,A; as is Q;; 
its distance from A; A, is (Q;K’) sin 4 A,, and so bears to the 
distance from Q; to A;A;, the ratio a,: a; =sin ¥ A;, sin LA, 
The ratio of the distances from K’ to A; A; and A; A, is thus, 
by (18), Uys Wie K’= K;. 

Theorem 92.] 0;K; 2s parallel to A;A;. 

We have already seen that 


Sree SS ——— 
(A;Q;) _ a2 (A,Kj) _ a? (M,4;) 4 


wat, 


os 2 ——> y_ 2? ——> =j7J' 
(0,4,) «(KA (AM)? 


Theorem 93.] The line from A; to the positive Brocard 
povnt, the symmedian through A;, and the median through A, 
are concurrent. 


Fie, 17. 


Let the point of the circumscribed circle diametrically 
opposite to A; be B;, and let A,B; meet A; B, in L;. We pro- 
ceed to prove 
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Theorem 94.] The triangles A,A,A,, L,L,L, are similar 
Jigures with the double point Q 

The quadrilateral Q A ; L;A;, is inseriptible, since 
Hence © is the positive Brocard point for the triangle 
L,L,[,. To find the ratio of similarity we have 

(L,L;) : (A; Ay) = (QL;) : (QA), 

a 
Ae 
= cine. 


= sin (= —w):sina, 


Since A; B; is antiparallel to L;L;, we have 

Theorem 95.] The centre of the circwmscribed cirele is the 
symmedian point for ALL, L,. 

Let us next notice that we pass from A, A,A, to L,L,L, by 


rotating through an angle — ; about 2, and altering radii 


vectores (distances from Q) in the ratioctn w:1. It is evident 
that we might have reached a similar triangle L,’L,’L,’ by 
rotating about Q’ through an angle = This yields the im- 
portant result 

Theorem 96.] The centre of the circwmscribed circle and 
the symmedian point subtend right angles at the Brocard 
points. 

We have from our previous formula (20) 


(0Q) = (00’) = rV1—4 sin*o. (20) 
(KQ) = (KQ’) = rtanw V1—4sin’*o. (22) 
(Q.0’) = 2rsinw /1—4 sino. (21) 


(OK) = 2rsecwV1—4sin*o = 2r/1—3tan*o. (23) 


The Brocard points play an important réle in the problem 
E 2 
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of inscribing in a given triangle a second similar thereto. 
Let P; be such a point of (A; A;,) that 4 4;OP; = 8. 


4 POP, =£A,QA,;, 
(OP;) = (QQa;) esc (w + 8), 


= (0.4,) 


The AP, P,P, is thus similar to A A,A,A, and has Q 
as its positive Brocard 
point. Conversely, if the 
AP,P,P, be similar to 
the given triangle, P; 
lying on A; Aj, then the 
three circles A; P,P; will 
be seen to pass through 
such a point that the angle 
subtended there by P; Py, 
will be s—%_A,, and this 
is easily found to be the 
common positive Brocard 
point for both triangles. 
In lke manner from the 
negative Brocard point and 
the angle —@ we get another inscribed similar triangle 
P/P/P,’. The six points P;P,’ are concyclic by 67]. Let 
O, be the centre of this circle 
(QP;) : (QA;) = (Q0,) :(Q0). 

(QP) :(Q0,) is a ratio independent of 0, and since 
4 P,Q0, = 4. A,Q0 the locus of O, is a straight line. This 
line goes through O corresponding to @ = O, and through the 


sin » 
sin (w + 8) 


middle point of (Q0’) corresponding to 4 =F-0. It is 
therefore the line OK. 


Theorem 97.] The six points digas lie on a circle whose 
centre is on OR, 


Such a circle is called a Zucker circle. 


I ELEMENTARY PLANE GEOMETRY 69 
Theorem 98.] The line P,P,’ is parallel to A; A;. 


Theorem 99.] The line P; P; is antiparallel to A;A j: 

The proofs of these latter theorems come immediately from 
the definition of the Tucker cirele. They also give a means 
for constructing a Tucker circle. 


Theorem 100.] The three segments (P/P;) are equal to 
one another. 

We see, in fact, that the lines of any two are equally 
inclined to one side-line of the triangle, and the segments are 
comprehended between parallel lines. 


Theorem 101.] The triangle formed by the three lines 
P,P,’ is similar to the original triangle, the double point 
being a symmedian point for each. 

We see, in fact, that the sides of the two are parallel in 
pairs, and in the parallelogram having as three vertices 
A,,, P;, P; a diagonal goes from A;, to a vertex of the second 
triangle and, being a symmedian, passes through KX. 


Theorem 102.] The triangle formed by the three lines 
Pj P; bears such a relation to the original triangle that lines 
connecting corresponding vertices are concurrent in K, 


We have but to find the ratio of the distances of a vertex 
of the first triangle from two sides of the second. 

Theorem 103.] The perpendiculars on the side-lines of the 
given triangle from the corresponding vertices of that triangle 
whose side-lines are Pj P, are concurrent in the centre of the 
Tucker circle. 


Let us take up certain special cases of the Tucker circle 
obtained by giving to 6 special values. 
¢=0. The Tucker circle is the circumscribed circle. 


Giz: 57° The Tucker circle is the pedal circle of the 
Brocard points. 
ies = Here, by theorem 96], the centre of the Tucker 


circle is the symmedian point. Moreover, we shall have 
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Pi Pi || Pj Py. Hence the lines P,P; are concurrent in the 
porte of fhe Tucker circle. But ines are also antiparallels 
to the side-lines of the original triangle, whence, 


Theorem 104.] The Tucker circle where 0 = 2 is the second 
Lemoine circle. 


The segments which this circle cuts on the sides of the 
triangle Ai be bases of isosceles triangles whose base angles 
are equal to the angles of the original triangle. 


Theorem 105.] Lemoine’s second circle cuts on each side 
of the triangle a segment proportional to the cosine of the 
opposite angle. 

For this reason Lemoine’s second circle is sometimes called 
the Cosine Circle. The perpendicular from Ka; on (P; Py’) 
bisects the latter at a point of A;M;, and the symmedian 


point is half-way from there to Ka,. Hence M;K bisects 
(A; Ha,). 


Theorem 106.] The lines connecting the middle points of 
the sides of a triangle with the middle points of the corre- 
sponding altitudes are concurrent in the symmedian pornt. 

6=. Here P; is equidistant from A; and Q, and Pj 
is equidistant fron A; and Q’, P,P, || A, A, Moreover, 
¥000, =0 =44.000', anal i centre of this circle, 
called Lemotine’s first circle, is the middle point of (OX). 
The three lines P;P,’ must be concurrent in the second 
Brocard point of A P, P,P, or the first Brocard point of 
AP{Ps Py. This is H sities 1 KOO = wr 


Theorem 107.] In the case of Lemoine’s first circle the 
segments (P;P,’) are bisected at the symmedian point, and 
the centre of the circle is half-way from there to the centre of 
the circumscribed circle. The symmedian point is a Brocard 
point for each of the triangles. 

This circle is easily obtained by drawing ote the 
symmedian point parallels to the side-lines of the triangle. 


(P.P;):a,= (KKa,) :(A;Ha,) = (KKa, 


\ » 
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But, by the fundamental symmedian property, (KKa,) is 
proportional to a; and 


Theorem 108.] The seyments which Lemoine’s jirst circle 
cuts on the sides of the triangle are proportional to the cubes 
on those sides, 

FE or this reason this circle is sometimes called the triplicate 
ratio circle. 

There is one more Tucker circle which merits special 
attention ; it is, however, more easily approached from another 
point of view. 


A; 


Let G; be the middle point of Ha; Ha, and let G;G; meet 
A;A;, in P;, and A; A, in P,. It is easy to see that the 
length of oe segmenit (P; P;) is equal to the semi-perimeter 
of the pedal triangle of H 

XP, P{P,= LA FALP, PLE; = LA AL P/ PG; 
Since 
Hence the four pants Pd esd js 'B are aes ae so 
all six points P,,, P,’ lie on one Beit This circle is called 
Taylor's circle. ofc the A G, P,P; is isosceles, the perpen- 
dicular bisector of (P;,P;) bisects also 4 G;. 
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Theorem 109.] Taylor's circle is concentric with the circle 
inscribed in the triangle whose vertices lie midway between 
the feet of the altitudes. 


Let us show that Taylor’s circle is a Tucker circle. The 
three lines A,G; are concurrent in the symmedian point. 


P,P \| AjAy, since 4. P,P/A; = 1-1 A,-% A; 
The triangles P;P,;P;,, Py Pj P,’ are equal by three sides, and 
PPP, Seay Ag 
Hence these equal triangles are similar to the original one, and 


Theorem 110.] Taylor's circle is a Tucker circle. 

The process of finding the corresponding value of 6 is a bit 
difficult. Let ©; be the foot of the perpendicular from O, 
on G; Gy. 

4P,0, 02 Sm as hee 
(P,©;) = 3(P,P;) = 4 > (Ha; Ha,), 
= ita, “ee ee = ri sin X_ Aj. 
0,0; is, by 109], the ie of the inscribed circle in a 
triangle whose sides are $a; cos ¥_ A; 
(0,©,;) = rllcosx_A,, 
tan @é = —Il tan X_4,, 
(G; Hay) = (G;P;) = (G;P;) = (G; Ha,). 
The cirele on (Ha; Ha) as diameter passes through P;’, P,. 
Theorem 111.] Taylor's circle contains the intersections of 


each side-line with the perpendiculars from the feet of the 
altitudes on the other two.* 


(4; P/) = (A; Ha;) cos XA; = a; cos?X A;, 
(A;,P;) — G; cos?x_A,, 
(P,P) = a; (1—cos?¥_A;—cos?x_ A,), 
= a; (sin’{ A; sin’ ¥ A;,—cos*X A, cos? X_ A;). 


Theorem 112.] The segment cut by Taylor’s circle on the 
side (A; Aj) has the value 


a, cos X_ A, cos (X_ As hoa) 


* Cf. Theorem 66. 


3 
I ELEMENTARY PLANE GEOMETRY 73 


The centre of the circumscribed circle is the orthocentre 
of the AM,M,M,. Hence, by 74], the Simson line of Ha, 
with regard to this triangle passes through the middle point 
of (Ha;0). The segment (A;Hu,) is bisected perpendicularly 
by M;M), so that the before-mentioned Simson line of Ha; 
is || OA;. The AG;G,0, is similar to the triangle whose 
vertices are Ha;,Ha; and the orthocentre of A A;Ha;,Ha,, 
the ratio of similarity being 1:2, while Ha, is the centre of 
similitude. Hence 0, is the middle point of the segment from 


Ha; to the orthocentre of the AA; Ha, Ha,;, which point lies 
on A;0. 


Theorem 113.] The centre of Taylor’s circle lies on the 
Simson line of the foot of each altitude with regard to the 
triangle whose vertices are the middle points of the sides of 

_ the given triangle. 


The perpendicular from M,; on Ha; Hay, bisects (Ha; Ha.) 
since (M;Ha;) = (M;Ha,). The perpendiculars from M; on 
Ha;Ha; and Ha;Ha;, make equal angles with A;A,. Hence 
the Simson line of M; with regard to A Ha;Ha,; Hay, is the 
perpendicular on A; A; or on P,P,’ from the middle point of 
Ha, Hay, and so is the line G;0,. 


Theorem 114.] The centre of Taylor’s circle lies ow the 
Simson line of the middle point of each side with regard to 
the triangle whose vertices are the feet of the altitudes. 


(A;P,) x (4;P/) = 4,2 cos? A; cos? X Ay, 


This last expression is equal to the square of the distance from 
A; to Ha; Ha;,. But A; is the centre of a circle escribed to 
the A Ha; Ha; Hay,. 


Theorem 115.] Taylor's circle cuts at right angles the 
circles escribed to the triangle whose vertices are the feet of 
the altitudes. 

Enough has now been said about the Tucker circles. 
Returning to the figures more nearly associated with the 
name of Brocard, we remember that we originally found 
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the Brocard points by constructing circles through 4,4, 
tangent to A;A;, for Q or to A, A; for Q’. The centre of the 
first of these circles shall be called X;, that of the second X,’. 


Theorem 116,] The triangles X,X,X, and X/X,’X,! are 
similar to the original triangle, the double points being the 
positive and negative Brocard points respectively, and the 
ratio of similitude being 1:2 sino. 

Theorem 117.] The centre of the circumscribed circle 2s the 
negative Brocard point for AX,X,X, and the positive 
Brocard pownt for A X,/X,/X,'. 

We see, in fact, that X, lies on the perpendicular from O on 
A,A;, while X;X; is the perpendicular bisector of (QA;,). 
Hence X_OX,X, = 104,44; = o. 

We have already seen that 

X000/=20, XO00K = 5° 
Hence, if Z be the middle point of (OK), 
(Z9) = (ZK) = 4 (0K) = 2") 


2s1n o 


Theorem 118.] The centre of the first Lemoine circle is the 
common symmedian point for AX,X,X, and A X,'X,/X,/. 


Fie. 20, - 


zz 
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Let the circles whose centres are X; and Xj’ intersect, not 
only at A;, butagain at A,;”. A A,’A,”A,” is called Brocard’s 
second triangle. 


PA AMA, = LA +4 AVA A +4 A," A,A; = 24 A; 
Theorem 119.] The points A jA,OA;” are concyclic. 


Theorem 120.] A,” lies on the symmedian through A,. 

We see, in fact, that the triangles A;A;A;”, A,A;A;” are 
similar; hence the altitudes from A;” have the ratio a,:a;. 
We notice also, since A; A;,0A;” are concyclic, 


uy Tv 
But LA AMA;= (r—A,)ZA,. 
Theorem 121.] A,” is the projection of O on A;K. 


Theorem 122.] The three points A,” lie on the circle on 
(OK) as diameter. 

We have thus, remembering 96], seven points on this 
important circle, which is called Brocard’s circle. We find 
three more as follows. Let A; be the intersection of A;Q 
with A,Q’. The AA,’A,’A,’ is called Brocard’s first 
triangle. 


Theorem 123.] The three triangles Aj A,;A,, are similar 
isosceles triangles. 

The distance from A, to A,;A; is 3a,tana, and this is 
also the distance from the symmedian point to that line 
by (17). 

Theorem 124.] The three lines through the points A,’ parallel 
to the corresponding side-lines A,;A,, are concurrent in the 
symmedian pornt. 

Since X¥2A/O/= 20 


Theorem 125.] The vertices of Brocard’s first triangle lie on 
Brocara’s circle. 
Since (A,’A;’) subtends at A,’ and at K an angle = 1 A; 
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Theorem 126.] Brocard’s first triangle is similar to the 
given triangle. 
We get from formula (23) 


Theorem 127.] The ratio of similitude of Brocard’s first 
triangle and the given triangle 2s 


Wt —38 tan*o: 1. 


Fre, 21. 


Let A,’ be the reflection of A,’ in A; jAns so that 
(A;/M,) = (A; M). 

Connect A, with A; and A;,, also connect A; and A,’ with 
Aj, and A, Then A AjiA,A; is similar to A A;A,,A; since 
LANA, AS= XA; +o => x. A, 5 

(A, A,’): (Ap Ay’) = a: 44. 
Hence also A,’A,4/ is similar to A A;A,A;,, and as 

(A;’A;’) = (Ajy’A;) = (Ay’A)). 

Similarly (4)/4;') = (A,’A/) and 4,4,/A/A;’ are the vertices 
of a parallelogram. Henve the hedixn from 4, in A A/A,’A,/ 
is the median from A,’ in AA,/A;Aj/. A socbad median of 
this triangle is A,;M,. The median of A A {A,'A,/ through A,’ 
divides (A;M;) in the ratio 2:1, le. goes through M. 
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Theorem 128.] Brocard’s first triangle has the sume centre 
of gravity as the given triangle. 


The quadrilaterals A; A,Aj’A;/, A,A;A/ ‘A,’ are equi- 
angular and similar, so ne 


(A, A;”) = (A;’A;”) = ay, : a; = (A i A,’) 7 (A (Ay) 
= sint_A,’A/A,”: :sinX A, VASA”, 
Hence A,’A;” is a median of the A A. (A; tA 


Theorem 129.] The lines connecting the corresponding 
vertices of Brocard’s two triangles are concurrent in the 
common centre of gravity of the first Brocard and the given 
triangle. 

The triangles A,/A,’A,’, A,A,A, are similar, but are easily 
seen to be arranged in opposite order. It is easy to see that 
under the similarity transformation of the plane thus defined, 
z line through 4; || A, A,’ will pass into one through 

Af || 4; 4, 


Theorem 130.] The lines through the vertices of a triangle 
parallel to the corresponding side-lines of Brocard’s first 
triangle are concurrent on the circumscribed circle. 

This point of concurrence is called Steiner's point. That 
diametrically opposite is Tarry’s point. 


Theorem 181.] The lines through the vertices of a triangle 
perpendicular to the corresponding side-lines of Brocard’s 
Jirst triangle are concurrent in Tarry’s pornt. 

Suppose that A;O meets the Brocard circle again in 7’. 
Let us find the magnitude of 4. 7;04/. 


OA; di A, Aj, ; xX OA;Ha; = ¥.A,—xA; 5 
x TAs Ai => ¥A,—4 A, 3 js T,A,'A;! = A Ay. 
Theorem 132.] The angle between A;A;, and A,’ A,’ is 
equal to X. KOA,;. 


It appears at once from the construction of Fig. 14 that 
the Simson line of any point P makes with A,A;, an angle 
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equal to the angle formed therewith by PA,, and this is equal 
to 5—(f.A,-4. PA;A;). The angle which 4,0 makes 


with A;A;, is 4 A, + (5 -4.4;)- 


Hence the angle which the Simson line makes with OA; is 
x. A,—4,PA,;A;, and this is the angle of PA; with A; A,. 
The Simson line of Steiner’s point and OK are equally 
inclined to OA;. They must, thus, be parallel, or make with 
OA; an angle whose algebraic sum is zero. But two lines 
cannot simultaneously make with the three concurrent lines 
pairs of angles differing only in sign. 


Theorem 133.] The Simson line of Steiner's point is 
parallel to the line from the centre of the circumscribed circle 
to the symmedian point, while the Simson line of Tarry’s 
point is perpendicular thereto. 


Suppose that we have given the side (A;A;) of our original 
triangle, and the Brocard angle, what will be the locus of the 
opposite vertex? Restricting ourselves to one side of A, A,, 
we construct an are at whose points (A;A;,) subtends an 

angle equal tow. Suppose that A; has been found, and that 


a 
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A,;A; meets this are again at Y,. Draw Y;,A;,, and A,;Q 
which is | Y,,A, and meets A, A;, in Q;. 
—s — 
(A; 2;): (Q;4;) = 2:07, (A;A;) x (A;¥,) = —a/. 
A; has thus a constant power with regard to a given circle; 
its locus is the are of a second circle concentric therewith. 


Theorem 134.] The locus of the vertex of a triangle whose 
opposite side and Brocard angle are given is formed by the 
ares of two circles concentric with those containing all points 
whereat the given side subtends the given Brocard angle. 

These circles are called Neuberg circles and have many 
interesting properties whereof we shall give but a few.* If 
the original triangle be given there are three pairs of Neuberg 
circles; let us restrict ourselves to those three whose centres 
lie on the same sides of the side-lines as the opposite vertices 
of the original triangle, and call these the Neuberg circles 
of the given triangle. Let the centre of the Neuberg circle 


. vis 
corresponding to A;A, be N;. Then 4 N;A;A,=5—o. 
The distances from NV; to A;A, and A;A, are in the ratio 
cos (4_ A;,+) : cos (<A; +o). Now if a point lie on the 
perpendicular from A; on A,’A;,’, i.e. on the line from A; 
to Tarry’s point, the ae = its distances from A,A; tod 
A;A,, will be, by 132], 

cos¥_KOA;,’: cost KOA,’ = sing OK A;,’: sin t OKA,’ 
The sine of the angle of OK and A;A4,, or of OK and KA,’, 
is, by (23), 
(KKa,)—(OM;) _ sin A, tan o—cos A; 
(OX) % /1—3 tan*o 
Hence 
sin ¥ OK A;,’:sint OKA,’= cos (4A, +): cos(4 A; +o). 


Theorem 135.] The lines connecting the vertices of a triangle 
with the centres of the corresponding Neuberg circles are con- 
current in Tarry’s point. 


* Emmerich, loo, cit., pp. 138 ff. 
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We see that if one angle and the Brocard angle of a triangle 
be given, the other angles are determined by symmetrical 


Fig. 23. 


equations. Hence the various possible triangles with these 
data are similar, 


Theorem 136.] If A;A; and A;A,, meet the corresponding 
Neuberg circle again in B, and B;, respectively, then AA; B; Aj, 
and A A,B, A), are similar to A A, A; A,,. 


Theorem 137.] The power of A; or Aj, with regard to the 
corresponding Newberg circle is a,*. 

If the points A; and A; be given, there will be 00? circles 
with regard to which each has the power (A,;A;)*, and these 
will all be Neuberg circles. Let A;B), meet such a Neuberg 
circle again at C;, while A;,B; meet it at C;,. Then, by the 
preceding, A;,C;, and A;C; will intersect on the Neuberg circle, 
which gives the curious theorem : 


Theorem 138.] If a circle bear such a relation to two points 
that the power of each with regard to it is the square of the 
distance of the points, then 2»! re-entrant hexagons may be 
inscribed in the circle such that alternate side-lines pass 
through the one or the other given point. 

We obtain an interesting sidelight on the Brocard con- 
figuration by a study of three similar figures to which we now 
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turn our attention.** Two figures are directly similar if 
corresponding distances be proportional and corresponding 
angles equal in magnitude and sense; when the signs of 
corresponding angles are opposite, the figures are inversely 
similar. A relation of direct similarity will be determined 
as soon as we know the two points A,’A;’ which correspond 
to two given points A;A,. The locus of the points whose 
distances from A; and A,’ bear the ratio (A;A,): (A,’A;,) is 
a circle, and a similar circle may be found for A, and A,/. 
These circles intersect in two points which are the double 
points of the similarity transformations determined by the 
corresponding segments. 

Suppose that we have three similar figures f,, f,,f/;. The 
double point of Jf; and fj, shall be S;, the three ratios of simili- 
tude 7,:7,:7;. Let D,, D,, D; be the vertices of a triangle 
whose sides lie along three corresponding lines. The distances 
from S; to D;D;, and D; D; ave proportional to r;:7;,. Hence, 
by Ceva’s theorem, 

Theorem 139.] Jf three similar figures be given, the three 
lines connecting each double point to the corresponding vertex 
of a triangle whose side-lines correspond in the three figures 
are concurrent. 

Let us call this point of concurrence C. Notice that if not 
only the side-line but the actual sides are corresponding, it 
will be the symmedian point. The angles of AD,D,D, 
depend merely on the transformation, as do the angles which 
S;D; make with D;D; and D;D,,, since their sum and the 
ratio of their sines are constant. Hence the angles 28;CS; 
are constant in size. 


Theorem 140.] The locus of the points of concurrence of lines 
from each double point to the corresponding vertex of a triangle 
whose side-lines correspond is the circle through the three 
double points. 

If we draw through C three lines parallel to the three lines 
D;,D; they will intersect this circle again in points R,,. They 
will also be three corresponding lines as their angles are those 


* McCleland, A Treatise on the Geometry of the Circle, London, TSOiech., ix 


1702 F 
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of any three corresponding lines, and the distances from S; to 
CR, and CR, are in the ratio r,:7;. Also the points R; are 
fixed, since ZR;CS; has a constant value. Conversely, if 
three. corresponding lines be concurrent, the locus of their 
point of concurrence is, by 140], this circle. 

Theorem 141.] The locus of points where three corresponding 
lines are concurrent is the circle through the three double 
points; the three corresponding lines must pass through fixed 
points of this circle. 

These fixed points on the concurrent lines are called in- 
variable points. 


Theorem 142.] The lines connecting the double points to 
the corresponding invariable points are concurrent. 

We see, in fact, that the invariable points are surely corre- 
sponding, 

rj: 7, = (S;R,): (S; Bz) 
= sin4_S8;R,R,:sin X8;R; RK, 
= sin_S,;R;R;: sin S;R;R,. 
Hence the three lines S;R; meet in a point M. 

Suppose that we have P,, P,, P; three corresponding points 
which are collinear, The angles of A S;P;P;, are constant in 
magnitude, hence ZS;,P;S, has a constant value, or the locus 
of P; is a circle through S; and S,,. If Sj be the point which 
corresponds to S; in f;, the line S;S,/ must correspond to two 
other lines through S;, namely S;R; and S;R;,, so that Sj’ is 
on S;f;. Again, 2S,P;P; is constant, so that P;P; meets 
the P; circle in a fixed point, namely M, and this is common 
to all three circles. Conversely, there are surely 0! sets of 
corresponding collinear triads, generating three circles which 
correspond, and if we take P,, P,, P, three corresponding 
points on them 2 8;,P;P; has a fixed value, so that P;P; goes 
through a fixed point, namely M, and P,, lies on Pies 


‘Theorem 143. ] The loci of three collinear points in three 
directly similar Jigures are three circles each through two 
double points. There is one point common to all three circles, 


and sets of three collinear corresponding points are collinear 
with this. 
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Theorem 144.] If three directly similar figures be con- 
structed on the three sides of a triangle following one another 
in cyclic order, 


(a) The vertices of the second Brocard triangle will be the 
double points. 

(b) The vertices of the first Brocard triangle will be the 
invariable points. 

(c) The lines connecting corresponding vertices of the 
original and second Brocard triangle will be concurrent in 
the symmedian point of the former which lies on the Brocard 
circle, 

(d) The lines connecting corresponding vertices of the two 
Brocard triangles are concurrent in the common centre of 
gravity of the given and first Brocard triangle. 

(e) The symmedian point of every triangle formed by three 
corresponding segments in cyclic order will lie on the Brocard 
circle. 

(f) If three corresponding lines be concurrent they pass 
through the vertices of the first Brocard triangle, and their 
pornt of concwrrence is on the Brocard circle. 

(g) The loci of three corresponding collinear points are the 
three circles through two vertices of Brocard’s second triangle 
and the centre of gravity of the given triangle. 

The three circles mentioned in (g) are called MacKay circles 
and deserve some further notice. The three lines A,’A;” pass 
through M, which lies between A,’ and A,”. 


Theorem 145.] The MacKay circles are the reflections in the 
centre of gravity of the given triangle of the inverses of the 
sides of the first Brocard triangle in a fixed circle whose centre 
is that centre of gravity. 


Theorem 146.] The MacKay circles intersect at angles equal 
to those of the given triangle. 


As M is the centre of gravity of the first Brocard triangle, 
it is the middle point of three segments each on a line parallel 
to one side-line of this triangle and terminated by the . 


other two. 
F2 
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Theorem 147.] The centre of gravity of the gwen triangle 
is the middle point of the three segments which each two 
MacKay circles cut on the tangent to the third at that povnt. 


C, A, 


A2 


C3 Co 
Fie. 24. 


A3 


Starting with our original triangle, we may construct three — 
others similar to it as follows: 
C, shall be such a point on the same side of A,A, as A, that 


KOO AGA = 4 Ass 28C Apa eee 

C, shall be such a point on A, A, that 

4.C,4,4,=4% A. 
C, shall be such a point on A, A, that 
4 0,4,4,=44,. 

The centres of gravity of our three triangles C,A,A,, 
A,C,A,, A,A,C, lie on the line through M || A,A; and are 
corresponding points. The centre of gravity of A (0,A,A, is 
thus on the MacKay circle through A,” A,” and is the reflection 
of M in the perpendicular bisector of (A,A,). 


Theorem 148.] The centre of each MacKay circle lies on the 
perpendicular bisector of the corresponding side of the original 
triangle, 

We shall show in the next chapter that M; is a centre 
of similitude for the corresponding MacKay and Neéuberg 
circles. The geometric proof seems to be, however, decidedly 
intricate.* 


* McCleland, loc. cit., pp. 218 ff. 
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§ 6. Concurrent Circles and Concyclic Points. 


We have so far had certain examples of circles through 
a number of notable points: the nine-point circle passed 
through twelve, the Brocard circle through ten. We shall 
next proceed to find, by induction, circles which contain 
notable points ad libitum. Suppose that on each side-line 
A;A; of our typical triangle we take a random point B,;. 
It P be the intersection of the circles A, B,B,, A,B,B,, 


2B,PB,= 2A,A,A,, 2B,PB,= 2A,4,4;; 
hence ZR bo / & A, A‘ 


and our three circles are concurrent. 


Theorem 149.] Jf a point be marked on each side-line of 
a triangle, the three circles each through a vertex and the 
adjacent marked points are concurrent.* 


The number of corollaries which flow from this truly 


admirable theorem is almost transfinite. Suppose that P lies 
within the triangle, the most important case, 


A similar result is easily found when P is not within. It 


appears also that if the angles of the A 5,B,B, be known 
the point P is also known. 


Theorem 150.] Jf a triangle with known angles have its 
vertices anywhere on specified side-lines of a given triangle, 
the three circles each through one vertex of the fixed triangle 
and two adjacent ones of the variable triangle are concurrent 
in a fixed point. 

The most interesting case is where the two triangles are 
similar. If X._A; = 4B; we may take for B; the point J/;. 


* The earliest proof of this theorem known to the author is that of 
Miquel, ‘Théoremes de géométrie’, Liowville’s Journal, vol. iii, 1838. 
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If x. A;= 4B, we take Be infinitely near to A; on A;A,, 
and similarly if 4 A, = B;. 


Theorem 151.] If three points be so taken on the side-lines 
of a triangle that they are vertices of a triangle similar to the 
given one, then the three circles each through a vertex of the 
given triangle, and the two adjacent vertices of the new 
triangle are concurrent either in the centre of the cvrewm- 
scribed circle of the given triangle or in one of the Brocard 
pornts.* 

Let the reader prove : 


Theorem 152.] The only case where the lines A;B; are 
concurrent in the point P is where they are the altitude lines 
of the triangle. 


We easily find from 67]: 


Theorem 153.] Jf the intersections of a circle with the 
side-lines of a triangle be divided into two growps of three, 
each group containing one point on each side-line, then the 
point of concurrence of the three circles each through one 
vertex and the adjacent points of the first group, and that of 
circles through each vertex and the adjacent points of the 
second group, are isogonal conjugates.t 

It is immediately evident by inversion that our funda- 
mental theorem 149] holds equally well when the side-lines 
of the triangle are replaced by concurrent circles. It may 
then be reworded as follows: 


Theorem 154] Jf four points on a circle or line be taken 
in sequence and if each successive pair be connected by a circle, 
the remaining intersections of successive pairs of circles are 
concyclic or collinear. 


Still another form for the theorem is as follows: 


Theorem 155.] If fowr circles be arranged in sequence, 
each two successive circles intersecting, and a circle pass 


* McCleland, loc, cit., ch. iii, takes this as the basis of the whole Brocard 
theory. 


+ This excellent theorem is due to Barrow, loe. cit., p. 252. 
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through one point of each such pair of intersections, then the 
remaining intersections lie on another circle or a line.* 
Let us give another proof of this theorem depending on 
different considerations. If a triangle be formed by the ares 
° *. => . 
of three circles c,, c,, ¢;, and if X_¢,c, mean the oriented 
angle of the half-tangents to two circles at a vertex of the 
triangle, those halves being taken which correspond to the 
positive orientation of the circle, then, if the three circles be 
concurrent, we have 


—S — —s 
FOyCg+H CoC, +4050, = 0. 
Conversely, if this equation holds, it is easy to see that the 
circles are concurrent. Suppose now that we have a sequence 
of four circles ¢,, ¢,, C3, ¢,, and that one intersection of each 
two successive lines lies on ¢, 


_—> —> —> —> — — 
ce, + 4_6,¢,4+ X ¢ = X06, + 4.650, + 4 C50 
— — — — — — 
= 4.00,+4¢,¢,+4 0,¢ = X06, +4 oc, +4 0,¢= 0. 


—> — a — 
AOC +H 0,0, +4 C30,+4 6,0, = 0. 
Conversely, when this equation holds, the cirele through three 


properly chosen intersections passes through the fourth. But 
when we move from one intersection on ¢, and ¢, to the other 


we have merely to reverse the sign of £ Gey: the theorem is 
thus proved. 

Let us next suppose that we have given not three lines 
but four, no two being parallel nor any three concurrent. 
Let each line be used to determine the marked points on the 
other three; we thus get 


Theorem 156.] Jf fowr lines be given, whereof no two are 
parallel nor any three concurrent, the circumscribing circles 
of the triangles which they form three by three are concwrrent. 

Let us call this the Miquel point of the four lines. If we 
invert with this as centre we get a second figure entirely 
analogous to the given one, but the present circles become 


* Miquel, ‘ Mémoire de géométrie’, Liowville’s Jowrnal, vol. ix, 1844, p. 23. 


~ 
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lines and the present lines become circles. The feet of the 
perpendiculars on the four new lines from the Miquel point 
are on the Simson line of the four new triangles for this 
point; the four reflections of the Miquel point in the four 
new lines are also collinear; hence, inverting back and 
remembering 34], 


Theorem 157.] The centres of the circles which circwm- 
scribe the triangle formed by four lines lie on a circle through 
the Miquel point.* 

The following theorem is interesting in this connexion, 


though the proof is based upon different considerations which 
we leave to the reader. 


Theorem 158.] The centres of the circles which touch sets 
of three out of fowr given lines, whereof no three are conewrrent 
or parallel, lie by fowrs on four circles, 


Fie. 25, 


* Cf. Steiner, Collected Works, vol. i, p. 228. 


=e Pe ee) ee ee 
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points; we may easily find five others thereon. Let the 
original lines be /,,,,2,, 24. The lines 7; and 7; shall inter- 
sect in A;;, while the circle about the triangle formed by 
U,U;l;, shall be cz, its centre C}, the Miquel point MV. 

We shall temporarily use | 2 XYZ| for the positive value 
of ZX YZ, 


T 


. The circle in theorem 157] seems to contain five notable 


| 24,,MC, | = ; —|2Ay4;,M], 


| 40; MC;, | =| 2 Aj, |- 
Let A, ,C; meet A,)C;, in S, 
| 20;S8C, | =| 24j.4p4C; | —| 2A AnC; | 


=5-|44p,|-(G -144y1) 


=| 24%, |. 


Theorem 159.] Given four lines ina plane, no two parallel 
and no three concurrent. The lines connecting each vertex of 
a triangle formed by three of the lines with centre of the circle 
circumscribed to the triangle formed by the two lines meeting 
in this vertex and the fourth line, are concurrent on the circle 
through the centres of the four circwmsertbing circles, 

Suppose that five lines are given /,, l,, 13, ¢,,1;. Omitting 
each in turn, we have five Miquel points. Consider the circles 
circumscribing the triangles with /; as a common side-line. 
Successive circles intersect on J,; hence, by 154], their other 
intersections, which are Miquel points, are concyclic. 


Theorem 160.] Jf five lines be given, no two parallel and 
no three concurrent, the five Miquel points which they determine 
four by four are concyelic or collinear. 


Theorem 161.] Jf a pentagon be given, and five triangles 
be constructed each having as vertices two adjacent vertices of 
the pentagon and the intersection of the remaining side-lines 


a 


90 THE CIRCLE IN 1 CH. 


through them, then, if circles be circumscribed to these five 
triangles, the remaining intersection of pairs of successive 
circles are concyclic or collinear.* 


Let us tabulate the results so far attained. 

One line may be associated with a circle of infinite radius, 
the line itself. 

Two lines may be associated with their point of inter- 
section. 

Three lines may be associated with the circle circumscribed 
to their triangle. 

Four lines may be associated with their Miquel point. 

Five lines may be associated with a circle or line through 
the five Miquel points which they determine four by four. 

We are thus led by analogy to announce the following 
theorem : 


Theorem 162.] Given n lines in a plane, no two parallel 
and no three concurrent. If n be odd there is associated there- 
with a circle, and if n be even a point. The circle will contain 
the n points associated with the n sets of lines obtained by 
neglecting each of the given lines in turn; the point will lie on 
each of the n-circles obtained by neglecting each of the lines 
on turn.t 

It is to be understood for the purposes of this theorem that 
a line is considered as a special form of circle. Let us begin 
with the case where » is even. We take the three sets of 
lines (1, 0,...0,), (db... Un), (0,0,...4,). The associated 
circles shall be c¢,, c,, ¢,, and, in general, the circle associated 
with the system obtained by omitting the line J; shall be ¢;. 
If lines /;/; be omitted, the point associated with the others 
shall be P;., and so on. 


aj? 

* It is to this theorem alone that the name of Miquel is usually attached. 

‘+ This theorem is due to Clifford, ‘ A Synthetic Proof of Miquel’s Theorem’, 
Messenger of Mathematics, vol. v, 1870, Independently given by Fuortes, 
‘Ricerche geometriche’, Battaglini’s Journal, vol. xvi, 1878, and Kantor, 
‘Ueber den Zusammenhang von n Geraden in der Ebene’, Wiener Berichte, 
vol. Ixxvi, section v, 1877. Recently given without demonstration and in 
incorrect form by Hagge, ‘ Ueber Umkreise und Transversalen des vollstin- 
digen n-seits’, Zeitschrift fiir mathematischen Unterricht, vol. Xxxvi, 1905. 
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Circle ¢,,, contains P..; P11, Pogy Prose 
Circle ¢,,, contains P,,; Po; Psa, Prissy: 
Circle ¢,,, contains P,,, P1,, Pgs; Pros: 

We have thus exactly the figure of three concurrent circles 
corresponding to 149] generalized by inversion. 

Portis P,,, P35, P;, lie on c,. 

Points P,,, P.3, Po, lie on ¢,. 

Pome 27... P.., Pa elie on ¢,. 

Hence these three circles are concurrent, and as they are 
any three of our system the theorem is proved for even, 
provided it holds for »—1. We now imagine that we have 
an odd number ~ of lines; let us show that any four of the 
points P,, P,, P;, P, are concyclic or collinear. 

The circles c,, and ¢,, meet in P, and P 

The circles c,, and c,, meet in P, and P,,,. 

The circles ¢,, and c,, meet in P, and P,,,. 

The circles c,, and ¢,. meet in P, and P,,,. 


123° 


But the four points P,,5, Pos, P3.,, Py, are on the circle 
C1343 hence the four points P,, P,, P,, P, are concyclic or 
collinear, and so all of our points are on a circle or line. 

Let us try another method of generalizing 149]. We start 
with four lines /,, /,,2,,7,, and on each line J; mark a point 
P;. If these four be concyclic or collinear, then, by 154], the 
six circles each of which passes through the intersection of 
two lines and the marked points thereon will pass by threes 
through four points on one circle or line. Suppose, next, 
that we have five lines J,, J,, 13, l,, J;, and five concyclic 
marked points thereon. The point marked on /; shall be P;,. 
The point obtained by omitting J; and /; shall be P;;. The 
circle obtained from what immediately precedes by neglecting 
1, shall be c,;; that which contains Li ed Sy, shall be Cy; 


é, contains Py,, Py3, Pry, Pris. 
e, contains P,., Py, Po, Pos. 
e, contains P,,, P.3, Ps,, Pss- 
€,, contains P,,, P14, Poy. 
6,, contains P.., Po,, Py,- 


¢,, contains P,,, P5,, Ps. 
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But the circles ¢,,, Co5, Cg, are concurrent in P;; hence the 
circles ¢,, ¢,, C, are concurrent, and so all five are. The 
extension to 7 is as before, and, as before, we define a line 
as a special case of a circle. ‘ 


Theorem 163.] Let n concyclic or collinear points be marked 
on n lines whereof no two are parallel and no three concurrent. 
If x be even there is associated therewith w circle, and if n be 
odd a point; the circle will contain the n points associated 
with the n sets of w—1 lines obtained by neglecting each of the 
given lines in turn; the point will lie on each of the circles 
obtained by neglecting each of the lines in turn.* 


In these two generalizations there is a distinction between 
m even and 7 odd. In the remarkable one which follows this 
disappears. Four coplanar lines are given, no two parallel and 
no three concurrent. Each line is associated with the circle 
circumscribing the triangle formed by the other three. The 
centres of these four circles are concyclic, and the circles 
themselves pass through the Miquel point. 


Theorem 164.] Given n lines whereof no two are parallel 
and no three concurrent. Each set of n—1 will be associated 
with a circle in such a way that all n circles pass through 
a point, and their centres lie on a circle which is associated 
with the n given lines.t 

We shall assume that the theorem has been proven for n—1 
lines. We use the previous notation for the circle associated 
with certain lines, its centre being indicated conformably, 
while the point associated with certain lines shall be in- 
dicated by the letter M with suitable subscript. We shall 
also assume that 


£07,076, = 20M, Cy, = ZU,h;, 
this equation being certainly true in the case n = 4, if Ce 


* Due to Grace, ‘Circles, Spheres, and Linear Complexes’, Cambridge 
Philosophical Transactions, vol. xvi, 1898. 

+ Pesci, ‘Dei cercoli circonscritti ai triangoli formati di n rette in un 
piano’, Periodico di Matematica, vol. vy, 1891. The case n = 5 was given by 


Kantor, ‘Ueber das vollstiindige Vierseit ', Wiener Berichte, xxviii, section 2, 
1878. 
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indicate the intersection of /,2;. Suppose that c, and c, inter- 
sect in M, 


¢, contains C,,, C,;, C,;, M. 
¢, contains C,,, C,;, Cys; M. 


LOMO, = LO, Cy Cy, = 21,1; 5 
Ahem 2 COS Cy. = tl, 
. ZC MO, = 41,0: 
But £0; 0,;C,; = Zl]. 
Hence J lies on ¢; and the circles are concurrent. Again, 
¢c, and c; meet in C,; and M. 
c; and c, meet in C,; and M. 
ZOU 0. — £0, MG 2 lal,. 
Hence all points C; are concyclic, and the theorem is 
proved. 
The following corollary is rather curious. 


Theorem 165.] Jf n be greater than four, M will not 
lie on c. 
Suppose, on the contrary, 20,C0,M = 2C,C,M. 
(C,,M) is the common chord of c, and ¢, 
LUC. = LE,,0,.M, 
AC. C. M272 CCM. 
Hence ZOOM = 40,,C4"5 
£3023 Cj2 = 0. 
But C031 Cis M, and Oj,C;3 1 Ci.,Msz, 
LM Ce 
This, however, is impossible since these three points lie on 
C,,. Hence, if C,,, exist or 1 > 4, the point M cannot be 
concyclic with all C;’s. 
In the theorem last given we associated m lines with 
a circle and a point, the circle being the locus of the centres 
of 1 others. In the theorem before we associated n circles or 
points with 7 lines and 7 concyclic points. Here is another 
form of association akin to both. 
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Theorem 166.] Given n points on a fiwed circle n2 4. 
We may associate with them a point and a circle in the 
following manner : 

(a) The point is the centre of the crrele. 

(b) The radius of the circle is one-half that of the jiwed 
circle, 

(c) The point lies on the n circles each associated with n—1 
points obtained by omitting each of the given pornts in turn. 

(d) The circle contains the centres of these circles.* 


Let us call the radius of the fixed circle 2, for convenience. 
When n= 2 we shall associate with two points the point 
midway between them. When n= 3 we associate the nine- 
point circle whose radius is here unity. When n = 4 we 
have, by 77], four nine-point circles passing through a common 
point. Their centres lie, therefore, on a circle of radius 1 
about that point as centre. The theorem thus holds when 
m= 4. To prove it in the case where » =5 we proceed, 
exactly as in the case of 162], to prove that the circles are 
concurrent. P,;, will be the centre of the nine-point circle 
of the APP) Pm. ¢j; will be the circle through the centres 
of the three nine-point circles associated with P; and P,, i.e. 
the locus of points at a unit distance from the middle point of 
(Pi Pm). Pi7q will be the point midway between P,, and 
the centre of the fixed circle, which is at a unit’s distance 
from the middle point of each of the chords (P;P,,), (P; Pm) 
(P,P m)s (P1 Pm), and so on all three circles Cints Crits Cs We 
may thus repeat our previous reasoning word for word; the 
five circles ¢,, cy, C3, Cy, ¢; are concurrent, and as all have 
a unit radius their centres lie on a unit circle about the point 
of concurrence as centre. For n > 5 we proceed in exactly 
the same way. 

Here is a second proof of the foregoing that has the advan- 
tage of being easily extended to the analogous case in three 
dimensions, while our first proof cannot be so enlarged. 
Take n = 4, the centre of gravity of the four points will be 


* See the Author's ‘Circles Associated with Concycli ints’ 
cyclic Points’, 4 
Mathematics, Series 2, vol, xii, 1910, : ae 
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the point of concurrence of the segments, each bounded by 
one given point and the centre of gravity of the other three, 
and will divide these segments in the ratio 1:3. The centres 
of gravity of the four triangles will thus lie on a circle whose 
radius is one-third the radius of the given circle; hence, by 
what precedes 72], the centres of the four nine-point circles lie 
on a circle of half the radius of the circumscribed circle, and 


whose distance from the fixed centre is the distance to the 


centre of gravity. The theorem thus holds for n=4. Assume 
that it is true for n—1 points, and that the centre of their 
circle is collinear with the centre of the fixed circle, and the 
centre of gravity of the n—1 points, but the distances from 
the centre of the fixed circle to these points is in the ratio 
i. If m points be given, we have n centres of gravity 
of groups of n—1 points. These lie on a circle whose radius 
bears to that of the fixed circle the ratio 1:n—1. Hence the 
a” points lie on a circle whose radius is one-half that of 
the fixed circle, and the 1 associated circles pass through 
a fixed point at the proper distance from ‘the fixed centre. 


§ 7. Coaxal Circles. 


We have defined the power of a point with regard to 
a circle as the product of its oriented distances to any two 
points of the circle collinear with it. When the point is 
outside the circle this is the square of the length of the 
tangential segment. The sum of the power and the square 
of the radius is seen to be the square of the distance from 
the point to the centre. We see, thus, that if a point move 
along a line perpendicular to the line of centres of two non- 
concentric circles, the difference of its powers with regard to 
the two is constant. 


Theorem 167.] The locus of points having like powers 
with regard to two non-concentric circles is a line perpen- 
dicular to the line of centres. 
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This line is called the radical amis. It is the common 
secant when the circles intersect, the common tangent when 
they touch. 


Theorem 168.] The radical awes formed by the pairs of 
three given circles whereof no two are concentric, are concurrent 
or parallel. 

The point of concurrence, when it exists, is called the 
radical centre of the three. It is the only point having 
equal powers with regard to all three, and when these powers 
are all positive it is the centre of a circle whose radius is the 
square root of this power, and which cuts the three given 
circles at right angles. 

Let us calculate the difference of the powers of a point with 
regard to two given circles. When the circles are concentric, 
it is the difference of the squares of the radii. Suppose them 
non-concentric. Their centres shall be CC’, their radii r7’, 
while the distance of their centres shall be d. Let F be the 
intersection of the radical axis with the line of centres 


(OF) —(0'F)? = Pr"? 


(OF) —(C'F) = +d 
yp? — 2 + 2 
(CY) Sa cae (24) 
Now let P be any point, H the foot of the perpendicular 
from there on the line of centres, its powers with regard to the 
two circles p and p’, We easily find 


Eee 
p—p = 2(FH)d. (25) 
Theorem 169.] The numerical value of the difference of 
the powers of a point with regard to two non-concentric circles 
is twice the product of its distance from the radical axes 
multiplied by the distance between the centres. 
If a point be taken upon the circle of similitude of two 
circles, outside of both, and a tangent be drawn thence to each 


circle, the two not separated by the centres, it will be found at 


once from 26] that the chords which the circles determine on 
the line connecting the points of contact are equal, so that the 


4s 
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power of each point of contact with regard to the other circle 
is the same; the converse will also hold, hence 


Theorem 170.] If two points be taken on two wnequal and 
non-concentric circles in such a way that each has the same 
power with regard to the other circle, and the tangents at these 
points are not separated by the centres of the circles, then the 
intersection of these tangents is on the circle of similitude of 
the two. 

Let the distance from C to a point of CC’ be x, this point 
being the centre of a circle of radius p._ If 

p2—y’2 4 G2 2 72 — p24 a? 
2d oe oe 
pe na’ 2 42 
pe eae at ©) =e i ae pe p”, 
then each two of our three circles have the same radical axis. 
Let us put p= 0, and consider the discriminant of the resulting 
quadratic in «; we assume 7? = 7”, 
(r?—r? +a p2 — "2 4 d*)? = 
a < 

Assume, first, (r—d)?—r? > 0. 

The two original circles did not intersect ; there are two real 
values of « for which p = 0, i.e. two points which may be 
looked upon as limiting circles of radius zero. These shall 
be called the limiting points of the system of circles. The 
power of a point with regard to a point circle shall, naturally, 
be defined as the square of its distance from the point to 
which the cirele has shrunk. Any point outside the segment 
of these limiting points may be taken as the centre of a circle 
having with either of the original circles the same radical 
axis as they have with one another. 


3 


= 47% 


Suppose, secondly, (r—d)?—1? = 0. 

Here the original circles are tangent to one another. Their 
point of contact is the single limiting point of the system, 
every other point of the line of centres in the centre of 
a circle touching the two at the limiting point. 

Lastly, let (r—d)?—r? < 0. 


1702 G 
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Here the given circles intersect in real points. Any point 
on their line may be taken as the centre of a circle through 
their intersections; the least possible radius for such a circle 
will be one-half the distance between these two common 
points, and there are no limiting points in the system. 

If a system of circles be so related that each two have the 
same radical axis, they are said to be coawal circles. Circles 
through two common points or touching the same line at the 
same point are examples of such systems. 

A system of circles through two points will cut interesting 
ranges on any line through either point.* Let two such 
points be A and B, and let two lines through B meet the 
various circles in the ranges P,P,...P, and Q,Q,...Qn 
respectively. 

Since AAP, Py and AAQ; Q;, are similar, 


(P;P;):(Q;Q;) = (AP;):(4Q,;) = (P; Px): (Q; QO), 
(P;P,;): (Pj Pr): Pr Pd = (Q:@;) = (Q; 2.) + (Q7.Q)- 


Theorem 171.] A system of circles through two points cut 
such ranges on any two lines through one of the points that 
corresponding distances are proportional, and, conversely, if 
two ranges be given on intersecting lines in such a way that 
corresponding distances are proportional and the point of 
intersection. does not correspond to itself, then the lines con- 
necting corresponding points in the two ranges are concurrent 
in a point common to all circles containing a pair of corre- 
sponding points and the point of intersection of the two lines. 


Since the Simson line of A is the same for all triangles 
BP,Q;, 


Theorem 172.] If a system of circles through two points cut 
ranges on two lines through one of these points, then the feet of 
the perpendiculars from the other point on all lines connecting 
corresponding pairs of points of the two ranges are collinear. 


Theorem 173.] If two circles cut a third either orthogonally 


or in two pairs of diametrically opposite points of the latter, 


* Casey, loc. cit., ch. v. 


‘ 


y ELEMENTARY PLANE GEOMETRY 99 


then the centre of the third circle is on the radical avis of the two, 
and every point of the radical awis not between the intersections 
of the circles, when such exist, is the centre of a circle cut by 
both at right angles, while every point between such intersections 
is the centre of a circle cut by both in pairs of Uiametrically 
opposite points. 

We see, in fact, that if a point have the same positive power 
with regard to two circles it is the centre of a circle cutting 
both orthogonally, while if it have the same negative power 
with regard to both it is the centre of one cut by both in 
pairs of diametrically opposite points, the radius being in the 
first case the square root of the power, and in the second the 
square root of the negative of the power. 


Theorem 174.] Jf two circles intersect two others ortho- 
gonally, then every circle coaxal with (orthogonal to) one pair 
is orthogonal to (coaxal with) the other. The radical axis of 
each system is the line of centres of the other. 

We see that the plane is thus covered with a double net- 
work of circles in such a way that every point not on either 
radical axis is the intersection of two circles, one of each 
net-work, and these circles cut orthogonally. Remembering 
that the limiting points of a coaxal system are point circles of 
the system, 


Theorem 175.] Jf two circles intersect, the coaxal system of 
circles cutting them orthogonally will have their points of in- 
tersection as limiting points ; if two non-concentric circles do 
not intersect, the limiting points of their coaxal system are 
common to all circles orthogonal to them. 


Theorem 176.] Jf a system of circles be tangent to one 
another at any point, they are orthogonal to a second system 
tangent at this point. 

Two coaxal systems of mutually orthogonal circles are said 
to be conjugate. 


Theorem 177.] The limiting points of a coaxal system of 
circles are mutually inverse with regard to every circle of the. 


system. 
G2 


100 ’ THE CIRCLE IN ‘ cH. 


Theorem 178.] The inverse of a coaxal system is either 
a coaxal or concentric system, or a pencil of concurrent or 
parallel lines. 


Theorem 179.] If three non-coaxal circles be given, no two 
concentric or intersecting, the three pairs of limiting points 
which they determine two by two are concyelic or collinear. 


Theorem 180.] Two mutually inverse circles ave coaaal 
with the circle of inversion. 


Theorem 181.] If two points A and C lie on a circle ortho- 
gonal to all circles through B and D, then Band D lie on 
a circle orthogonal to all circles through A and C. 


Two such pairs of points are said to be orthocyelic. 

It is perfectly clear that the circles of a coaxal system with 
two common points may be inverted into a system of con- 
current lines. A system with no common point, being the 
orthogonal trajectories of a system with two such points, 
may be inverted into a concentric system. A system all 
tangent at one point may be inverted into parallel lines. 
The following theorem has already been suggested. 


Theorem 182.] If the radical centre of three circles lie 
without one, and, hence, without all of them, it is the centre 
of a circle cutting all three orthogonally, and they may be 
inverted into three circles with collinear centres; if it lie 
within one, and, hence, within all three, it is the centre of 
a circle cut by all three in pairs of diametrically opposite 
points. 

Suppose that we have a triangle with our usual notation, 
a point P not on any side-line, “and let P;P;, meet. A; A;, 
in B,. Applying Desargues’ triangle theorem to AA, A ate 
and A P,P, P,, since the three nee A;P, are cence ine 
points B,, B,, By are collinear. If, in particular, P be the ortho- 
centre, we see H, H), is anti- parallel to A;A,, and the points 
A,, A;, H; » hy, are concyclic, i.e. B, has the same power with 
Sey to the nine-point and ciroumseribed circles, 
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Theorem 183.] The radical awis of the wine-point. and 
curcumseribed circles contains the intersections of corresponding 
side-lines of the given triangle and the pedal triangle of the 
orthocentre. 


Theorem 184.] he orthocentre of u triangle is the radical 
centre of any three circles each of which has a diameter whose 
extremities are a vertex und aw point of the opposite side-line, 
but no two passing through the same vertex, 

We see, in fact, that, since the orthocentre is a centre of 
similitude for the circumscribed and nine-point circles, the 
product of its distances from each vertex and the foot of 
the corresponding altitude is constant. Suppose next that 
we have a complete quadrilateral.* The orthocentres of the 
triangles formed by the given side-lines three by three will, 
apparently, all be radical centres for the three circles whose 
diameters are the three diagonals of the complete quadri- 
lateral. ‘This apparent contradiction leads to the Gauss- 
Bodenmiller theorem. 


Theorem 185.] Whe three circles on- the diugonals of a 
complete quadrilateral as diameters wre coaxal.t 
We get from 74] and 156] 


Theorem 186.] Zhe radical aais of the three circles ow the 
diagonals of a complete quadrilateral as diameters contains 
the orthocentres of the four triangles determined three by three 
by the side-lines of the quadrilateral, and is parallel to the 
Simson line of the Miquel point, but twice as far from this 
point as is the Simson line. 


Theorem 187.] Z'wo pairs of circles eye, ain cc, wre euch 
coawxal with a given circle; then if ¢, vitersect c, and c, 
intersect c,, the four points so determined wre concyclic.; 

Suppose that we have three segments each bounded by one 
vertex of a triangle and a point of the opposite side-line, and 


* Cf, McCleland, loc. cit., p. 189. Not a little of the remainder of the 
present chapter is taken from this source. ’ 

+ Bodenmiller, Analytische Sphdrik, Cologne, 1880, p. 188. 

t Chasles, loc. cit., p. 540, 


Ne 
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all having in common a point S. Let the perpendiculars on 
the lines of these segments from the orthocentre meet the 
circles having the segments as diameters in the three pairs 
of points B;B/. Let us first show that these six points are 
concyclic. We see, in fact, since H is the ee centre of 
the three circles with diameters (4; Si), (A;S; )s (An Si); 


(HB,) x (HB, )= (HB,) x (HB, pa (HB) x (HB, ). 

On the other hand, the perpendicular bisectors of the segments 
(B;B,) pass through S, hence S is the centre of a circle 
through all six. We next notice that H has the same power 
with regard to the three circles on diameters (A;S;) as with 
regard to those with diameters (A;4;). If we take MW as 
a centre of similitude, and a ratio —1: 2, we change A,A,A, 
into M,M,M,. Let 7 be transformed into VN. 

Let C;C, be the points where the line through HLTA; 
meets the circle whose diameter is es A Oa Once more 

(H6,) x (HC, i (HG,) x (HC;’). 

The perpendicular bisectors of the segments (C;C;’) pass 
through the points J/; and are parallel to the lines A,7’, and 
correspond to them in the similarity transformation. They 
are thus concurrent in S. Lastly, since H has like powers 
with regard to all six circles, 


Theorem 188.] Jf S be any point, and T' the point which 
bears to the original triangle the same relation that S bears to 
the middle point triangle M,M, M,, then the intersections of 
the circles on segments (A;S;) as diameters with the perpen- 
diculars from the orthocentre on these segments, and of the 
circles on the segments (A;A;,) as diameters with the corre- 
sponding perpendiculars from the orthocentre on the lines TA,, 
lie on a circle with centre S.* 

Let us return to our theorem 169] from which flow a great 
wealth of interesting results. If a circle of radius p have 
contact of a specified kind with two others, the difference of 
the powers of its centre with regard to these two will “be 
2p(r+7’). 


* Hagge, ‘Ein. merkwiirdiger Kreis des Dreiecks’, Zeilschrift fiir muthe- 
matischen Unterricht, vol, xxxix, 1908, 


= 
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Theorem 189.] Jf a variable circle have contact of w fixed 
type with each of two given non-concentric circles, or have just 
the reverse contact with each, then its radius will bear a Jiaed 
ratio to the distance of its centre from the radical avis. 

If we call the distance to the radical axis 6, the fixed ratio ¢, 
and take a line parallel to the radical axis at a distance / 

€ 
therefrom and on the proper side thereof, the distance of the 


centre of the variable circle therefrom is . times its distance 


from the centre of the circle of radius 7. We see, also; that 
the sum or difference of the distances from the variable centre 
to the fixed centres is constant. We thus reach the fundamental 
theorem for central conics. 


Theorem 190.] Jf a povnt so move that the sum or difference 
of its distances from two fixed points is constant, its distance 
Jrom either fixed point bears a constant ratio to its distance 
from a corresponding fixed line perpendicular to that which 
connects the fixed povnts. 

The power of a point with regard to any circle of a coaxal 
system is by 169] twice the product of its distance from the 
radical axis multiplied by the distance from the centre of 
the circle to that of the circle of the coaxal system through 
the given point. The point is supposed, of course, not to be 
on the radical axis. 


Theorem 191.] Jf there be any points whose powers with 
regard to two non-concentric circles bear a fined given ratio 
different from wnity, they all lie on one circle coawal with the 
two given ones. 

The necessity of the proviso that such points should exist 
is apparent when we reflect that if, for instance, the circles 
were very small and far apart there could be no point corre- 
sponding to such a ratio as —1. 

Theorem 192.] Jf a variable chord of w circle subtend a 
right angle at a fixed point, the foot of the perpendicular from 
the fined point on the line of the chord and the point of inter- 
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sections of the tangents at its extremities trace couwal or 
conmentric curcles. $ 

We see, in fact, that if we treat the given point as a circle of 
radius zero, the foot of the perpendicular on the line of the 
chord and the middle point of that chord trace the same 
circle, since the power of each with regard to the given circle 
is the negative of the square of its distance from the fixed 
point. We have then but to apply 180]. 

Suppose that a variable line meets one circle in points S,7), 
and makes therewith an angle a,, while its intersections and 
angle with a second circle are S,7', and a,. If we find a point 
where a tangent at S, or 7', meets one at S, or T',, we see that 
the tangential segments thence to the two circles bear the 
ratio sin a, : Sil OQ. 

Theorem 193.] If a pair of tangents be drawn to each of 
two circles, the points of contact being collinear, then the 
intersections of the tangents to one circle with the tangents 
to the other will lie on a circle concentric or coaxal with the 
gwen circles, or on their radical axis. 

Theorem 194.] If a variable line move in such a way that 
the segments cut thereon by two fixed circles have a constant 
ratio, then the locus of the intersections of the tangents to the 
jirst circle where it meets this line, with the corresponding 
tangents to the second, is a circle concentric or coaxal with the 
given circles or their radical axis. 

Suppose that we have a quadrilateral inscribed in a circle. 
If a transversal be so drawn that it makes an isosceles triangle 
with one pair of side-lines, or with the diagonal lines, then it 
will do so with the remaining side-lines or diagonal ones. 
Let us also momentarily extend our concept of the isosceles 
triangle so as to say that a line perpendicular to two parallel 
lines makes an isosceles triangle with them, 


Theorem 195.] Jf a quadrilateral be inscribed in a circle, 
then we may, in an infinite number of ways, find three other 
circles concentric or coawal with the original circle and with 
one another such that each is tangent to a pair of opposite 
side-lines or diagonal lines of the quadrilateral. 
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Theorem 196.] If a variable triangle be inscribed in 
a circle, and if two of its side-lines continually towch two 
circles concentric or coawal with the given circle, the sume is 
true of the third side-line. 

A rigorous proof of this is not difficult, but a little delicate, 
Let us take two positions of our triangle A,A,A,, 4,/A,’A,, 
Suppose that A,A, and A,’A,’ touch a certain circle, while 
A,A,’, A,A,’ touch another concentric or coaxal with this 
and with the given circle. In the same way A,4,’, A,A,/ 
will touch a third circle of the coaxal system, Now it is 
conceivable that the circle touched by A,A,’, A,A,’ should 
be different from that touched by 4,A,’, A,<A,’, for two 
circles of the coaxal system might well both touch A,A/’. 
If, however, we can show in a particular case that one of the 
circles of the coaxal system tangent to A,A,’ is extraneous 
to the discussion, we shall know that in general both circles 
will not appear. The particular case is when A,’ is infinitely 
near A,, the circle tangent to A, A,’ is the original circle, the 
other coaxal circle tangent to this is distinct from this and 
not connected with the discussion. Hence 4,A,’, A,A,’, 
A,A, all touch one circle of the coaxal system, and 
A,A,, A,’A,’ also touch one of these circles, 

Theorem 197.] Poncelet’s theorem. If a polygon of any 
aumber of sides be inscribed in a circle, wand all of ts side- 
lines but one each touch a fixed circle of a system concentric 
or coaxal with the given one, then the same is true of the 
remaving side-line.* 

Theorem 198.] The problem of inscribing a polygon of 
any given wumber of sides in w given circle so that its side- 
lines shall also touch a second given circle has an infinite 
number of solutions of it have any at all. 

There are certain special cases coming under our theorem 191 | 
which deserve particular notice. If the fixed ratio be unity 
we do not get a circle, but the radical axis. Let us rather 
look at the case where the ratio is —1. The locus is in this 

* For the most full discussion of this and allied questions see Weill, ‘Sur 


les polygones inscrits et circonscrits & la fois & deux cercles’, Liowville’s 
Journal, Series 8, vol. iv, 1878; also Biitzberger, loc, cit., pp, 7-82. 
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case called the radical cirele of the two original ones.* It 
will actually exist if the circles intersect, or if, not inter- 
secting, they lie on the same side of their radical axis, or if 
they be concentric. The centre will be half-way between 
their centres. We leave the verification of these statements 
to the reader. 


Theorem 199.] Two intersecting or tangent circles, or two 
non-intersecting circles which are concentric or else lie on the 
same side of their radical axis, have a radical circle which 
is the circle coaxal with them whose centre is mid-way between 
their centres. 

The slight modification needed in the case of concentric 
circles is easily made. 


Theorem 200.] Jf three circles be given whereof no two are 
concentric, the radical circle of each pair is identical with that 
of the radical circles determined by the circles of the pair 
severally with the third cirele. 

The truth of this theorem is, of course, contingent on the 
existence of all the radical circles in question. We see, more- 
over, that the radical axes of both pairs of circles are parallel, 
for one is orthogonal to a side-line of a triangle while the 
other is perpendicular to the line connecting the middle points 
of the other two sides, Moreover, the radical centre of three 
original circles is easily seen to be the radical centre of the 
radical circles which they determine two by two. The theorem 
is thus proved. 

If a circle be cut by a second orthogonally, while it is cut by 
a third in a pair of diametrically opposite points, its centre 
has powers with regard to the other two circles which differ 
only in sign. 


Theorem 201.] Zhe radical cirele of two given circles is the 
locus of the centres of circles cut by the one orthogonally, and. by 
the other in diametrically opposite points. 


* Cf, Duran-Loriga, ‘ Ueber Radicalkreise’, Grunerls Archiv, Series 2, vol, XV, 
1896. 
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Theorem 202.] Lhe pedal circle of two wogonally conjugate 
povnts 2s the radical circle of any pair of circles whose centres 
are these points, and each of which cuts orthogonally the three 
circles whose diameters are the segments cut by the other on the 
side-lines of the triangle.* 


Theorem 203.] The nine-point circle of an cbtuse-angled 
triangle is the radical circle of the cirewmscribed circle and 
a circle of anti-similitude of this and the Pela circle of the 
orthocentre. 


Theorem 204.] The circles on two sides of a triangle us 
diameters have the circle whose diameter is the included median 
as their radical circle. 

Besides the radical circle there is one other circle of the 
coaxal family that is interesting. We see at once from 27] 


Theorem 205.] The circle of similitude of two given circles 
is coaxal with them. 

Consider, now, three circles with non-collinear centres. The 
three circles of similitude which then determine two by two 
cut orthogonally the common orthogonal circle of the original 
three, when that exists, and the circle through the centres 
of the original three by 13]. This latter will be the radical 
circle of the common orthogonal circle and the circle cutting 
each of the original three in a pair of diametrically opposite 
points. 


Theorem 206.] Jf three circles have non-collinear centres, 
and their radical centre lies outside of them, then the circle 
through their three centres is the radical circle of their common 
orthogonal circle and that circle, when it exists, which cuts 
each of the three in a pair of diametrically opposite pornts. 
The coaxal system conjugate to that determined by these new 
circles contains the circles of sinvilitude determined two by two 
by the given circles. 


* Roberts, ‘On the Analogues of the Nine-point Circle in the Space of 
Three Dimensions’, Proceedings London Mathematical Society, vol. xix, 1878. 
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Theorem 207.] If a circle move so that each of two. gwen 
points has a constant power with regard to it, ut will trace 
a couxal systenv. 

The line connecting the points is a radical axis for any two 
positions of the circle. 


Theorem 208.] If « circle so move that it cuts two others 
in diametrically opposite points, or cuts one in diametrically 
opposite points and the other orthogonally, ut will generate 
a coawal system. 

Theorem 209.] If three mutually external circles be gwen, 
their centres being non-collinear, three other circles may be 
found each cutting two of them orthogonally and the third in 
diametrically opposite points, and three each cutting two 
in diametrically opposite points and the third orthogonally.* 

Theorem 210.] Given two non-concentric circles. If there 
be a circle coaxal with them whose centre is the reflexion of 
the centre of the first circle in that of the second, then this 
third circle will cut in diametrically opposite points all 
circles orthogonal to the first circle whose centres lie on the 
second, 

Theorem 211.] Given two non-concentric circles. If there 
be a circle coaxal with them whose centre is the reflexion of 
the centre of the first circle in that of the second, then this 
circle will cut orthogonally all circles cut by the first in 
diametrically opposite points, and having their centres on the 
second. 

Let us start with two fixed circles. These may be inverted 
into concentric circles or into two lines. We thus get 

Theorem 212.|] If a variable circle cut two fixed circles at 
given angles, it will cut every circle couaal with them either 
at a fined angle or at the supplementary angle. 

It is clear that there would be advantage in sharpening 
our idea of the angle of two circles in such a way as to 
remove the ambiguity in this statement. We do so as follows. 
Let each circle be looked upon as generated by a point 


‘2 For the three theorems which follow see Affolter, ‘Zur Geometrie de 
Kreises und der Kugel’, Grunerts Archiv, vol. lyii, 1875, 
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tracing its circumference in a positive or counter-clockwise 
sense. At a point of intersection draw the half-tangents 
which lie on the same sides of their respective diameters 
as near by-points of the circle traced subsequent to the point 
of contact. At each intersection these half-tangents will 
make the same angle, except for algebraic sign, and this shall 
be defined as the angle of the two circles.* Analytically it is 
the angle 6, where 

p24 7/2 — G2 

assed a, (24) 

Theorem 213.] If a variable circle cut two fixed circles at 
given angles, it will cut at a given angle every circle con- 
centric or coaxal with them. 

Suppose that we have a circle cutting three given circles 
at chosen angles. If we simplify the figure by inversion, we 
see that there will be a second circle cutting them at the same 
angles or cutting all three at just the supplementary angles; 
the two are mutually inverse in the common orthogonal circle 
of the first three, when this circle exists. The problem of 
finding a circle cutting three given circles at assigned angles 
or at exactly the supplementary angles has thus, usually, 
more than one solution. The circles will be orthogonal to 
three circles each coaxal with two of the given circles. These 
three new circles must be coaxal, as otherwise they would 
have but one common orthogonal circle. The circles sought 
will thus belong to a coaxal system, and touch six given 
circles, but every circle of the system touching one of the six 
will touch the other five. 


cos 6 = 


Theorem 214.] The problem of constructing a circle to cut 
three non-concentric and non-coaxal circles at preassigned 
angles or at just the supplements of these angles has, at most, 
two solutions. The construction may be effected by the aid of 
ruler and compass. 

We shall postpone to a subsequent chapter the explanation 
of the actual construction to be employed. For the moment 


* The angle, so defined, will be transformed into its supplement by 
inversion if one circle surrounds the centre of inversion, and the other 


does not.: 
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let us consider the problem of constructing a circle to meet 
certain given circles at equal angles. We easily see by 
inverting two circles into concentric circles or into two lines 
that a circle cutting them at equal angles will be orthogonal 
to one particular circle of anti-similitude, when such exists, 
and, conversely, every circle orthogonal to this circle of 
anti-similitude will cut them at equal angles, while a circle 
orthogonal to the other circle of anti-similitude will cut them 
at, supplementary angles. To be more specific, we see that 
if two circles intersect, both circles, of anti-similitude, exist ; 
the circles which cut them at equal angles are orthogonal 
to the external circle of anti-similitude, i.e. to that whose 
centre is the external centre of similitude ; a circle cutting 
them at supplementary angles will be orthogonal to the 
internal circle of anti-similitude. If two circles lie outside 
one another, there is no internal circle of anti-similitude, and 
circles cutting them at equal angles are orthogonal to the 
external circle of anti-similitude, or to the radical axis when 
the radii are equal. When one circle surrounds the other 
there is no external circle of anti-similitude, and the internal 
one is orthogonal to those circles which cut the two at 
supplementary angles. 


Theorem 215.] Jf a circle cut two others at equal angles 
it is orthogonal to their external circle of anti-similitude 
when this circle exists, and every such circle cuts them at equal 
angles if at all. If a circle eut two others at supplementary 
angles it will be orthogonal to their internal circle of anti- 
similitude when such a circle exists, and every circle orthogonal 
to an internal circle of anti-similitude will cut the given 
circles at supplementary angles of it cut them at all. 


If a circle cut two others and be orthogonal to a circle of 
anti-similitude, it is anallagmatic with regard to the inversion 
in that latter circle (which interchanges the original circles), 
The intersections with the original circles are thus collinear 
in pairs with the centre of this circle of anti-similitude, If 
the circle of anti-similitude do not exist, and be not replaced 
by the radical axis, the given circles are interchanged by the 
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product of a reflexion in the centre of similitude, and an 
inversion in‘a circle with this as centre, and every circle 
invariant for such a transformation will cut the original 
circles in equal or supplementary angles. Conversely, if 
a circle cut two others at equal or supplementary angles, yet 
be not orthogonal to a circle of anti-similitude or radical axis, 


it is easily seen to be carried into itself by such a trans- 
formation. 


Theorem 216.] If a circle intersect two other non- concentric 
circles of wnequal radius at equal angles, the points of inter- 
section are collinear two by two with the external centre of 
similitude ; if it intersect two others at supplementary angles, 
the points of intersection are collinear in pairs with the 
internal centre of similitude. 


Theorem 217.] Jf each of two non-concentric circles cut 
two other non-concentric ones at one same angle, then the 
radical axis of each pair passes through the external centre 
of similitude of the other pair or is parallel to their line of 
centres when the circles of the second pair have equal radii. 
If each of two non-concentric circles make supplementary 
angles with each of two other non-concentric circles, and each 
circle of the second pair make supplementary angles with 
each of the first, then the internal centre of similitude of each 
pair lies on the radical axis of the other. 

The radical axis of two circles will replace the external 
circle of similitude when, and only when, they have equal 
radii, whence 


Theorem 218.] If a centre of inversion be taken on a circle 
of anti-similitude, the inverses of two given circles will have 
equal radi. 

Suppose next that we have three circles. A line connecting 
two external centres of similitude will pass through the third, 
when the latter exists; a line connecting two internal centres 
of similitude will pass through an external centre. 


Theorem 219.] If three circles be given with non-collinear 
centres, the circles cutting them at equal angles form a coaxal 
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or concentric system, as do those which cut one at angles 
supplementary to those cut on the other three. The locus of the 
centres is the perpendicular from the radical centre of the 
original three on a line containing three of the centres of 
similitude which they determine two by two. 


Theorem 220.] Jf four circles be given, no three having 
collinear centres, there is at most one circle cutting all at 
equal angles, four cutting one in angles supplementary to the 
angles cut in the other three, and three cutting one parr in 
angles supplementary to those cut in the other pair. 


Theorem 221.] A necessary and sufficient condition that it 
should be possible to invert three circles simultaneously into 
three circles with equal radia is that a circle of anti-similitude 
of one pair should intersect such a circle of another pair in 
a point outside all three given circles. 


It is a parlous undertaking to suggest. possible lines of 
further advance in the subject of plane geometry. On the 
one hand, the subject has shown itself inexhaustibly fertile, 
new discoveries have come in such numbers at times when 
a superficial observer would have felt sure that the last word 
had been said, that it would be highly unwise to assert that 
with a little patience one might not strike oil by working in 
any portion of the subject. On the other hand, the existing 
literature is so vast that there is a large antecedent probability 
that any new seeming result may have been discovered decades 
if not centuries before. 

It seems likely that there are other simple criteria for 
various systems of tangent circles like Casey’s condition for 
four circles tangent to a fifth, Vahlen’s criterion for poristic 
systems, or the Euler conditions that there may be a triangle 
or quadrilateral inscribed in one circle which is circumscribed 
to the other. There seem to be limitless possibilities for 
finding circles through notable points or tangent to notable 
lines, ‘There must be other circles analogous to the P circle. 
It seems likely also that there are other special cases of Tucker 
circles which are worthy of attention. Moreover, it may be 
possible to generalize the ‘Tucker systems in interesting ways 
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as suggested by 67]. It seems likely that there are other 
chains of concurrent circles and concyclic points besides those 
noticed in theorems 162-6. The Brocard figures seem to offer 
an inexhaustible store of theorems. It is quite likely also that 
in coaxal systems of circles there may be other interesting 
circles besides the special ones which we have discussed. For 
instance, the following theorem came to our notice too late 
to be inserted in its proper place. 


Theorem 222.| If a transversal through the centre of the 
circumscribed circle meet the sides of a triangle in the points 
B,, B,, B,, the circles on (A;B;) as diameters are concurrent 
on the circumscribed and nine-point circles.* 

The concurrence on the nine-point circle comes from 68], 
that on the circumscribed circle comes from 184] and the 
remark immediately following. 


* Thébault, ‘Sur quelques théorémes de géométrie élémentaire’, Nouvelles 
Annales de Math., Series 4, vol. x, 1910. 
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CHAPTER II 


THE CIRCLE IN CARTESIAN PLANE 
GEOMETRY 


$1. The Circle studied by means of Trilinear 
Coordinates. 


ALL figures studied in the present chapter are supposed to 
exist in one plane which has been rendered a perfect con- 
tinuum by the adjunction of the line at infinity. The 
complex domain is included as well as the real. We call 
this the cartesian plane. The assemblage of all points in 
such a plane may be put into one to one correspondence with 
that of all triads of homogeneous coordinate values, not all 
simultaneously zero. 

In studying circles in the cartesian plane, three types of 
coordinates may properly be used. We start with the least 
fruitful, trilinear coordinates.* Let us take a fundamental 
triangle whose side-lines have the equations 


cosa ,@+sina,y—7;= 0, 1=1, 2, 3. (1) 


We take as the trilinear coordinates of any finite point, 
whose cartesian rectangular coordinates are (a, y), the three 
quantities 

Pi = — (C08 o,e@+sin a, y)+7;. (2) 


We assume that the triangle surrounds the cartesian origin, 
so that each coordinate of the origin is positive. Every 
other point within the triangle will also have three positive 


* Cf. Whitworth, Trilinear Coordinates, London, 1866; Casey, Analytic 
Geometry of the Point, Line, Circle, and Conic Sections, Dublin, 1893, a brilliant 
but untrustworthy book. Also Clebsch-Lindemann, Vorlesungen tiber Geometrie, 
second ed., Leipzig, 1906, vol, i, part 2, pp. 812 ff. 
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coordinates. The coordinates of any finite point will be 
connected by the fundamental identity 
i233 
> os 2; (3) 
t=] 

If the left-hand side of this equation be equated to zero, 
we have the equation of the line at infinity, whose points 
may be put into one to one correspondence with sets of 
coordinate values satisfying such an equation. If the radius 
of the circumscribed circle be 7, our fundamental identity 
may also be written 

Zo 

: 2A 
>sint A,p; = oa (4) 
i=] 

Let us begin by finding the equation of this circumscribed 
circle. Since it is a conic circumscribing the triangle of 
reference, it must come under the form 

1=3 
DM PjPr = 0. 
p=1 

We determine the coefficients by noticing that the tangent 
at a vertex will have an equation 

sin fA; p,+sinX A, p,;. 

Hence the equation of our circle may be put in any one of 

the three forms 
4=3 i=3 t=3 - 

Dsint App, =, Dap; p, = 9, ig Py /k5) 
Z=1 4= I] (Lip 

We may proceed in similar fashion to find the equation of 
the inscribed circle. In line coordinates it must have an 
equation of the form 

i=3 
DHivjuy = 0- 
a= 
The point of contact of a side-line will have the equation 
cos? 44. A),u,; + 00s? $4. A; uy, = 0. 
H 2 
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Hence the equation of the inscribed circle will be 
wo 


> cos? 44 Ajujuy, = 0. (6) 
td 
v=3 i=3 
> cost2 4A; pP~2> cos"h 4. A; cos?Z 4 A; p; Py, = 0. 
i=1 i=1 


This last equation is factorable, giving the reduced form 
for the equation 


cos$ 4 A; /p;+cos$ A; Vp; +cos$ 4 A, /p, = 0:27) 
The escribed circle corresponding to the side a; will be 
likewise 


icost tA; pytsin $4 A; /p;+sin$% A, Wp, = 0. - ; 


The equations of circles circumscribed or inscribed to a 
polygon of ~ sides may be found in like shape.* Suppose, 
in fact, that the sides of an inscribed polygon have the 
lengths a,...@,; the perpendiculars on these side-lines from 
any point of the circle shall be p,...p,. Taking this point as 
centre of inversion, we transform our circle into a straight 
line. Let p’ be the distance from the centre of inversion to 
this line. Then 


, a; 


DP re  (A/A,,,’) = 0. 
(Aj’Ajsy) 2! : isa) 


; 
; 
: 
; 
7 
5 
3 
| 


i 


With regard to signs, we may take all of these segments 
except the extreme one as positive, while the latter, which 
comes from that side of the original polygon (supposed to be 
convex) which. shuts the given point from the other sides, 
is negative. On the other hand, the number p, corresponding 
to this side is negative, while the other numbers p; are 
positive. Hence, for every point of our circle, 


i=n 


The equation of the circle will be a factor of this, 


* See a highly ingenious article by Casey, ‘ On the Equations of Circles’, 
Transactions Royal Irish main vol, xxyi, 1878. 
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To find the equation of an inscribed circle we see that if 
B; be the point of contact of the side (A;A,,,), the circle 
must have an equation of the type 


Pi-1Pi = TP;”, 
where p;’ is the distance to (B;_,B;). We see also that « = 1, 
since our circle passes through the middle point of the con 
inscribed in the triangle B;,A;B;. But, by the formula for 
the circumscribed circle, 
oes Pes 1B 
>? oats = 0, (B;-;8;) = 2pcoszH A;. 


1 | 
Hence for our inscribed circle 
— eer” 
V Dis Pi 


i 


When the polygon has an even number of sides, the 
equation of the circumscribed circle may be put into much 
simpler form by means of I. 60], namely 


Pi PsD5 +++ Pan-1 + Po Ps Po ++» Pon = 9 
In the case of the quadrilateral this gives 
P, Pst P2Ps = % 
When this is reduced to rectangular cartesian form the 
coefficient of «7+? is 
2 [cos (0, —O,) + cos (X,— O%) J. 
Since properly oriented opposite angles of our quadrilateral 


are equal, 
COs (A, — ,) = — COs (Oy —s), 


COS (X,— 4) = — COS (AX, — X). 


Now, suppose that this same quadrilateral is circumscribed 
to another circle of radius p, the distance of the centres being d 
and the radius of the circumscribed circle r as before. Taking 
the centre of the inscribed circle as origin, the cartesian 
coordinates of the centre of the circumscribed circle will be 
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‘ 
7 
4 


i=4 
—p > cos; 
ei 


Yo = Cos (X,—,) + COS (1 — 4)’ 


Yo = Gos (x, —,) + COS (%— 4) 


The power of the centre of the inscribed circle with regard 
to the circumscribed may be obtained by substituting (ppp) in 
the equation of the latter when the coefficient of «*+y? has 
been divided out, and found to be 


—(72—d?) = 


On the other hand, if we first find d we get 


2p? e COS O; ye (s sina;) — 4p*[ cos (a, —a,) + cos (a, —X,) 


(pee eae | 


4p? 
COS (AX, — 3) + COS (X— 4) 


22 a 
ec = [cos (% — a) + COS (A — 4) |” 


aye pal is 


i=4 
2(7? +d?) AG > COs & :) + (= sin a3) — 2 [cos (x, — X) + cos (%,—a,)] 
pe t=1 
4 


Multiplying out on the right, and remembering the identities 
recently found, 
2(r 4d?) _ 1 1 ey | ae 
(Pd? pt ede (rd? 
This is our old formula I (11). 
A circle concentric with that circumscribed to our triangle 
will have an equation 


i=3 
> sin {_ A; p,;p; = const. 


i=1 


The left-hand side of this equation is the double area of the 
pedal triangle of the point (py) which proves I. 62]. Let us 
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inquire under what circumstances the general equation of the 
second degree 


Du; PiP; = 9, ey = Oy 


will represent a circle. It is necessary and sufficient that 
it should be possible to rewrite this 


rh t=3 t$=8 


A> sin L Asp; py, +H DUP; > sin 4 A;p; = 0. 


i=} t=1 t=1 


We have three equations 


and three others 


sin 4 A; + p| avi 


Zz, sin. A, + —S4— awe sin X_ A, ‘| 
=P (257, +a ej Je 
Eliminating p : e 
a,, sin? x A, + a,;,sin?x A;—2a,,sim?4 A; sin XA, = const. 
In the special case where a7, = 0, 7 #4, 
od,, = sin*x A,;[sin?x A; ee, —sin?x A,]| 
j=3 
= sin 2 x_A,] [sin 4_A,. 
j= 
We thus find the equation of the only circle with regard to 
which the triangle is self-conjugate, 
i=3 
> sin24A;p7 = 0. (8) 
i=l 
Let us find the coefficient of #?+y? when the circle 
Jay P,P; = 0 is changed to its cartesian form. The coeffi- 
cient of ae is Da;,cosa,cosa,, that of y? is 2a, sina; sina,. 
As these two are aia we are replace both i half their 
sum, namely 


% [G41 + hog? + Ugg" — Ps dij1, 008 4 A;]. 
4 
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For the circumscribed circle this becomes 
1 i= 8 4=8 
ao prs sin 2 X4_A, = — iE sin 4_A,;. 
i=1 i=1 
This will also be the coefficient of z+? in the cartesian 
equation corresponding to the trilinear form 
(3 i=3 t=3 
> sin 1 A; pj py. t > ui pi DV sinh A; p; = 0, 
= it i=1 
since the second factor of the last term is a constant. If the 
coordinates of a point be substituted in the equation of a circle 
and the result be divided by the coefficient of x?+¥y°*, we shall 
get the power of the point with regard to the circle. Thus, if 
we take (ppp) the coordinates of the centre of the inscribed 
circle, and substitute in the equation of the circumscribed 


circle, 
i=3 


p? > sin A, 


; i=] 
d?—yr* = - Ate = as ae ans —27p> 


[[sinx_ 4, 
i=1 


1 1 : i 


rin ae p- 
This is our previous formula I (10). 


It is geometrically evident that the centre of our circle (8) 
is the orthocentre of the triangle, for the polar of any point 
with regard to a circle is perpendicular to the line from that 
point to the centre. We know from I. 50] that this is 
a circle of antisimilitude for the circumscribed and nine- 
point circles, so that the equation of the latter will be of 
the type 

i=3 i= 3 
> sin2 x. A;pe—a po sin XA; p; pj, = 0. 
t=1 


t=1 


We find \ by requiring this circle to pass through the foot 
of one altitude. 


: 

: 
‘ 
‘ 


EE a | 


diets 
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The nine-point circle has thus the equation 


0B ii 
> sin 24 A,p2—2 > sin A,p Pj Py = 9. (9) 
t=1 t=1 


We next notice the a i 
t=3 


D> sin 24. A,;p2+2 Seas Pj Pr 


R= 8! 


i=3 iicx So. 


= Se Danis, Pi > CO8X A;p,; 


i=1 


Hence the equation of the nine-point circle may be written 


i=3 t=3 i=3 
2 > sinX A;p, Pe > Sin XA; p; > cost_A;p;=0. (10) 
i=1 +=1 re | 


' 'The equation of the inscribed circle was seen to be 


2 cos LAjp? Bay ont 44 A, cos*$4A,pjp,=9, (7) 


t=1 


and this may also be written 
ti=3 
cost i xX A, ; 
> “sing. A, Y “Pi ee: 


“cos?2x_A, (he 
“2T] sin A, LDL ADP Pe = =.0; 


ee} té=1 


The radical axis of the nine-point and inscribed circle 
will be 


es 
“cos! +X A, 
[Tsing 4; 2 s eae P; 
J ap a t=3 
—2] ] cos?ix A, > cost Ajp, = 


i=1 em 


* Whitworth, loe. cit., pp. 294 ff. 
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a} 
> cos $4. A; sin 3 ({ A;—4_A,) sin  ({.A;—4 Aj) p; = 0, 


(aia 
t= 5 


cos4X_ A; 
2 ani 4,—-04,) = 


The coordinates of this line are seen to satisfy our 
equation (6), so that the nine-point circle touches the inscribed 
one. In like manner we may prove that it touches the 
escribed circles. 

At this point let us make a short digression into the geometry 
of conic sections.* We start with the familiar theorem that, if 
the side-lines of two triangles touch a conic, their vertices le on 
another conic. If the first conic be a parabola and one triangle 
be formed by the tangents through the focus and the line at 
infinity, we see that a circle circumscribed to a triangle circum- 
scribed to a parabola will pass through the focus. The Miquel 
point of four lines is thus the focus of the parabola which 
touches them. Let this be the point F, and let us find the 
polar reciprocal of our figure with regard to another circle of 
centre C. The polar of the parabola will be a conic through C. 
A triangle with vertices A,, A,, A, will be inscribed in this 
conic, and another conic with focus at C will touch the side- 
lines of the triangle. This last conic, regardless of the positions 
of A,, A,, A, on the conic through them, will always touch 
a fixed line, the polar of # with regard to the circle of 
reciprocation. The foot of the perpendicular from C on any 
line is the inverse of the pole of this line with regard to the 
circle whose centre is C’; the pedal circle of C with regard to 
A A,, A,, A; is the inverse of the circle through F and will 
pass through the inverse of F, a fixed point. 


Theorem 1.] The pedal circle of a chosen finite point of 
aw conte with regard to all triangles inscribed in this conic 
passes through a fixed point. 

If the conic be a rectangular hyperbola, we see, by taking 
the special case where the vertices are the extremities of the 


* Mannheim, ‘Solutions de questions 1798 et 1803’, Nowvelles Annales de 
Mathématiques, Series 4, vol. ii, 1902. 


| 
* 
. 
: 


—— 
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asymptotes and either vertex, that this fixed point will be 
the centre.* 

Let us return to the geometry of the circle. Every conic 
through the vertices and orthocentre of a triangle is a rectan- 
gular hyperbola, for the involution determined by such conies 
on the line at infinity has three pairs of mutually perpendicular 
directions. The locus of the centres of these conics is a conic, 
namely, the nine-point circle. We thus get + 


Theorem 2.] If four finite points be given, whereof no three 
are collinear, which are not the vertices and orthocentre of 
a triangle, the four nine-point circles which they determine 
three by three, and the pedal circle of each with regard to the 
triangle of the other three, ave concurrent. 


This theorem enables us at once to deduce Fonténé’s exten- 
sion of Feuerbach’s theorem which we had before in I. 68]. 
For if a point move along a line through the centre of the 
circumscribed circle, its isogonal conjugate, whose coordinates 
are proportional to the reciprocals of its own, will trace a conic 


. through the vertices and orthocentre of the triangle, i.e. 


a rectangular hyperbola, and the pedal circle of the moving 
point and its isogonal conjugate will continually pass through 
the centre of this hyperbola. 

For the sake of reference it may be worth while to give the 
trilinear coordinates of the various notable points of the 
triangle which appear in connexion with the Brocard figures. 
We get from formulae (13) to (23) of Ch. I, 


Point 0, p,:,:p, = cos4.A,:cos 4 A,: cos XA,. 
Point K, 1: Po! Pz = Sint A,:sinx A,:sing¥ A, 
== 0, 20, 3 Oy. 


: wee ews AY sind A, 
es 2 Pe = aay A) ging 4, | sin y_A, 
SHO. 2 G6 tyes (11) 


* See a remark by ‘G.’, Nowvelles Annales de Mathématiques, Series 4, vol. v, 


1905. ; 
+ Fonténé, ibid., p. 504, speaks of this as a well-known theorem. 
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i rhe sinX.A, sinX_A, | Badge: 
ALS ips TiVO sinX¥.A, ° sin A, sin Ay 


— 2. 
= Cy Ug? : Ugg? : Ag,” 


Point A,’, p;:p;:p, = sin : sin (4 A,—o) : sin (4. A;—«) 
= A, A,M%,? aes a;%. 
The vertices of the second Br cae triangle are not quite so 
easy to determine. 
The equation of any circle through A; and A,, will be of 
the form 


io eh 
a CL; P; Pr + Dy, > G&D; = 0. 
ism ih i=1 


We wish this to touch 4;4;, at A;. Putting p; = 0, 
Ch; Dy Di + (py, (4; Pi + A, Py) = 9- 
a: 


There will be two roots p, =0 if 2 = — Ss - The equation 


of our circle is, then, 
(43? — 47?) Dy De + Uy Pi Pj —%j UR Py, = 0. 
To find where this meets the line from A to K we put 
se Neal Res Raed od . 
We thus get our desired coordinates. 
Point A;”, p52 Pj: Py = Gj? +Aj2—A;? OG; Oy, (12) 


Let us find the equation of a Tucker ante If P; be such 
a point of A,A;, that 
sin @ Cj, SID. w Sin 6 
(A;P;) = (O4)) eee 


Msin(o+0) sin(o+é)sinZ Ay” 
The distance from P; to A; A; is, thus, 

tj, SiN @ Sin 0. 

Sin (w+ @) 
The equation of the line P;P,’ is, oy, I. 8h 
dj, SIN w sin 8 sin w sin 0. Sa 


p,sin (0 +0)— a;p; = 0. 


4 mc] 


7 
‘ 

’ 
4 
: 


= 
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The cubic curve 


é=1 j=l 


se jas 
[1(2s sin (w+ 6) Pi—%; sin » sin 6 pe “2)| —A Pj Pz Pz = 0 


will contain the six points P;P,’. If we can so choose d that 


— 
this equation contains > a,;, as a factor, the other factor 
i=1 
will give the Tucker circle for the angle 6. We have but to 
take A = 8A®sin?(#+6). The Tucker circle is 


£3 = 
1 j 
= ft (2A sin (w + 6) p;—a; sin o sin 0 a a; p;) 


5 sa 


ae 


— 8A® sin? (w+ nr] =O. 713) 


In the special case of the first Lemoine circle sin @ = sino, 


i=3 i=3 1=3 
2 4 i 4 
16 cos oA Da; p;p,—4 Asin ® COS D> 4:2; >4; hy, P; 
i=l i=l i=l 


-4=3 
} 2 
in2 — 
+ 4, 4,0, 810 o( > a; pi) = 0. 
i= 1 


The Brocard circle is concentric with this, and so has an 
equation of the type 


t= b= 3 += 3 
16 cos?w A? > A; P; Pp — 4 A8in © COS w Da,7; > a; Oy, Dj 
‘ i=1 += 1 ean 


i=3 
2 
+ (44 4,0, SiN? w — (> OP 1) = 0. 
few 
This must pass through the symmedian point whose 


coordinates are proportional to the sides of the triangle. 
2 


za; A 
Remembering that ctn » = r 7m > A’\=a,a,4,8in’w, we get the 


Ws sf 
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following different forms for the equation of the Brocard 


circle : 
i=8 


4 Actno > 42; Pr Sin Le = 0. 
%=1 eas s=1 
t=3 =3 Nas) 
a7 > 4; Pj; Ph— Ss = 0. (14) 

41 (ee | ey | ee | 
ise i=3 
DS sin’ LA; Dd sin 4,7; 
Spa | (ata | 


1=3 


_ ani) sin XA; p; > sin A; p; = 0, 


t=) i § 


It will be found by direct substitution that the circle with 
this equation does effectively pass through our ten points. 
Radical axis of Brocard and circumscribed circle 


The area of the pedal triangle of a point () is 


%=8 


a 
AP; Pye 
Pa Sa Pe ay ne, 


The sum of the squares of the lengths of its sides will be 
Z = =} 


2 Say +2 >, pj p, 008% A; 


j=1 yl 
1=8 Ne} 


aay, = 4 j +i? — 4,7) Di Dye 


T Gaga, ly Os 


The cotangent of the Brocard angle of this triangle will be 


4238 i=38 
2A, Agt, > pj + Da; ( * * + Oy — a *) PjPr 
oe | t=} 


etn w’ = 


t=0 


4A D> apjp, 


t= 


: 
* 
4 

‘ 


“Fe + oye ee Ss ee 


= 


-_ ‘ “a 
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Writing the equation of the Brocard circle 
t=S = 8 
Ay Uy Ms Ze = = QP; Pr (15) 
= a t=] 
>, a, 
ctn w’ = 7h = ctna, 


we thus reach an interesting theorem due to Schoute.* 


Theorem 3.] The locus of points whose pedal triangles have 
the same Brocard angle as the given triangle is the Brocard 
circle. 


Theorem 4.] The locus of points whose pedal triangles have 
a given Brocard angle is a circle coaxal with the circumscribed 
and Brocard circles. 


Let us find the equation of the Neuberg circle corresponding 
to (A; 4;). 


i=3 ts i=38 
> iP; Pr + Duy; Xj up; = 
t=1 i=1 i=1 


As this is to contain A;, while A; and Aj, are to have like 
powers with regard to it, 


U; = 0, U; => AG;, U}, = AQ},- 
> A; P; Py +r (4; P; + GPx) > “ip; = 
pe pa 


The coordinates of A; are 0, “= 0. Its power with regard 


j 
to the Neuberg circle is, by I. 137], a,*, and the coefficient of 
x?+y? in the corresponding cartesian equation is 


—a,;sint A,sin% A;,. 
2 
pee x _ ee ee 
er ; ag.) = 
a; a;sinf A;sinf A, * Cg Cty, 


*<QOver een nauwer verband tusschen hoek en cirkel van Brocard’, 
Amsterdam Transactions, Series 3, vol. iii, 1887. 
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The equation of the Neuberg circle is 


i= 3 Jae} 
Oy, > UP; Pr—~% (jj +P) UP: = 9 (16) 
i=l t=1 


We turn to the closely related MacKay circle. The radical 
axis of the MacKay and Brocard circles is A,;”A;,” whose 
equation is 
(aA —a,* —ay4 + 0,472) p; + aa, (20,2 a? —a;") D 

+ 4,0, (2a,°—a,? —a,) = 0. 

The MacKay circle will thus have an equation of the type 

i=3 4=3 t=3 


Dee Searjre~ Devslkayen tosh rape 


=1 i=1 
+ (ay, + Aa; 4; (204, —a7?—a,")| p, 
he A; +A; (24; 2a? —«,?)] py, } = 0. 


Moreover, by I. 148] A; and A;, have like powers with 
regard to the MacKay circle, . 


A;M, + rAa,4; (20,)—a'—ay) _ A;A; +a, G;, (20,7 — a2 — ay") 
a; Qj, 

4 

A=- : 

3; My, ; 

¢=8 t=8 +=3 

BU; Ay Do? Da; DP; PR- > a vif [(a,? + a,7)?—a,"] | 

t=1 t=] i=] : 


+=F 
+a; >a? [a; pp +, P|} = 0. (17) 


t=) 


Substituting p; = S, the coefficient of p? will be 


a; 


ee \e (a;? + a72)?—a4 ath, 
(Sa) a eee + 2a; See] 


a = 1 


~iil(2e)-(2e)]* 


1 CARTESIAN PLANE GEOMETRY 129 


This shows that the centre of gravity lies on the MacKay 
circle. M; has the coordinates 


Pe Vy Py 3. De 


Its power with regard to the Neuberg circle is 


me eal 2 
ee — 34;4,7 0,2 x AN ge Aas 
aaa, 8in J_ A; sin X A;, ae 


167? | 4 


Its power with regard to the MacKay circle is 
co, 
12 
The ratio of these is 1:9, A; is three times as far from M, 
as is M, hence the second intersection of A;M with the 
Neuberg circle is three times as far from M as is the second 
intersection with the MacKay circle. 


Theorem 5.] Zhe middle point of a side of a triangle is 
a centre of similitude for the corresponding MacKay and 
Neuberg circles, the ratio of similitude being i. 

This justifies a remark made after I. 148]. Remembering 
the original definition of MacKay circles, we have 


Theorem 6.] The MacKay circle corresponding to a par- 
ticular side of a given triangle is the locus of the centre of 
gravity of a triangle having the given side and Brocard 
angle, its vertex also lying on a specified side of the gwen 
side-line. 


§ 2. Fundamental Relations, Special Tetracyclic 
Coordinates. 


It is clear that the trilinear coordinates which we have so 
far used are not adapted to dealing with the circle in any 
broad way, and, in fact, are of use only in studying those pro- 
perties of a circle which are related to a particular triangle. 
Let us now turn to homogeneous rectangular cartesian coordi- 
nates «:y:t, and define, once for all, as a circle in the 


1702 I 
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cartesian plane every locus which corresponds to an equation 
of the type 
att (a2 +42 +t?) +2, (a? +y?—t?) +m, (2at)+a,(2yt) = 0. (18) 
The quantities (w) shall be called the coordinates of the 
circle; they are homogeneous, and subjected only to the 
restriction that all may not vanish at once. We distinguish 
the following types of circles : 


i= 3 


> 4:2 = (y2). 
i=0 


(a) Proper circles (aw) #0, 1@)+@,# 0. 

(b) Non-linear null circles (ax) = 0, +2, 0. 
These consist in pairs of finite lines through the circular 
points at infinity. 

(c) Non-isotropic line circles (xx) #0, ia)+a,= 0. 
These consist in a non-isotropic line and the line at infinity. 

(d) Linear null circles (xx) = 0, i@, +2, = 0. 
These consist in an isotropic line and the line at infinity, or 
the line at infinity counted twice. . 

The four multipliers of #, @,, @, #, in (18) shall be called 


the special tetracyclic coordinates of the point (a, y, t), or rather, ~ 


any four quantities not all zero which are proportional to 

them. The reason for this curious designation will appear 

later. The relation between our homogeneous cartesian co- 

ordinates and our special tetracyclic ones may be written 
Yor Yr? Yo Ys =U 4+y7 +h): (+y?—L) : 2at: 2yt, (19) 

Bry rt S Yet Ys: —(Wo+y%): 
Every finite point has thus a definite set of special tetracyclic 
coordinates (y) for which 


(yy) =0, wyoty, #0. 

Conversely, every set of homogeneous values which satisfy 
these relations will correspond to a single definite finite point. 
Returning to our circle (x), which we assume to be not a line 
circle, we have for the radius 

AC) 
‘er 1g +, (20) 
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This expression is, of course, double valued as it stands 
Where the circle is real we assume that such a sign has been 
attached to the radical that * => 0. The concept of a circle 
with a negative radius will be treated most fully in a subse- 
quent chapter. Let the reader show that the special tetracyclic 
coordinates of a point are nothing more nor less than the 
coordinates of that null circle whose centre the point is. The 
special tetracyclic coordinates of the centre of (a) are 


, < (xa) 

= Pe 

ai 9 2 (tay +24)” 
i (aa) 

Ht ft fs a pe a Pay 
pry 1 2(ia,+a,)° ( ) 
pa,’= X25 
pe, = &,. 


The coordinates of the circle concentric with (x) and ortho- 
gonal thereto are 


aaa @ (xx) 
a a 0 (itty +00,)" 
_ @ (an) 
=%,—- i 22 
TX, x, (ia, + @,) S, ( ) 
Beta 
Tk, = Xs. 


The power of the finite point (y) with regard to the proper 
circle (x) will be ae 
—2 (xy 
(2Y + Ys) (1% + 2) ce) 
This formula holds even when (z) is null, if it be not a line 
circle, and gives the square of the distance of the finite points 
(x) and (y). If the power of a finite point with regard to 
a proper circle be divided by the radius, the quotient is 
meee (wy) z (2 4) 
V (#2) (Yo + 41) 
This expression has a meaning when the circle is a non- 
isotropic line circle. In fact we see that if a point remain 


fixed while the radius of a certain circle increase indefinitely, 
12 


“X 
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the ratio of power to radius will approach as a limit double 
the distance from the point to that line which is the limit of the 
circle. If we extend the phrase ratio of power to radius to 
inelude this limiting case, it is easy to see that this ratio for 
the circle x; = 1, w; = 0 will be 


oe 
VW o+ Yr 

The special tetracyclic coordinates of a point are thus pro- 
portional to the ratio of power to radius with regard to four 
mutually orthogonal circles, namely, the y axis, the w axis, the 
unit circle around the origin as centre, and the concentric 
circle the square of whose radius is —1. It is this aspect of 
our coordinates which we shall subsequently generalize. If 
two circles be given which are not null, their angle @ will be 
given by 


(ay) 
cos 6 = (25) 
V (ae) V(yy) 
In the case of real circles the radicals in the denominator 
should be so taken as to make the radius of each positive. 
The formula is then 
re+r?—d 


cos 6 = tr? (26) 
The condition for orthogonal intersection is 
(ay) = 0. (27) 
For internal or external contact we shall have 
(ay)? 
+. = ], 28 
(ex) (ya) ke 


Before proceeding further, let us look at our tetracyclic 
coordinates from still another point of view.* The homo- 
geneous coordinates (@) may be taken to represent a point in 
a three-dimensional space S, which we shall assume has an 


* One of the earliest writers to look upon circles as corresponding to 
points in a three-dimensional space seems to have been Mehmke, ‘ Geometrie 
der Kreise in einer Ebene’, Zeitschrift fiir Mathematik und Physik, vol. xxiv, 
1879. He does not, however, make use of the idea of elliptic measurement. 
The reader not familiar with non-Euclidean geometry will find this measure- 


ment fully treated in all books on the subject, e.g. the Author’s Elements of 
Non-Euclidean Geometry, Oxford, 1909. 


Sn a 


se a SS ee Pe ee, rh rmrerrrr ee ee ee ee 
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elliptic type of measurement, the equation of the absolute 
quadric being 
(xa) — 0. 


Our formula (25) for the cosine of the angle of two circles 
(w) and (y) will give exactly the cosine of the distance of two 
points in our non-Euclidean space. The totality of circles 
whose coordinates are linearly dependent on those of two 
will give the pencil of circles through the intersections of 
two given circles. When the given circles are proper, this 
will be a coaxal system as defined in the last chapter. We 
shall extend the term coaaal system to include the pencil in 


every case. 
Plane z. 

Cirele. 

Null circle. 

Angle of two not null circles. 


Mutually orthogonal circles. 


Coaxal system of circles. 

Pencil of tangent circles. 

Circles mutually inverse in 
proper circle, or reflexions 
of one another in a non- 
isotropic line. 

Circle of anti-similitude of 
two circles. 

Inversion, or reflexion in a 
line. 


Our correspondence may thus be written: 


Space s, 
Point. 


Point of Absolute. 

Distance of two points not 
on Absolute. 

Points conjugate with regard 
to Absolute. 

Line. 

Line tangent to Absolute. 

Points collinear with a given 
point and equidistant there- 
from. 


Centre of gravity of two 
points. 
Reflexion in a point. 


As an example of the sort of theorems that correspond in 
the two domains, we take the following : 


Plane 7. 
The circles of anti-similitude 
of three non-coaxal circles 
are coaxal vn threes. 


Space 8. 


The centres of gravity of pairs 


formed by three gwen pounts 
are collinear by threes.* 


* See the Author’s Non-Euclidean Geometry, cit., p. 102. 


134 THE CIRCLE IN ; CH, 


We may establish our correspondence of circles in 7 with 
points in S by a direct geometric process without recurrence 
to non-Euclidean notions. Starting with our typical circle (18), 
the cone with the vertex (0, 0, 1,7) through that circle will 
have the equation 
ayi [ar +y?+2—2?—2itz] +a, [e+y? +2? —0 + 222] 

+H, (2at—2ixz) +H, (2yt—2 vyz) = 0. 

This may be written 
(tay + ay) (+ y+ 2 +0) 

— 24 (2+ it) (ut, +@,y +%2%+a,t) = 0. 

This cone will thus cut the sphere 

e+y+e74+l =0 
in a circle whose plane is 
LC + UY +X F+H,t = 0. 

The coordinates of the pole of this plane with regard to the 

sphere in question will be 


wWIYi: Zit = Uy: Mei ky: ts 


The coordinates of a circle in the cartesian plane may be 
interpreted as the coordinates of a point in space whose polar 
plane with regard to a fundamental sphere cuts that sphere 
in a circle whose stereographic projection is the given circle. 

Let us in this connexion give the formulae for inversion. 
Suppose that we have a point (y) and a circle of inversion (2). 
Since every circle through (y) and (y’) is orthogonal to (a), 
and these relations are expressed by linear equations of like 


type, the coordinates of (y’) must be linearly dependent on 
those of (a) and (y). 


Yi = AY + RM; 
(y'y') = (yy) = 0, 
Pye = (wx) Y;— 2 (wy) w;. (29) 
We may go further. Suppose in this equation (y) is any 


circle. Then if (¢) lie on (y) we shall find that its inverse 
lies on (y’). Our formula will thus give the inverse of any 
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chosen circle, We next turn to the non-homogeneous cartesian 
coordinates, taking for our cirele of inversion 

2 +y" =1 ; 
the inverse of (z, y) will be 


pots 


—— = 9 
py? Y eye 


: dax* + dy? 
2 (a 5 
da’ + dy’? = (a +P) 
da! dx’ + dy’ dy’ z data+dysy 


ee EE 
V dal? + dy? Vox +3y? ~ Adak +dy? Vda? + by? 


This last equation shows that the angle between two curves 
is equal or supplementary to that of their inverses. 


§ 3.. The Identity of Darboux and Frobenius.* 


It is now time to take up an important identity connecting 
the coordinates of any ten circles, which plays a fundamental 
role in much of our theory. Let us suppose that we have two 
groups of five circles each, (a) (y) (2) (s) (¢) and (@’) (y’) (2) (8’) (#/). 
Multiplying together the two determinants |#yzst0| and 
| 2’y’2’s't’0 | we get the fundamental identity 


| (xar’) (avy’) (a2) (as) (at’) | 
(yx’) (yy’) (y2’) (ys’) (yt’) | 
| (2a) (zy’) (22) (28°) (at’) | 
(su) (sy’) (s2’) (ss’) (st’) | 
| (ta’) (ty’) (t2’) (ts’) (W’) | 


As a first special case, let (x’), (y’), (2), (s’) be four finite 
points, no three collinear, nor are all four concyclic. («) shall 


= 0, (30) 


* It is rather a delicate question to know to whom one should give the 
credit for the identity which forms the subject of the present section. It 
was first given in a particular form by Darboux, ‘ Groupes de points, de cercles 
et de sphéres’, Annales de I’ Ecole Normale, Series 2, vol. i, 1872. Frobenius 
thereupon announced that he had long been familiar with it, and proceeded 
to publish his results, ‘Anwendungen der Determinantentheorie auf die 
Geometrie des Masses’, Crelle’s Journal, vol. Ixxix, 1875. Another elaborate 
discussion is in an important article, by Lachlan, ‘On Systems of Circles and 
Spheres’, Philosophical Transactions of the Royal Society, vol. clxxvii, 1886, 
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be the circle circumscribed to the triangle whose vertices are 
(y’), (2), (s’), and so for (y),(z), and (s): (t) and (¢) shall be the 
line at infinity. 


(aat’) 0 0 0 = (tay + &) 
0 (yy’) 0 0 (Yor) 
0= 0 0 (22’) 0 (12) +2) 
0 0 0 (ss’) (#8 + 8) 
(ary! + 005’) (tye! + 4p) (tao! + 24) (U89" + 87) 0 
eve) 0 0 1 
(€aby + 24) (100) + 21’) | 
—2 yy’) 
LES 0 1 
(tYyot Yr)(Yo +41) 
s 0 A wii’ fhe 1 
(12 + %) (l% +%) 
0 0 giana 
(is) + 81) (08) + 8,') 
1 1 1 0 


If p, be the power of (#’) with regard to the circle (w), and 


80 for Py, Ps, Pas 
1 1 1 1 
pong eerste BE) 


Pi Po Ps Pa 


Theorem 7.| Jf fowr finite points be given of which no three 
are collinear nor do all four lie on one circle, then the swm of 
the reciprocals of the powers of each point with regard to the 
circle passing through the other three is zere. 

If none of our circles be null or isotropic line circles, we 
may divide the various rows and columns in the left side of (30) 


by expressions of the type (az). If, then, we indicate the 
angle formed by the circles (a) and (a) by 4 (xa’), 


cos X_ aw’ cos X_wy’ cos X_ a2’ cos X_ ws’ cos X_ at! 

cos 4. yx" cos X yy’ cos X_ yz’ cos X_ ys’ cos X yl’ * 
cos 4_ zi’ cos X_2y’ cos X_ 22’ cos X_ 2s’ cos X_at’ | = 0, (31) 
cos X_ sx’ cos X_sy’ cos X_ sz’ cos X_ss’ cos Ast’ 

cos X_ ta’ cos x ty’ cos Xt’ cos Xts’ cos X_ tt’ 


i eee 
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On the other hand, suppose that (¢) and (¢’) are both the line 
at infinity, so that the last row and column are divided by 
uy+t, and dz,’+t,’, we have 


cos X_ aw’ cos X_ wy’ cos X_ a2’ cos X_ as’ 
cos X_ yx’ cos X_ yy’ cos X yz cos X ys’ 


| 
1 


cos ¥_ 2x" cos X_2y’ cos X_22/ cos X28’ =0, (32) 


cos 4_ sx’. cos X_ sy’ cos X_sz’ cos X_ss’ — 
ut he 


Py, Tys Tz, T, ave the radii of the first four circles and 
Py!, Py's T2', Ty those of the second four, Again, suppose that 
our circles are non-linear null circles. We have, for any two 
groups of five finite points, 


| Deal? Any” Dye” day dag” 
i 


yy 5 Uy * dye / ys Dye 
dea? ay? yy? dyy* dy" | = 0, (33) 
| daa? dg? d,? di? dig? | 
| Ly!” py’ dy “2 diy,!” yy” 


Here d,, means the distance from the point (x) to the 
point («’). If the second set of five proper circles or non- 
isotropic lines be identical with the first, we have 


| cos X_ay cos 4_xz cos 4_ws cos X at 
cos X_ yx 1 cos X_yz cos x_ys cos x yt 
cos 4_za@ cos X_zy 1 cos %_ zs cos ¥_2t 
cos 4_s@ cosx¥_sy cos X_ sz 1 cos X_ st 
cosX_t« cosX_ty cosx_tz cos x_ts 1 


0. (34) 


lI 
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We get similarly from (32) 

1 

| 1 cos X_ avy cosx_«z cos xu ay 

cos X_ yx 1 cos X_ yz cos x ys 


cos%_za@ cos 4 zy 1 cos X_ 28 = 0, (35) 


cos sx cos4_sy cos 4 sz : at 


1 i 1 1 
r r rT, r 


o 


& 


If each set of five be made up of four finite points and the 
line at infinity, we get Euler’s identical relation for any four 
(finite) points in the plane, 

0 day” Gee dag” | 
Diya | Bon Ce gg 


x ys 
Daa day” 0 dag: 1)=0. (36) 
day” dey” ei eee | 


1 1 1 1 70 


If we take four finite concyelic points, and the circle through 
them, 


(Cay tes +d, dy +dy, ci) (doy Appt An, dys Dag dy.) 
(Lay des — Dye dys + dng dyz) {- day Azg “5 dag A yg ae dz.Ly,) = 0. (37) 


3 


This last equation gives Ptolemy’s theorem for a quadri- 
lateral inscribed in a circle, 
If three circles have the coordinates (y), (2), (s), their equa- 
tions are 
(wy) = (wa) = (ws) = 0, 


The coordinates of their common orthogonal circle will be 


) 
pa, = i, tyzs |. (38) 


PITT eer” a) — eC CULL lee 
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A necessary and sufficient condition that this should be 
null is 


= (39) 


When all of our given circles are proper this may be written 


1 cos X_ ay cos Xa | 
cos X_ yx 1 cos X_ yz 
cos X_ zx cos X zy 1 
A necessary and sufficient condition that four circles (y), (2), 
(s), (4) should be orthogonal to a fifth is 


(yy) (yz) (ys) (yt) | 
(zy) (22) (#8) (2t) —o9, (41) 
(sy) (s2) (8) (et 
| (ty) (tz) (ts) (@) | 


When none of them are null we may write 


| : cos X_yz cos x_ys cos x yt 
cos X zy 1 cos X_ zs cos X_2t 
cos X sy cos 4 sz 1 cos X_ st | m 
cos X_ty cos %_tz cos 4_ts ep aa 

On the other hand, if we have four proper circles, (a), (y), 
(z), (s), each two of which are orthogonal, we get from (35) 


= (0; (40) 


| y2st | = 


0. (42) 


1 


Car 
Ts 


1 


2 
"y 


Theorem 8.] Zhe swm of the squares of the reciprocals of the 
radit of four mutually orthogonal proper corcles vs zero. 

We defined as the special tetracyclic coordinates of a point 
numbers proportional to the ratio of power to radius with 
regard to four mutually orthogonal circles which were not 
null; extending the meaning of this ratio to the cases where 
some of the circles were non-isotropic lines. Suppose, now, 
that we have any four mutually orthogonal circles not null 
and we take the ratio of power to radius with regard to each, 


1 1 
a ee eet 0, (43) 
Vy vr, 
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interpreting this ratio as before for line circles. If the four 
ratios be proportional to s,, 8, 83, 84, we have 


| 1 0 a ee 
OL TSO. Ome 
0. 0 IT OR esp ey, 
aye Bey On iene ts Ne es 
= 8) 8g — 8, 8g 0 
87+ 8,7 +87+8,7 = 0. (44) 


If, then, we define these ratios as the general tetracyclic 
coordinates of a point,* we see that they are linear in the 
special tetracyclic coordinates, and connected by the same 
quadratic identity ; the sum of the squares vanishes. 


Theorem 9.] The passage from one set of tetracyclic . 
coordinates to another is effected by a quaternary orthogonal 
substitution. 

The sum of the squares of the four variables will be a 
relative invariant for all such substitutions, as will be the 
polar of this form, hence the expression for the angle of two 
not null or isotropic circles will be invariant, and we have in 
the general tetracyclic coordinates for two circles (x) and (y) 


(wy) bed (2 25 
v (wx) V(yy) a 
The determination of the signs of the radicals in the 
denominator can only be effected by a further knowledge - 
of the relation of the present coordinate system to the 
original one. It is to be noted also that our formula (29) for 
the inverse of a point or circle will hold equally well here. 


cos 6 = 


* Strictly speaking, perhaps, the term general should be extended to the 
case of any four circles where the simple identity would be replaced by 
4 more complicated quadratic relation. The restriction to the orthogonal 
case is highly useful in the case of tetracyclic coordinates, and sanctioned by 
custom. 

+ The term orthogonal substitution is sometimes restricted to the case where 
the square of the determinant is unity. We do not impose this restriction, 
and merely require the invariance of the sum of the squares of the variables. 
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Theorem 10.] The equation of a circle will be linear in the 
general system of tetracyclic coordinates, and the expression 
for the cosine of the angle of two not null or isotropic circles 
will be invariable in form. 

If two proper circles cut two others orthogonally, the 
radical axis of one pair is the line of centres of the other. 


Theorem 11.] Jf four mutually orthogonal proper circles 
be given, their vertices are the vertices and orthocentre of 
a triangle. 

Let (y), (2), (s) be three proper circles, (y’) (z’) (s’) the vertices 
of an arcual triangle determined by them. Let (x) be the 
circle circumscribed to this triangle, (t) the common ortho- 
gonal circle to (y) (z) (s), while (y’) is orthogonal to (z)(s) (t). 
Taking the two groups of circles 


MANO W)%)6) YD, 


ly’) 9 0 (yy) oO | 
peice ro. 40-0 
Pde a | (sa). <0 0 | 
ee 7.0 (xy’’) (at) 
| (ty!) (2) (#’) 9 tt) | 


(yy’) (ay’”) (tt) + (yy””) (at) (ty’) = 9. 
es (at) (yy) (ty’) | 


— 


Vax) V(y’y’) (wn) V(t) Lig’) V(t) VY’) 
Now, since (y’) (y”) (t) are orthogonal to (z) and (s), 
te = PYi + 9Yi" 
0=plyy)+ayy”), (ty) =ay'y"), 
(tt) = pty’) = 2pg (Vy) FF (V’'Y") = eV (ty) +P YY 
(tt) =plty)=-P YY): 
ee 5. ey, ’) Be ey 


4 ey 


Gy) Vi) Vy) | Vea VG"y") Van) V(t) 
The right-hand side of this equation is unaltered when we 
permute the letters (y), (2), (8). 
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We thus get an interesting theorem due to Study :* 


Theorem 12.] The circles cirewmscribed to the arcual triangles 
formed by three non-concurrent proper circles cut at equal or 
supplementary angles the three circles each orthogonal to two 
of the given circles and to the common orthogonal circle. 


If four proper circles touch one another externally, 


| 
1 -—-1 —-1 -1 — 
Ny | 
Ba 
—1 1 —1 —-1 —|} 
ou 
1 
—-1 -1 C—O 
tT, 
1 
—-1 -1 -1 1 — | 
r, | 
if 1 1 ) 
: 0 
Ce Ro ele , 
1 1 
= E 45 
ein earae (45) 
x X,Y y 


Each term on the right appears twice. This formula is due to 
Steiner.t 

If a circle (s) be externally tangent to (x), (y), (2), three not 
null circles, while (¢) is a point thereon, and if s,, s,, s, be the 
ratio of power to radius for (t) with regard to (a), (y), (2), 


1 cos X_wy cosX¥_ xz —1 8; | 
| cos A. yx 1 cos X_yz —1 8, 
| 


| 
| 
| cos X.2@ cos X_ zy 1 —1 s,|= 0. 


—1 —1 —1 Lem 
S, 82 83 029) 


sind X_ yz /s,+sina x 2a Vs, +sin dX ay V/s, = 0. 


We see that formula (7) for the inscribed circle is a special 


* See a condensed but important article, ‘Das Apollonische Problem 5 
Mathematische Annalen, vol. xlix, 1897, Owing to a mistake in sign, the 
present theorem is there given too great an extension. 

+ ‘Hinige geometrische Sitze’, Crelle’s Journal, vol. i, 1826, p. 274. 
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case of this. Suppose, more generally, that (x) cuts (y), (2), (s) 
at angles a,, a,,,. We get from (33) 


1 
1 cos ¥_ yz cos X_ys cosa, — 
7 
cos X_ zy 1 cos 4.28 cosa, a 
z 
] 
cos 4. sy cos X_sz 1 Cosa, — | = 0. (46) 
8 
1 
COSA,  COBA, COSA, 1 =a 
1 1 ] 1 
a Ss oa ane 
vy vr, 7 s$ 7 


The condition that there should be a real circle cutting the 
three real circles at these three real angles is that the dis- 


criminant of this quadratic equation in - should be greater 


than zero. This condition is easily transformed by means of 
the familiar determinant identity 


oA 0A oA dA vA 


Cale. Fe ae SRS PN aa RS (47) 
o0;; oa; du; G5; 0a;; G4 
thus giving 
1 cos X_yz cos X_ys cos a, 
cos 4. zy 1 cos X_ zs cos a, | 
cos X_sy cos X_8z 1 COS OX, | 
| cosa,  COSQ,  COSQ, Liao 
1 
1 cos X_ yz cos X_ys — 
r 
y 
1 
| cos X_zy 1 cos X.zs — 
eG i = 0 
| cos J_sy cos X_sz 1 a 
8 
1 1 1 
— — ae 
Ty T, "s 
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The second of these factors may be written 


Yo yy Yo Ys 


viyys Viyyy Vays V yy) 


A A 
“ 0 afi | 


/ (zz) J/ (22) J (22) J/ (22) 


teed 3 a, 85 
| (ss) (88) ~~ -V(s8) (ss) 
hb. a 1 0 0 


The three original circles being real and proper, we see from 
(18) that this is essentially negative. Our criterion for a real 
circle is thus 


1 cos 4_yz cos X_ys cos a, 


cos 4. zy 1 cos X_z8 cos a, =F (48) 
cos X_sy cos 4_sz 1 CH8.X,.1- 2 
COS Q, COS, COS OX, i 


One or more roots of our equation (46) may be negative. 
Arithmetically speaking, the sum of the roots of the equation 
is the sum or difference of the reciprocals of the radii satis- 
fying the given conditions. We thus get 


1 1 
noe A, cos &, + A, cos &, +A, C08 X5. 


Replacing two angles by their supplements, and keeping 
the other one fixed, 


1 1 
= = A, cos a,—A, cos a,— A, COS X. 


r — ¥ 
Permuting the three angles, we get two other similar equa- 
tions. Adding, 


hatte st Mi Metin Ml mall hl tie Bh i ee ak 


ii tA) mitiian amt di. 
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To find a circle which meets four others at one same angle ¢. 


1 cos X.yz cos X_ys cos x yt cos 
cos 4. 2zy 1 cos X.zs cos X%_st cos 
cos X_sy cos X_sz 1 cos X_st cos¢ | = 0, 
cos X_ty cos X_tz cos X_ts 1 cos 
cos p cos d cos b cos b 1 


1 cos X_yz cos X_ys cos X_yt 
cos X_ zy 1 cos X_ zs cos X_zt 
cos X_ sy cos X_sz 1 cos X_st 
cos eae cos zie cos X_ts 1 gene 50) 

/ cos X_yz cos X_ys cos X_ yt 
| cos i zy 1 cos X_zs cos X_2t 
| cos X_sy cos X_sz 1 cos X_ st 
| 


a cos X_tz cos X_ts 1 
1 1 1 


orf FR SS 


This equation will be unaltered if we change ¢ into 7—¢@. 
If we do not specify which of the two angles ¢ and 7—@ 
we wish, the equation for @ becomes, 


1 cos A. yz cos x_ys cosx_yt « 
cos X_ zy 1 cos 4.28 cosx_zt «, 
cos X_sy cos X_s8z 1 cos X_st «, | = 0, 
cos X_ty cos4_tz cos x_ts 1 ey 

& ee €, e, sec?h 


eee ee ee 
=e =e =e = 1. 


There are usually eight distinct circles which touch three 
given circles. It is easy to distinguish the cases where the 
number is less, but we confine ourselves to the general case. 
The angle which one of our eight circles makes with the 
common orthogonal circle to the three is given only through 
the square of its cosine in (34), and we see that when the 
common orthogonal circle is not null, the eight circles are in 
pairs inverse therein. Such a pair of tangent circles are said 
to be coupled. When the orthogonal circle is a non-isotropic 
line, inversion is, of course, replaced by reflection. The radical 


1702 : K 
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axis of the couple and the orthogonal circle will, by I. 217], 
pass through a centre of similitude of each two of the three. 
Let the given circles be (y) (z) (s), (t) the circle sought, 
() a point thereon, 


the radicals in the denominator of the second part have known — 
signs. The problem of constructing a circle tangent to two 
circles and orthogonal to a third has clearly four solutions, for 


9 


std (yz) (ys) (yt) (yx) 

wy) (22) (26) (2t) (2a) | 
ie (sz) (ss) (st) (se) | = 
(ty) (tz) (ts) (#) 0 
(wy) (x2) (as) 0 (0) 


Multiplying through by | (yy) (22) (ss) | and remembering (47), 
oe (yz) is (ya) | 


(zy) (22) (es) (za) 

(sy) (sz) (ss) (8) 

(ty) (tz) (ts) 0 

But (ty) = «, V(t) VW (yy) ; 6 =A me 


Let Ae=4A,;fsy=4A,; Lys=LA,. 


+ | yest |x| yzsx | = 0. (51) 


1 cos 4A, cos X¥_ A, 2. 


v (yy) 

cos X_ A. 1 cos 4. A, 45 

cos XA, cos 4_ A, 1 7a 

€} €> €s 0 
| 1 cos 4..A, cos X_A, «, | ; 
jest, 1 -cos¥ A, e| yew] _ (52 
cos¥_A, cos. A, : €&s (yy) ¥ (22) V(s8) 
© €2 £3 J 
€,) es eg, Si 


This is the equation of a circle touching our given three; 
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the coordinates of the circle sought are limited by one linear 
and two quadratic equations, We thus get 


Theorem 13.] Any two couples of circles tangent to three 
gwen circles are tangent to a fourth circle also. 


It is easy to see by examining the case, where the common 
orthogonal circle is a line, that no two of the four circles of 
this theorem can fall together unless two circles of a couple 
become null. But then our three original circles would be 
coaxal, and the whole theorem goes to pieces. The three 
original circles and the fourth found by this theorem are said to 
form a Hart system of the second sort.* The discussion of the 
Hart systems of the first sort is much more difficult, but, in 
compensation, reveals a number of most interesting theorems. 
To this we now turn our attention, We start with two circles 
(y’) and (z’). Let (y) have external contact with (y’) and internal 
contact with (2’); (z) has external contact with (2’) and internal 
contact with (y’). Let (s) have internal contact with (y’) 
and (2’), while (z) has external contact with both. From 
|asyzy 0|? =0, 


1 cos X_ws cos X_ay cos xaz —1 
cos X_sx 1 cos 4_sy cosx_sz_ 1 
cos X_yx cos x_ys 1 cos yz —1/=0; 
| cos X.2a@ cos X.zy cos X_ zs 1 1 
eal 1 —1 1 1 
: LZ 
0 cos? ie sin? =o cos? al | 
2 2 ie 
ante 0 cos" cat = sin? eat | 
2 2 | 
| = 0, 
YZ | 
ee gon 
2 2 2 
g a) | 
cos” = sin? ae cos* we 0 | 
cos eee + cae TY si ina + cos 69 mt = 0. 


* Study, loc. cit., p. 537. 
K 2 


148 THE CIRCLE IN CH. 


If we replace (y’) by (2’) and interchange (y) and (2), 
fo hye ee ines ie Lay 8 _ 9 
2 


“cos ——— + sin - cos ——* 
cos —— cos + 3 + 


XaythX oz = +(4syt+4s2). 


The left side of this equation is independent of (s). If, 
then, we drop the terminology of speaking of internal or 
external contact, which is meaningless in the complex domain, 
and refer to the circles which are tangent to two given circles 
as belonging to the one or the other system, according to the 
circle of similitude to which they are orthogonal, we have 


Theorem 14.] If two circles of one system be taken tangent 
to two fixed circles, neither of which is null, the swm or differ- 
ence of their angles with all tangent circles of the other system 
as constant. 

Let us now sharpen our concept of angle as we did for the 
second proof of I. 155]. Let us measure the oriented angle of 
two circles at a point by measuring the angle at that point 
from the half-tangent to the first, which starts there and is 
oriented in the positive sense of rotation (for a real circle) 
to the similarly oriented tangent to the second. The angles 
which two circles make at their two intersections will thus 
differ in sign. By choosing the proper intersection for each 
two successive circles above, we may write the congruence 


— > — — 
Xx wy—X_yst+ HX sz+4%_2u = 0, mod. 27. (53) 


If three circles (a), (b), and (c) be concurrent, we have 


4 ab+%_be+ 4 ca = 0, mod. 2z. 
Conversely, if this equation hold, since the cosine of the 
negative of an angle is the cosine of the angle, we may deduce 
(ab) *, (be) (ca) 
Yaa) Veh) Vb) (aa) (co | 
ee (bb) (ce) — (be)? (ce) (aa) — (ca)? 
Vbb Yaa (cc) 


lit lh ti ’_ 


es = 


week Bs 


a, 6 th ed ee 


—- | Ss 2. 


1 CARTESIAN PLANE GEOMETRY 149 


| (aa) (ab) (ae) 
| (ba) (bb) (be) | = 0. 
| (ca) (cb) (ce) 


The last equation shows that the common orthogonal circle 
of the three given circles is null, they are concurrent, or have 
their centres on an isotropic, and each two have but one finite 
intersection. 


We now return to equation (53), and explicitly exclude the 
possibility that two of the circles should have their centres on 
an isotropic. This equation distinguishes two sets of four 
points, each point being the intersection of two successive 
circles of the sequence. Let a circle (¢) pass through the 
intersection of (#) and (y), that of (y) and (s), and that of (s) 
and (z) in one set. We have 


(Lty—% ta) — (4 ts 4 ty) + (Lt2— 4 ts) + 420 =, mod. 2m. 


Now the two expressions for X ty are equal with opposite 
sines since they are taken at the two intersections of (¢) and (y), 
—> 


and the same will hold for the two expressions ~_ ts. 
— — — 
x at+hx_tze+h4 24 = 0. 


Theorem 15.] If fowr proper circles be given tangent to two 
fixed proper circles, two belonging to the first system and two to 
the second, but no two having their centres on an isotropic, 
the intersections of the two circles of the first system with the 
two of the second lie by fowrs on two circles.* 


Suppose, conversely, that (y) (z) (s) are given, tangent to 
(y’) and (2), where (y) (z) belong to one system and (s) to the 
other. If P be an arbitrary point on (y), we may find two 
points (Q) on (z) where it meets the circles through P, and 
through an intersection of (y) (s) and one of (z) (s), which give 


wate — i 
properly chosen signs to 4. ys and 4. sz. These points are the 


* See a carelessly written paper by Orr, ‘On the Contact Relations of 
Certain Systems of Circles’, Transactions Cambridge Philosophical Society, vol. xvi, 
1895. Theorem 16 is from the same source. 


* 
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two intersections of (z) with the two circles through P tangent 
to (y’) and (2’) and belonging to the same system as (). 


Theorem 16.] If three proper circles be given tangent to 
two fixed proper circles, two belonging to one system and one to 
the other, yet no two having their centres on an isotropic, and 
if a point be taken on each of the first two coneyclic with 
a properly chosen intersection of each of the two with the third, 
then these two points lie on a circle tangent to the fixed circles 
and belonging to the same system as the third. 

Let us next assume that (53) holds, that (y) (2) (s) have 
the same contacts with (y’)(2’) as before, and that (#) is 
tangent to (y’). The intersections of (#) and (s) with (y) and 
(z) lie on two circles (¢). But, by (16), such pairs of points lie 
on circles touching both (y’) and (z’). Hence (a) touches (2) 
also. We are thus led once more to the Hart system of the 
first sort developed in Ch. I. We start with (y) (z) (s), and 
suppose that circles (y’)(z’)(s’) are all tangent to them, 
circles given by the same letter having external contact, while 
those given by different letters have internal contact. We 
then take’ («’) having internal contact with (y) (z) (s), and, 
lastly, (w) having external contact with (y’) (2’) (s’). Since 
(y) and (z) have unlike contacts with (y’) and (2’), while (z) 
has like contacts with both, and (s) has also, (53) holds. But 
(y) has like contacts with («’) and (s’), (z) has like contacts 
with them also, (s) has unlike contacts with them, and (a) 
touches (s’) externally. Hence («) touches (w’) internally, and 
we have indeed the Hart system. In the complex domain, 
of course, the words external and internal contact lose their 
geometric significance, and depend merely on the sign of a 
complex radical. Our Hart system may be arranged in three 
sequences : 


(a) (y) (8) ()s @) (Y) @ (8), @) (8) &Y) @)- 


Each sequence gives rise to two circles of the type above, 
thus leading to two beautiful propositions due to Larmor.* 


* Cf. Lachlan, ‘On the Properties of some Circles connected with a 
Triangle formed by Circular Arcs’, Proceedings London Math, Soc., vol. xxi, 
1890, p. 267. Also Study, loc, cit., p. 521. 
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Theorem 17.] The intersections of the circles of « Hart 
system of the first sort fall into two growps of sia points each; 
each system is the total intersection of three circles. 


Theorem 18,] The circles circumscribing the arcual triangles 
formed by three non-concurrent proper circles are two Hart 
systems of the first sort, mutually inverse in the common 
orthogonal circle of the given circles. 

These two theorems may also be established in the following 
manner, which is of interest in itself. Let us start with 
a fundamental proper circle c. Each finite point P, except 
the centre of c, and its inverse P’ with regard to c, may be 
associated with the circle coaxal with the null circles (P), (P’) 
and orthogonal to c. Conversely, c and any circle orthogonal 
thereto but not concentric will determine a pencil or coaxal 
system whose limiting points are inverse in c. When the 
circles are concentric we take the centre as one limiting point, 
and treat every straight line as though it were a circle through 
the other limiting point.* 

We next notice that two circles mutually inverse in ¢, if 
looked upon as point loci, will be transformed into two other 
such circles, considered as envelopes and vice versa, and that 
tangency of circles is an invariant property. A Hart system 
will go into a Hart system. We start with a Hart system of 
the first sort, and take c,, c,, c, as three circles of the com- 
plementary Hart system, c being the common orthogonal circle. 
The original Hart system, and its inverse in c, looked upon 
as envelopes, will go into the eight circles circumscribed to the 
arcual triangles of c,, ¢,, ¢,, and these eight will be seen to 
form two Hart systems. Clearly there is nothing special about 
the circles ¢,, ¢,, ¢;, so that 18] is proved. To prove 17] we 
have but to show that there is nothing special about the type 
of Hart systems formed by the circles circumscribing eight 
arcual triangles. But this is evident when we remember that 
we may choose three circles, so that three of the surrounding 

* This transformation is due to Lachlan, ‘On Coaxal Systems of Circles’, 
Quarterly Journal of Mathematics, vol. xxvi, 1892. If we take the corresponding 


transformation on a sphere, and take for c the circle at infinity, we have 
the correspondence of a great circle to its two poles, 
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Hart circles shall intersect at any three chosen angles not 
congruent to zero, modulo 7 But we may pass from any 
Hart system where three circles meet at specified angles to 
any other where the same angles appear by means of inver- 
sions and transformations of central similitude; hence any 
Hart system may be so transformed into one surrounding 
eight arcual triangles, and 17] is proved. 

The Hart systems of the second sort are simpler ; their pro- 
perties are intuitively evident when we replace the circle of 
inversion by a straight line. 


Theorem 19.] The relation of a Hart system of the second 
sort to the four circles tangent to them is reciprocal; the 
common orthogonal circle of one system is a circle of anti- 
similitude of each pair of the other.* 


Theorem 20.] The intersection of a system of Hart circles 
of the second sort fall into two groups. The pairs of inter- 
sections of cowples of circles lie on the common orthogonal 
circle of the complementary system, the remaining eight lie by 
fours on two circles orthogonal to this orthogonal circle. 


Theorem 21.| Jf of the twelve intersections of four circles 
six are the total intersections of three other circles, then the four 
belong to a Hart systenr. 


$4. Analytical Systems of Circles. 


We have now given a sufficient number of examples of our 
fundamental Frobenius identity (30); let us pass on and con- 
sider systems of many circles. The theorems concerned with 
coneyclic points and concurrent circles which we took up in 
the last chapter are, for the most part, better handled by 
geometric means than by analytic ones. This rule, like all 
others, however, has exceptions. For instance, take I 149]. 
The three circles each through a vertex of a triangle and two 
marked points of the adjacent side-lines will constitute, with 
the adjunction of these side-lines, a system of three cubic 
curves through eight common points. Such cubics have always 


* For this theorem and the two following see Study, loe. cit., p. 525. 
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a ninth point in common, hence the circles are concurrent. 
Let us next. repeat Clifford’s own proof of I. 162].* 

A curve of class 7+ 1 is required to have the line at infinity 
as a multiple tangent of order m and to touch 2n+41 given 
finite lines, no three of which are concurrent, and no two 
parallel. The number of linear conditions imposed on the 
coefficients is 


n(n+1) hy (1+ 1) (n+ 4) he? 


1, 
2 2 


2n+1+4+ 
If these conditions were not independent, we could have 
o' curves touching the line at infinity n times and 2(n +1) 
common finite tangents. Two such curves would have 
(v+1)?+1 common tangents, which is absurd. The con- 
ditions are independent, and we have a one-parameter family 
of curves; al] are linearly dependent on two of their number. 
From each circular point at infinity we may draw one more 
tangent to each curve, and these two tangents will clearly 
generate projective pencils; the locus of their intersections, 
the finite focus, is thus a circle. Among our curves are n+1, 
which degenerate and consist in the infinite point of one of 
our finite tangents, and a curve of class 1, touching 2 7 given 
lines. We thus get 27+1 curves of class n, each touching 
2n of our given lines and having their foci on a circle. If 
another line were added there would be one focus associated 
with 2%+2 lines lying on as many circles each through 
27+1 foci, and so on. 
The analytic discussion of I. 155] will bring to light a new 
theorem not easily reached geometrically. We started with 
four points on a circle, and arranged them in order. Through 
each two successive points we passed a circle, and showed that 
the remaining intersections of successive circles were con- 
cyclic. Now the four points may be arranged in three different 
cyclic orders, so that they are connected in pairs by six circles, 
and three new circles are produced. The points being P,, on 
-* loc. cit. For a proof by an ingenious analysis apparently invented 
ad hoc, see Morley, ‘On the Metric Geometry of the Plane n line’, Transactions 


American Math. Soc., vol. i, 1900. A proof is also given of Pesci’s theorem, 
I, 164]. 
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P,, P, on the circle c, the points P;, P; shall be connected 
by the circle c;;, The circles ¢,; and ¢jj, will intersect again 


7] 
in Dy. 
Leb P57, ft vais Sonat ee ee 
let Piss Paras Paya» Pays lie on ey, 
let Props Porgy Pasir Pog lie on ¢3. Piz, = Prji: 


The sextic ¢,5¢,4¢, contains every point common t0 C2 C54 
and ¢,,¢3, and has a triple point at each circular point at 
infinity ; hence, by Néther’s fundamental theorem, we have an 
identity 

C43 Cog, = PCy2C a4 + W C41 Cos: 

The curves ¢ and y are circles, since they are curves of the 
second order passing through the circular points at infinity, 
and they contain the remaining points P;;. Hence they are 
the circles ¢,, ¢5. 


C43 Cq4Cy = Cyqlq9 Fg F C41 C0363 
But this shows that ¢,, c,, c, are coaxal. 


Theorem 22.] Jf fowr points on a circle be arranged in 
three cyclic orders, each two points be joined by a circle, and 
each cyclic order be associated with that circle which contains 
the remaining intersections of successive circles joining pairs 
of points in the given cyclic order, then will the three associated 
circles be coaxal.* 

The advantages of the analytic as compared with the 
synthetic method are nowhere more apparent than when we 
come to study coaxal systems of circles. We shall extend 
that term to include every system through the intersections 
of two, i.e. every system linearly dependent on two circles. 
If (x) be the coordinates of a point on a circle coaxal with two 
proper circles (y) and (z), we have an equation, 

he (yx) _ (wa) 
A (yx) +p (zx) = 0, eR) ARR 
This proves immediately the important theorem, I. 191]. 


* See the Author’s Circles Associated, &e., cit. 
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The equations of the most interesting circles coaxal with (7) 
and (z) are written immediately. 


Radical axis 


‘ (02 +21) (YX) — (ty + Y;) (2a) = 0. (54) 
Radical circle 
(229 +21) (Yu) + (ty +4) (22) = 0. (55) 


Yirele of similitude 


(Yot Ys) (ye) _ (Wy +2) (20) _ 


0. 56 
wy) G2) alt 

Cireles of antisimilitude 
v (22) (yx) + V(yy) (za) = 0. (57) 


We easily see that the two circles represented by these 
equations are mutually orthogonal, and bisect the angles made 
by the circles (y) and (z) when these are not null or isotropic. 
The limiting points of the coaxal system will have the co- 
ordinates 

px, = (yy) 2;—[(y2) + V(yz)?—(yy) @)\ yix (58) 

If r and 7” be the radii of (y) and (z), while their angle is 9, 

the limiting points are 


pa; = V(yy)2,—e2"? V(22) yi. 

The fact that if two circles be orthogonal to two others, 
every circle coaxal with (orthogonal to) one pair is orthogonal 
to (coaxal with) the other appears at once, for if 

(yy) = (y2’) = (2y') = 2’) = 9,° 
then 
t=3 
& AY; +42) ys +u'2/) = 0. 
1=0 

Such conjugate coaxal systems will appear in three dimen- 
sions as pairs of lines conjugate with regard to the absolute 
quadric. The circle coaxal with (y) and (z) which is orthogonal 


to (s) will be 
, (ys) (2) — (y2) (8). 


Theorem 23.| Jf three circles be given, the three circles each 
coaxal with two and orthogonal to the third are coaxal. 
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Theorem 24.] If three circles be given, the three circles each 
coaxal with two of them and orthogonal to a fourth circle are 
coawal. 

The concurrence of the radical axes appears as a limiting 
form of this. Let the reader devise an analytic proof of I. 201], 
namely, the radical circle is the locus of the centres of circles 
cut by one circle orthogonally, and by the other in diametri- 
cally opposite points. 

A system of circles whose coordinates are proportional to 
analytic functions of one variable yet not bearing to one 
another constant ratios shall be called a series of circles. 
A coaxal system is the simplest type of series, and the only 
one lacking a curved envelope. If the circles be orthogonal to 
a fixed not null or isotropic circle, the envelope is anallagmatic 
with regard to this fixed circle. This was proved geometrically 
in what followed I. 15]; the easiest analytic proof is found by 
taking the fixed circle as fundamental for a tetracyclie coordi- 
nate system; the corresponding coordinate will be lacking 
in the generating circles and in the envelope. 

Plane 7. Space NS. 

Anallagmatic envelope. Plane curve. 

In general the circles of a series will touch their envelope 
in pairs of distinct points. In special cases there will be but 
one point of contact. It is tolerably clear geometrically that 
this occurs when we have the circles osculating a given curve, 
and then only. Let us give an analytic demonstration. Let 
the variable circle be 
then, if adjacent circles tend to touch one another, 


(yy) O'y)—y'P = 0, yf SPs 
(yy) (yy) = (yy’) (yy”)- 


The point of contact will have the coordinates 


= (yy) yi — yy’) Yi 
But from this 


(ya) = (ya’) = (yu’) = 0, 
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which shows that the circle osculates the envelope. Con- 
versely, take three adjacent points of the envelope 


(x), (a) +(x’) dt, (x) +2 (a’) dt + (w”) dt?. 
We have identically 
(ex)-= (ax’) = 0. 
The osculating circle will have the equation 
(yX) = | waa” X|. = 0. 
The adjacent osculating circle is 
| wa’ oe” X | + | war’ a” X | dt = (yX) + (y’ X) dt = 0. 
The condition of contact for (y) and (y)+(y’) dt gives 
(xa’”) (ax’ar’) (acac’”) (aa’””) ("ar") (axae’”’) —[(aa’”’) (a’s’) (scar’’) ? = 0. 

Theorem 25.] A necessary and sufficient condition that 
the circles of a series should touch their envelope but once each 
is that they should be the osculating circles thereof. 

Plane z. Space S. 

Series of osculating circles. Curve of length zero. 

Next to the linear or coaxal series, the simplest are those 
whose coordinates are quadratic functions of the variable. 
Such. will correspond to a conic in S, and we shall eall it 
a conic series. We exclude the case where the series is re- 
ducible. 

Theorem 26.] If a circle move so that it is orthogonal to 
a fixed circle not wull or isotropic, and the swm or difference 
of its angles with two fixed circles be constant, it traces a conic 
series.* 

Wesee, in fact, that in S we have the intersection of a plane 
with a quadric of revolution. If we accept that the pro- 
perties of confocal quadrics (which are nearly the same in 
non-Euclidean as in Euclidean space), in particular the relations 
of their focal conics, we have, from the known relations of 
three such conics, 


* For the proofs of the theorems about non-Euclidean conics and quadrics 
on which our present circle theorems are based see the Author’s Non-Luclidean 


Geometry, cit., ch. xii and xiii. 
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Theorem 27.] The general conic series contains fowr dis- 
tinct null circles, If such a series be given, there are associated 
therewith two other general conic series. The swm or difference 
of the angles which all circles of one series make with any two 
of another series depends merely on the choice of the latter. 

We shall prove this theorem in a later chapter without the 
use of non-Euclidean geometry. 


Theorem 28.] The radical axes of the circles of a conic series 
and a fixed circle will envelop a conic; the radical centres of 
these circles and two fixed circles generate a trinodal quartic. 

Theorem 29.] The locus of a circle orthogonal to a fied 
circle, and to corresponding circles in two projective pencils, 
neither of which includes the fixed circle, is a conic series. 


Since a central non-Euclidean conic has three axes of 
symmetry. 

Theorem 30.] A conic series which includes fowr distinct 
wul or isotropic circles is anallagmatic in three mutually 
orthogonal circles, all orthogonal to that circle which is ortho- 
gonal to all circles of the series. 

From the focus and directrix property of central conics, 

Theorem 31.] If a circle move so that it is orthogonal to 
a fixed not null or isotropic circle, and the sine of its angle 
with one circle orthogonal thereto bears a constant ratio to the 


cosine of its angle with another circle also orthogonal thereto, 
it generates a conic series, 


Since the coordinates of a circle of a conic series are quad- 
ratic functions of an auxiliary variable, the same is true of the 
cartesian coordinates of their centres. 


Theorem 32.] The locus of the centres of the circles of a conic 
series 18 % conic. 


To find the envelope of the circles of a conic series, we put 
Y; = ar? +2b rs+0,8%. (59) 
weet ”) dy - 
We then el <4) a) 
e then eliminate r and s between (« : a) = 0 and (« 5 ) =0, 


and replace the «;’s by their cartesian values, 
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Theorem 33.] The envelope of the circles of a conic series is, 
in general, a curve of the fourth order with a double point 
at each circular point at infinity. 

As we shall study this curve in some detail in a subsequent 
chapter, we shall say no more about it now. 


We pass next to the general cubic series. We shall define 
this as an algebraic series whose members are not all ortho- 
gonal to one circle, but whereof three are orthogonal to an 
arbitrary circle. In three dimensions we have a non-planar 
curve which is algebraic and of the third order, and there is 
only one such type of curve (under the general projective 
group). 

Theorem 34.] The common orthogonal circles to correspond- 
ing triads in three projective pencils of circles whereof no two 
have a common member will generate a general cubic series, and 
every general cubic series may be so generated in © ways.* 


‘Theorem 35.| The coordinates of the circles of a general 
cubse series are homogeneous functions of the third order of two 
variables. 


Theorem 36.|] The locus of the centres of the circles of a 
general cubic series is a rational curve of the third order. 

Since the osculating planes of a space cubic generate 
a developable envelope whose properties are dual to those of 
the curve. 


Theorem 37.] The common orthogonal circles to sets of three 
successive circles of a general cubic series generate another such 
series. The relation between the two series is reciprocal, 


Theorem 38.|] The envelope of the radical ames of successive 
circles of a general cubic series is the locus of the centres of the 
circles of the reciprocal series. 

A theorem analogous to this is clearly true of any series 
not orthogonal to one circle. The general cubic series is 

* For a general purely geometrical account of this series see Timerding, 


‘Ueber eine Kugelschar’, Crelle’s Journal, vol. cxxi, 1899. Also Tauberth, Die 
Abbildung des ebenen Kreissystemes auf den Raum, Dissertation, Jena, 1885. 
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distinguished by the fact that it is not the same type as the 
reciprocal series. 


Theorem 39.] The envelope of the circles of a general cubic 
series is a curve of the eighth order with a quadruple point 
at each circular point at infinity. 


Theorem 40.] The tangents to tne loci of the centres of the 
circles of two reciprocal general cubic series can be put into 
such one to one correspondence that corresponding lines are 
mutually orthogonal, The asynvptotes to one curve will corre- 
spond to the inflexional tangents to the other. 


A two-parameter family of circles, that is, a system whose 
coordinates are proportional to analytic functions of two 
independent variables, not having ratios all functions of one 
variable, shall be defined as a congruence of circles. Such 
a system, when algebraic, is best represented by means of an 
equation 

F (ayy HH) = 0. ; 
Remembering that in non-Euclidean space, as in Euclidean, 
every surface not a developable circumscribed to the Absolute, 
is covered by a double network of curves of zero length, 
isotropic curves, we have 


Theorem 41.] very congruence of circles may be either 
generated on a one-parameter family of pencils of tangent 
circles, or, in two ways, by the osculating circles of a one- 
parameter family of curves. 


If (x) be a circle of the congruence, the circle (4) shall be 


called its correlative circle. It is orthogonal to (2), and, to the 
first degree of approximation, to all infinitely near circles 
of the congruence. If we take two adjacent circles of our 
congruence, the pencil which they determine is not, in general, 
orthogonal to the pencil determined by their correlative 
circles. If we take the pencils determined by (a) (a +da) and 
(x) (w@+6a), then, if the first be orthogonal to the pencil 
determined by the correlatives of the second two circles, 
the second pencil is orthogonal to that determined by the 


Zz 
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correlatives of the first two circles. Two such pencils are said 
to be pseudo-conjugate; they correspond to conjugate direc- 
tions on the surface in S which corresponds to our congruence.* 
Since the only surface where the asymptotic lines fall 
together is a developable, we have 


Theorem 42.] A congruence of circles is either determined 
by a one-parameter family of coaxal systems each determined 
by successive circles of a series, or else each coaxal system 
determined by a circle of the congruence in general position 
and an adjacent circle is pseudo-conjugate to another such 
coaxal system. Each circle will belong to two coaxal systems 
pseudo-conjugate to themselves which cannot coincide for every 
circle of the congruence. 

We mean by a circle in general position one whose cor- 
relative exists. Since there are two sorts of ruled surfaces 
in space, 

. Theorem 43.] Congruences of circles generated by one- 
parameter families of coaxal systems are of two sorts. In the 
Jirst case the coaxal systems are determined by adjacent circles 
of a series, in the second case they are not so determined. In 
the first case all circles of a coaxal system have the same cor- 
relative circle, in the second case no two have the same, 

If we define as the order of an algebraic congruence the 
number of its members in an arbitrary coaxal system, we see 
that this is equal to the order of the equation of the con- 
gruence. A congruence of the first order is the system of 
circles orthogonal to one circle. 

The most interesting congruences of circles are the quadric 
ones. We shall define such a congruence as the totality of 
circles satisfying an equation 

i,j=3 
pe Uys 5, = 0. (60) 
ay 

We may classify these in various ways. The broadest 
classification is under the fifteen-parameter group of all linear 

* We call these coaxal systems ‘ pseudo-conjugate’, as ‘ conjugate’ coaxal 
systems have already been otherwise defined, p. 99. 
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transformations of our circle coordinates. Here we have the 
following types : * 


I. | a, | Seu, 
| a,; | 
II, |a,;;| = 9, ae =z 
Ol Gee Oo | a: 
rr lao, Hl 4 
d yy 9 Ang Ups 
0? | a;. 
IV. 5 | ca == 0, 
Ang © nj 


We shall call I the general quadratic congruence. 


Theorem 44.] The general quadratic congruence contains 
two families of coaxal systems ; each circle belongs to one coaxal 
system of each family, each two systems of different families 
share a circle, but not two of the same family have any conmon 
circle. The congruence may be generated in 2 0? ways by the 
coaxal systems, determined by corresponding members in two 
given projective coaxal systems which have no convmon circle. 
The lines of centres of the coaxal circles of the two familves 
envelop one same conte. 

To prove this last part of the theorem, the line of centres 
of a coaxal system in zw will correspond in S to the point 
where the polar in the Absolute of the line corresponding to 
the coaxal system meets that plane which represents the 
totality of straight lines. The totality of lines of centres will 
be represented by the intersection of this plane with the 
polar in the Absolute of the quadric representing the series. 


Theorem 45.] The assemblage of all circles meeting a given 
not null or isotropic circle at a given angle or its supplement 
is a quadric congruence. 


Theorem 46.] The correlative of a general quadrice con- 
gruence ws a second such congruence. 


* The best discussion of these congruences is in a pleasantly written 
paper by Loria, ‘Remarques sur la géométrie analytique des cercles du plan’, 
Quarterly Journal of Mathematics, vol. xxii, 1886. 
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Theorem 47.] If two correlative quadrie congruences be 
gwen, the coaxal systems of one will correspond to those of the 
other. All circles of one coaxal system cut all those of the 
correlative system at right angles. 


Theorem 48.] The locus of the centres of the null circles 
of a quadric congruence includes the locus of the points 
common to coaxal systems of the correlative congruence. 

Two quadric congruences which have the same null and 
isotropic circles shall be called homothetic ; if their correlatives 
have the same null circles they shall be called confocal. 


Plane 7. Space S. 


Homothetic quadric con- Homothetic quadric surfaces. 
gruences. 
Confocal quadric congruences. Confocal quadric surfaces. 


- Theorem 49.] There are «1 general quadric congruences 
confocal with a given general congruence; an arbitrary circle 
will belong to three of these. 


The system of congruences confocal with (60) will be 


Ay tdA Ay Ay Ags XH 
Ax Ay+t+r Ay Aj, Uy 
Aggy Ay, Agtr Ags H |= 0, (61) 
Aso Ay As, Ast ws 
Xo Ly x, Ly ° 0 


Theorem 50.] Jn a homothetic system of quadric con- 
gruences there will, in general, be four congruences of type IT. 
The correlative to each of these will be a conic series of circles 
which envelop the locus of the centres of the wull circles of the 
given homothetic congruences. 

The meaning of the words im general as here used will 
appear more fully in Ch. IV. 


Theorem 51.] The assemblage of all circles the swm or 
difference of whose angles with two given not null or isotropic 
circles is constant is a quadric congruence. 

L 2 


~~ 
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In non-Euclidean space there are two types of parallel 
lines. The first are Lobachevski parallels and intersect on 
the Absolute, the second are Clifford parallels and intersect 
the same two generators of one set of the Absolute. Let 
us reserve the name parallel for the first kind and use 
paratactic for the second. 


Plane 7. Space S. 
Coaxal systems with common Parallel lines. 
limiting point. 
Coaxal systems whose null Paratactic lines. 
circles are orthogonal in 


pairs. 


Theorem 52.] Jf a coawal system of circles be given with 
two distinct null circles, an arbitrary not null circle will 
belong to two coaxal systems each sharing one limiting point 
with this coaxal system, and to two whose limiting points are 
in pairs at null distances from those of the given system. 


In special cases the coaxal system may be concentric and 
have no limiting points; the reader can easily find for himself 
the slight modification here needed. 

Paratactic lines are at a constant distance from one another, 
and have an infinite number of common non-Euclidean per- 
pendiculars. These generate a quadric, whose generators of 
each set are paratactic.* 


Theorem 53.] If two coaxal systems have their limiting 
points in pairs at null distances from one another, but no 
point is at a null distance from all four, nor do they lie on one 
isotropic line, then their circles may be so paired that corre- 
sponding circles make a constant angle with one another, the 
least angle which any proper circle of one system makes with 
one of the other. The coawal systems determined by such sets 
of circles will generate a quadric congruence. Two coaxal 
systems of the same family in this congruence will have their 
limiting points in pairs at null distances. 


* See the Author’s Non-Euclidean Geometry, cit., pp. 114, 129, 180, 


% 


II CARTESIAN PLANE GEOMETRY 165 


It is clear that our quadrie congruence of type II will 


correspond to a cone in S, and, as we have seen, its correlative 
is a conic series. 


Theorem 54.] A quadric congruence of type II may be 
generated in w* ways by coaxal systems determined by one 
fixed circle and the circles of a conic series. 


Theorem 55.] A quadric congruence of type III is re- 
ducible, and consists in the totality of circles orthogonal to 
either of two distinct circles. A congruence of type IV consists 
in the circles orthogonal to a given circle all cownted twice. 


It is clear that although the subject-matter of the present 
chapter does not offer such a wide field for further study 
as did that of Ch. I, yet there is room for further advance. 
It is probable that there is little to be gained by a further 
study of the circle in trilinear coordinates, On the other hand, 
there is no knowing how much more may be obtained by 
a further study of the Frobenius identity. The subject of 
Hart circles and the circles inscribed or circumscribed to 
arcual triangles seems almost illimitable. It seems likely that 
the Frobenius identity should yield a simpler proof of the 
existence of the Hart circle than any yet found, and this would 
be a real gain.t There is also room for much new material 
connected with the interpretation of non-Euclidean three- 
dimensional space in the geometry of the circle.* 

* An extended account of how the geometry of the circle may be used to 
interpret non-Euclidean geometry will be found in Weber und Wellstein, 


‘Encyklopiidie der Elementar-Mathematik’, Second Edition, vol. iv, Leipzig, 


1907. 
+ Since the present work went to press the Author has noticed that 


either the transformation of p. 151 or a dilatation will carry three proper 
circles in general position into three circles through one point. Hart’s 
theorem will then come at once from Feuerbach’s, generalized by inversion, 


CHAPTER III 


FAMOUS PROBLEMS IN CONSTRUCTION 


THERE has been one conspicuous lack in all the work that 
we have done so far in the geometry of the circle; we have 
paid next to no attention to any problems in construction. 
This omission, let us hasten to say, has been intentional, as 
it is much easier to attack such problems satisfactorily if both 
algebraic and geometric methods are available. No one would 
ever have found by the aid of pure geometry alone that it 
was impossible to square the circle. The time has now come 
when certain problems in construction must be seriously faced, 
It is clear that the number of such problems is illimitable; 
we shall restrict ourselves to a very few which have become 
famous in the history of the subject. 

In discussing problems of geometrical construction one has 
frequently to face the question, ‘Which of the various solutions 
is the simplest?’ Such a query cannot be answered eategori- 
cally. What is a simple solution? Is it one that involves 
very little drawing, or one that is based on elementary 
theorems, or one that can be explained and proved in a few 
words? These desiderata seem to vary almost independently 
of one another ; there must be a great measure of arbitrariness 
in any criterion of simplicity. 

The best known and least undesirable tests for the sim- 
plicity of a geometrical construction are those originally 
devised by Emile Lemoine.* Three distinct operations are 
recognized for the compass, two for the ungraded ruler: 


(1) To place one point of the compass in a given position, 


(2) To place one point of the compass on a given line. 


* His various writings on this subject are summed up in his Géométrographie, 
Paris, 1902. For convenience we shall refer to this work by page number. 
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(3) To draw a circle. 

(4) To place one edge of the ruler on a given point. 

(5) To draw a line. 

The sum of the number of times that all of these operations 
are performed is called the simplicity of the construction, the 
sum of the number of times that the first, second, and fourth 
are performed is called its exactitude. Lemoine recognizes 
that these names are ill chosen, and suggests that the word 
simplicity might better be replaced by ‘measure of com- 
plication’, but neither he nor his followers have seen fit to 
adopt this improvement in terminology. Moreover, as tests 
they are of the roughest. As the area of a parallelogram is 
equal to the product of its altitudes divided by the sine of the 
angle formed by intersecting sides, the exactitude of the 
operation of drawing a line through the intersection of two 
others will vary directly with the sine of their angle, It is not, 
however, our present business to devise tests of geometrical 
simplicity, but to apply certain recognized tests to concrete 
problems. We shall start with the most famous of all, the 
problem of Apollonius, Zo construct a circle tangent to three 
given circles.* 

Let us begin by examining how many real solutions can be 
found for the problem. The answer to this is intuitively 
evident in any particular case by examining the figure. It is 
more sportsmanlike, however, to use II (48), which we rewrite 
for the case of contact, 


1 cos x_yz cosx_ys «& 


cos X_ zy 1 cos x_ zs «, Ae eg ees 
S0, ¢’=>6/=a =1. 
cos f_ sy cos X_sz 1 €3 
& €5 €5 1 


Remembering that 2r7’cos 6 = 1? +7r?—d’, 
if (y) and (z) lie outside one another, 


cos Xyz < —1, sin?4X yz > 0, cos*$X yz < 0. 


* Simon, loc. cit., pp. 98 ff., mentions some seventy works dealing with 
this problem which appeared in the nineteenth century, 
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If they intersect in real points, 
1 < cosx_yz < 1, sin?£X_yz > 0, cos?Z 4 yz > 0. 

If one inelude the other, 

cos X_yz > 1, sin?4X yz < 0, cos*Z4 yz > 0. 
(A) A circle having like contact with all three, 
sin?1 xX zssin?2X sysin?44-yz>0, gg =e = &- 
The construction of two circles satisfying the given con- 
ditions is real unless one circle separate the other two, or 


unless two intersect and the third surrounds or lies within 
the one but not the other. 


(B) A circle having with (y) a contact opposite to that with 

(z) and (s), 
sin?1X_zscos?44_sycos*4X yz20, —9=aQ= 6. 

The construction is possible unless two circles are separated 
by the third, or (z) and (s) intersect, while (y) lies within one 
but not within the other, or surrounds the one but not the 
other. 

The first method which we shall employ for the solution of 
the problem is that ascribed to Apollonius himself.* 

Problem 1.] To construct a circle which shall pass through 
two given points and touch a given circle. 

It is clear that to obtain a real solution we must have two 
points not separated by the circle. We see also that the 
common secants of the given circle and all circles through the 
two points will be concurrent on the line through these two 
points.—We therefore make the following construction. Draw 
a convenient circle through the two points, find where the 
radical axis meets the line through the two points, and draw 
tangents thence to the given circle. A-circle through the given 
pownts and either point of contact will satisfy the given con- 
ditions, and there are no other circles which do so, 


Let us apply Lemoine’s criteria. To construct a circle 
through two given points involves drawing two circles with 


* Killing-Hovestadt, Handbuch des mathematischen Unterrichts, Leipzig, 1910, 
p. 414, A very clear and easy discussion of the method will be found in 
Cranz, Das apollonische Beriihrungsproblem, Stuttgart, 1891, 
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the same compass opening and the given points as centres, 
and a third circle with the same radius and a given centre 
me 6, 1/3. 

We next connect the two intersections of two circles by 
a line, S. 3, EK. 2. Then draw tangents to a given circle from 
an exterior point, 8, 18, E. 12 (p. 33; the usual construction 
has 8. 19). Then construct two circles through two common 
points, one through each of two given points, 8. 23, E. 14. 
We have for the total construction 

Simplicity 38, Exactitude 25. 

Problem 2.] To construct a circle through a given point 
tangent to two given circles. 

Let us, to be specific, take.a point P external to both circles 
and imagine them external to one another. A shall be the 
external‘ centre of similitude. We find Q on AP so that 
(AP) (AQ) is the square of the radius of the circle of anti- 
similitude corresponding to A. Then a circle through P 
and Q tangent to one of the given circles is tangent to the 
other also. 

We first construct the common tangents to two mutually 
external circles, 8. 35, E. 22. (These are Lemoine’s numbers, 
p. 43; the usual construction runs much higher.) Starting 
with one centre of similitude, let # and Rh’ be corresponding 
points of contact on the same tangent which are mutually 
inverse in the circle of antisimilitude. We must find Q on AP 


— — — = 
so that (AP) x (AQ) = (AR) x (AR’). To accomplish this 
we draw AP and PR,S. 6, E. 4, and through R’a line making 
a given angle with AR, 8.11, E. 7. There is another point Q 
found in similar fashion from the other centre of similitude. 
These operations give 8. 34, E. 22. We then must solve 
problem 1] twice in succession. Our total numbers are 
Simplicity 145, Exactitude 94. 

As an alternative we offer the closely allied solution. Take 

any convenient circle about the given point as centre for 


a circle of inversion, and find the inverses of the given circles. 
Find the common tangents to these circles and invert back. 
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We sce that this construction is simpler than the last, in the 
sense that it is described in fewer words. To construct our 
circle of inversion, which we shall imagine cuts the given 
circles in real points, we have S. 1, E. 0. We next find the 
inverses of two given points, one on each circle, 8. 19, E> 12 
(p. 54). To find the inverses of our given circles we must 
find the inverse of a point on each and construct two circles 
each through three points; each of these latter constructions 
involves 8.15, E. 9. We next construct the common tangents 
to two circles, S. 35, E, 22. Assuming that these intersect 
the circle of inversion, the construction of their inverses will 
amount merely to drawing a circle through three points four 
times, one point being the same in each case; this will require 
S. 54, E. 43. For our total construction, 


Simplicity 139, Exactitude 95. 


Problem of Apollonius. To construct a circle tangent to 
three given circles.* We assume for the sake of definiteness 
that they lie outside of one another, so that there are effec- 
tively eight real solutions. Let CO, be the centre of the circle of 
smallest radius r,. Construct a circle or circles through C, 
having external contact with the two circles concentric with the 
other two given circles, but whose radii are less than the radia 
of these by the quantity r,. Two of the required circles are 
concentric with those lust constructed, but their radu are vr, 
greater. To construct circles tangent externally to some of owr 
circles and internally to others we must shrink some radii by 
r,, and increase others by like amownt ; on the other hand, we 
shall not in any one case need more than two out of the four 
circles through a given point tangent to two given circles. The 
processes of finding direct and transverse common tangents to 
two circles have nothing in common except the drawing of 
the line of centres, hence the construction of one pair of 
common tangents involves 8. 19, E. 12. The construction 
of two of the four circles through a point touching two circles 
will require 8, 97, E. 60. This operation will have to be 

* An elaborate geometrographic discussion of various solutions of this 


problem will be found in Bodenstedt, ‘Das Beriihrungsproblem des A pollo- 
nius’, Zeitschrift fiir mathematischen Unterricht, vol. xxxvii, 1906, 
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performed four times. To shrink or swell a radius by a given 
amount will involve S. 10, E. 8, and this operation must be 
performed twice on two of the given circles, and once on each 
of eight constructed. We have, all told, 


Simplicity 508, Exactitude 336. 


It is certain that these numbers can be very greatly reduced 
by ingenuity in construction; they are sufficiently exact to 
show, however, that the problem is not of the simplest. 

As a second solution of the Apollonian problem we give 
the neatest and most famous of all, that of Gergonne.* We 
saw in I. 217] that if two circles intersect two others at equal 
or supplementary angles the radical axis of each pair passes 
through a centre of similitude of the other. When the given 
circles are mutually external there will exist a pair of circles 
which have either a preassigned type of contact with each, or 
else exactly the opposite type of contact with each. The 
radical axes of the circles sought will be the lines which contain 
triads of centres of similitude for pairs of the given circles. 
On the other hand, a centre of similitude of a pair of solu- 
tions (which have each the same or exactly opposite contacts 
with each of the three given ones) will lie on the radical axis 
of each two given circles, i.e. be their radical centre. The line 
connecting the points of contact of a pair of circles sought 
with one given circle will go through this radical centre, and 
through the pole with regard to this chosen circle of the 
corresponding line containing three centres of similitude, for 
the pole of this line will lie on the radical axis of the pair. 
We thus get Gergonne’s construction, Find the poles with 
regard to the given circles of the lines containing triads of 
their centres of similitude two by two. The lines connecting 
the corresponding poles with the radical centre of the three 
circles will meet these circles in the points of contact with one 
pair of the circles sought. 


Let us examine this geometrographically. The determina- 
tion of the radical centre of non-intersecting circles involves 


* ‘Recherche du cercle quien touche trois autres dans un plan’, Annales de 
Mathématiques, vol. vii, 1817. Inaccessible to the Author, 
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(p. 57) S. 26, E. 16. The construction of the three tetrads of 

common tangents calls for 8. 105, E. 66. The determination 

of the lines containing triads of centres of similitude, S. 12, 

E. 8. Determining their four poles of each (p. 55), S. 60, E. 36. 

Twenty-four points of contact, S. 36, E. 24. Construction of 

the eight circles through given points, S. 120, E. 96. Totals, 
Simplicity 479, Exactitude 318. 


_As an example of how much the manual labour of geometry 
may be shortened by using constructions which are difficult 
to remember, and ingenious rather than obvious, let us mention 
that, apparently, these numbers can be reduced to 

Simplicity 199, Exactitude 129.* 

It is geometrically evident that Gergonne’s construction 
fails when the centres of the three circles are collinear. Here, 
however, we may employ a very simple method. All circles 
tangent externally to ¢, and ¢, will cut the radical axis at 
a fixed angle by I. 212], the angle which this axis makes with 
a direct common tangent, or the angle which either circle 
makes with the corresponding polar of the external centre of 
similitude. The polar and radical axis are corresponding lines 
in a transformation of central similitude between c, and the 
circle sought, the centre of similarity being the point of contact. 
The radical axis of c, and c, being a,, while the polar is J,, 
and ¢ is the centre of the circle sought, 


<2 —> —— 
(4) (C103) ry _ _ Fy(aga,) 
5S a r 2 Sata “a ye ees = 
(cay) (cats) (Iss) 


The value of r is thus easily found, and so the circle sought. 
Gergonne’s construction is also at fault when the radii of two 
given circles reduce to zero. The solution by other means is, 
however, extremely easy in this case, as we have already seen. 

Another problem closely allied to that of Apollonius is 


* Reusch, Planimetrische Konstruktionen in geometrographischer Ausfiihrung, 
Leipzig, 1904, p. 84. Gerard, Scientia, vol. vi (inaccessible to the Author), is 


said to give a construction of 8. 152 ; Lemoine, Géométrographie, cit. p. 62, gives 
one of 5, 154. 


+ Cranz, loc. cit., p. 157, 
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the problem of Steiner, to construct a circle meeting three 
given circles at given angles.* The easiest way here is to 
throw the problem back on the preceding one. We have 
already seen in I. 212] that all circles which make given 
angles with two given circles will make constant angles with 
every circle coaxal with them, and this may also be easily 
shown analytically. If, therefore, we assume that the three 
circles lie outside one another, we have 

To construct a circle cutting three given circles ¢,, Cy; Cx at 
the angles 0,, 0,, 0; respectively. Let P,and P, be two con- 
venient points on the circles c; and c j respectively. Through 
them draw lines which make with the radii angles : —6; and 
.— F respectively, and on these lines take Q; and Q; so that 


(P;9;))=(P;Q;). Find the intersections of the circles with centres 
C; and C;, and radii (C;Q;) (C;Q;), and with one of these points 


as centre and radii equal to (P;Q;) construct a circle c;. This 


will intersect c; and c; in the angles 0; and 0, respectively. 


Construct c;,” coaxal with c; and c; and tangent toc’. The 
circles required will touch ¢;”, ¢;”, ¢,”. 


It is to be noted that whenever the problem can be solved 
at all we shall get the solution by this method. Let us see 
how much has been added geometrographically to our original 
problem. One circle c;’ will involve 8. 36, E. 23 (p. 22). 
Three such circles will cost but 8. 63, E. 39. We have sup- 


posed that both 0; and 5 — 9 were known, i.e. constructed. 


It would be easy to find ¢,” if we supposed c; and ¢; intersected, 
but for the purposes of our present problem it is better to 
suppose them external to one another. We draw the radical 
axis of c; and ¢;’, S. 3, E. 2, and the radical axis of c, and Cs 
which costs, if cleverly done (p. 56), S. 16, E. 10. The radical 
centre of ¢;, ¢;, ¢, is thus found, and from here we draw 
tangents to ¢;,/ which will (p. 33) involve S. 18, E. 12. We 
next must draw a circle coaxal with ¢;c;, and passing through 
a given point of contact. We know a line c,c; through the 


* ‘Hinige geometrische Betrachtungen’, Crelle’s Journal, vol. i, 1826, p. 162. 


i 


174 FAMOUS PROBLEMS IN CONSTRUCTION cz. 


centre of such a circle, and one of its points. We find the 
centre then as the intersection of ¢,c; with the diametral line 
of c,/ through the point of contact. The total labour on ¢;,” 
has been 8. 46, E. 30. Multiplying by 3, and adding to the 
price of c,’, we have finally 

Simplicity 201, Exactitude 129. 


Here again it is certain that great reductions could be 
effected by sufficient geometrographic ingenuity. 

We pass now to another problem of an analogous sort. To 
construct a circle cutting four given circles at equal or swpple- 
mentary angles. We may determine the number of real 
solutions from II (50). The circles sought are orthogonal to 
a circle of antisimilitude of each pair of the given circles. 
Among such circles of antisimilitude we may always find 
three which are not coaxal. The problem then resolves itself 
into that of finding the common orthogonal circle of three 
given circles. Instead of supposing that the given circles are 
mutually external, let us this time assume that each two 
intersect. We first draw tangents to two circles at an inter- 
section (p. 32), S. 18, E. 12. Draw the bisectors of the angles 
of the tangents, S. 12, E. 10. Since the two circles of anti- 
similitude of intersecting circles are mutually orthogonal, the 
tangents to one intersect in the centre of the other. Hence 
the construction of two such circles will involve in addition 
S. 6, E. 4. Three such pairs of circles must be constructed. 
The construction on the common orthogonal circles of three 
given circles involves (p. 57) S. 44, E. 28, if done in the most 
improved fashion. Hence we may construct the eight solu- 
tions of our problem for the small cost of 

Simplicity 460, Exactitude 302, 

Our next problem has also to deal with contact of circles, 
and is nearly as well known as the others; the celebrated and 
often-discussed problem of Malfatti. Zo construct three circles, 
each of which shall touch the other two, and two sides of a given 
triangle.* One reason for the popularity of the problem is 


* Memorie di matematica e di fisica della Societ&u Italiana delle Scienze, vol. x, 
Modena, 1803, Inaccessible to the Author. Simon, loc. cit., pp. 147ff., gives 
some forty titles bearing thereon. 
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that Steiner * left the classical solution without proof as an 
example of the power of his methods. His solution is as 
follows : 


Let the vertices of the triangle be A,, A,, Ay. Let I be the 
centre of the inscribed circle. Inscribe a circle in each of the 
triangles IA;A,,. The circles inscribed in AIA;A,; and 
AIA,A,;, have IA j as one transverse common tangent. Con- 
struct D; E,, the other such common tangent. The circles 


required are inscribed in the quadrilaterals whose side-lines 


are A;4,, A,;A,, D,E,, D,£,,. 


Fig. 26. 


The simplest proof, beyond a peradventure, is that of Hart. 
Suppose, first, that the figure has been drawn. The two 
circles which touch (A,;A;) shall touch one another in P;. 
Their common tangent thereat shall meet A, Aj, in Dz The 
radical centre of our three circles, the point of concurrence of 
the tangents D;P,, shall be K (not supposed here to be the 
symmedian point). The points of contact on A;A;, shall be 
B,C;, the former being supposed to be the nearer to A;. Each 


~v 
of the lines P,; D; meets two sides of the triangle. Suppose, 


* Hinige geometrische, etc. 
+ ‘Geometrical investigation of Steiner’s Solution of Malfatti’s Problem’, 
Quarterly Journal of Mathematics, vol. i, 1856. 
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to be specific, that P,D, and P,D, both meet A, A, in E, and 


E., respectively. 


(E,D,) — (EZ, D,) = (E,B,) —(E,C,) = (Ey Py) — (43 Ps) 
— (E,K)—(E,R). 


It thus appears that D, is the point of contact of A,A,, with 
the circle inscribed in the A £,KE#,. The reasoning would 
hold equally well if #,, or #,, or both, were not between 
A, and A,. We shall therefore inscribe circles in the three 
triangles with side-lines KE), KH;, A;,A;, the points of con- 
tact being D; with (A;,A;), F; with (#;K), and G, with 
(E,,K). We next notice that 


(A, D,) —(A, Ds) = (C, D,) — (B, Ds) 
= (PGs) — (PF) 
== (P, F,) — (PG) te (F, G). 


Hence the other transverse common tangent goes through 
A,, and a similar phenomenon holds for A, and A,. 


(D, F;) = (D,P.) ete (P, F,) 
—- (D,C;) SP (D. Bs) 
a (P3 Gs) + (DP) = (D; G5). 


The circles D,F,G, and D,F,G, cut equal segments on 
(D,D,), and so, by I. 170], A, is on their circle of similitude, 
and, by I. 28] converse, the other transverse common tangent 
will bisect the ¥ A,. If there be a solution of Malfatti’s 
problem this will be it. Conversely, if a very small circle be 
drawn tangent to two sides of the triangle, the two circles 
each touching this little circle and two other sides will surely 
intersect. But if the little circle swell up, always touching 
the two sides till it become the inscribed circle, the other two 
circles are eventually separated by it. Hence, for some inter- 
mediate value of the little circle, the three will touch. Hart’s 
solution is thus complete. | 

It has been objected to Hart’s proof that it makes use of 
theorems which probably Steiner did not know, but were 


aa 
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invented ad hoc by Hart.* The criticism seems to us trivial, 
and certainly not of sufficient importance to justify the great 
pains bestowed by subsequent writers to devise less simple 
proofs of the construction. There is a suspicion which 
naturally arises that, if the first discoverer of a proof had been 
of Steiner’s own nationality, less trouble would have been 
given to disparaging his work. 

Let us find what geometrographic numbers should be 
attached to Steiner's construction. We first bisect the angles 
of a triangle (p. 27), S. 21, E. 12. Inseribe circles in three 
adjacent triangles (p. 27), S. 80, E. 46. If we take two of 
these circles, we have already one common transverse tangent. 
To draw the other, we find the intersection of this tangent 
with the line of centres, sweep out an are with a radius equal 
to the given tangential segment to one circle, and thus find 
the point of contact for the other common transverse tangent. 


‘This tangent will involve 8. 9, E. 6. We draw three such 


common tangents, then inscribe circles in three given triangles, 
which can be done at a cost of 8. 63, E. 36, since some 
bisectors are already known. The totals will be 

Simplicity 191, Exactitude 112. 

Let us give another solution of the problem, which depends 
on finding the point of contact of the circles.t The lengths 
of the sides of the triangle shall be, as usual, a, a,, a3, the 
distance from A; to the points of contact of the circle 
which touches (A; 4,)(A;A;) shall be a;. We also write, by 
definition, 


i=3 —— — 
S—G, a, 
= a; = 28, i Q = bi; Re = Cj. (1) 


4=1 


The radii of our three circles shall be r,, 7,, 7;. The 


* See Schréter in Crelle’s Journal, vol. lxxvii, 1874, p. 232. As a matter 
of fact some of the theorems objected to were discovered by Plticker long 
before Hart’s time, though after Steiner’s. 

+ These formulae were first found by Schellbach, Sammlung und Auflisung 
mathematischer Aufgaben, Berlin, 1863, pp. 100 ff. The form here given is from 
Mertens, ‘Die Malfattische Aufgabe fir das geradlinige Dreieck’, Zeitschrift fir 
Mathematik und Physik, vol. xxi, 1886. 

1702 M 
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distance from A; to the centre of the inscribed circle shall 
be d;. We have the following additional relations: 


p= sb, b, Des (2) 

p=d,sin,4A,. (3) 
b.b, 

Pee iterate (4) 
; ce 

d; = sb; c;¢ (5) 


The side (A; A;) is made up of pine from A; and A; to 
two points of pantate and a common tangential concn 


aw, +0, + NACE —(7;—7))? = a. 


The radical reduces to the simple value 2 A TT; We 
have also 


7, = a;tang4A;, 7; = x; tang 4A, 2/77; = 27x; Jx;dy. 
Hy +; + 2b, Vx; Ja = Cj, « (6) 
Va, +b,V x; = 0, V8—a;, 
Vx; + b),V m; = C1, 8— Hj. 
Multiplying these together, and subtracting (6) multiplied 
by &,, Lee fae 
(1 —b,,”) V2; V0; = 02S 8—a; Vs— x; — Ay, by, 
Jk; Va;— V3— 2; ¥s—a; = —sb;,, (7) 
Vee eee 
Vo, = — by, V@,;+C), /s—ax ; 
Va, 0; = by? Vax, Va; +2 /s—a@, /s—a. a 
— b,c, (Va, Vs— 2; + Va, /s— a], 
Va, V8— ay + or eres (8) 


From (7) and (8) we get, permuting the subscripts, 


(Va; +4 V¥s—m;) (Va; +i V¥s—a,;) =8(—b, +ic,), - (9) 


s(—b; + 2¢,) (— bj, + icy.) 
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But b2+c,? aes ge 


Va;,+i Vs—a,; = v8 (—b;—%e;) (—b; + i0;) (—b, + %e,) (10) 


Lait Geen he 


1—d. 145: fetes mje 
J ° 8) k . k 
[ 2 +in/ 2 Il a tee 2 | 


= U; +2U;, 


C= 08>, 12+0" ='s, 
(wu; +4v,)? = 2uPf—st2u,r,;7, 
= 8(—b;—%;) (—b, + 20;) (—,, + te), 
%; = 3[8s—sb, b,b, + 8b;c; C7, —8b;c1,0; — 8b,0,0;], 
a; = 3[s—p+d;—d;—d,]. (11) 


These simple equations give us another construction which 
is geometrographically simpler than that of Steiner. Deter- 
mination of d,,d,, d,,S.27,E.15. Determination of 2s, 8.6, 
E. 4, that of s—p, S. 11, E. 6. Combining the quantities 
d,, d,, d, with these, the total determination of 22,, 2%,, 2a, 
involves 8. 69, E. 41. We next bisect three collinear seg- 
ments 2x, with one common extremity, which will cost 8. 17, 
E. 10. To find a point of contact after ~; is known requires 
S. 4, E. 3. We pick one point of contact for each circle, erect 
a perpendicular to the corresponding side-line, and, finding 
where it meets the corresponding bisector (p. 24), already 
drawn, construct circle. These will involve 8. 33, E. 21, so 
that we have for our total construction 


Simplicity 131, Exactitude 81.* 
Let us now try to generalize the problem. We first replace 
side by side-line. The problem*then reads 


To construct three circles each of which shall towch the other 
two and two out of three given lines which form a triangle. 


* These numbers also can be wonderfully reduced. Hagge, ‘Zur Kon- 
struktion der Malfattischen Kreise’, Zeitschrift fiir mathematischen Unterricht, 
vol. xxxix, 1908, p. 588, gives S. 66, E. 42. 

M2 
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We begin by seeking the number of solutions. How many 
real solutions are possible? There will surely be no fewer 
solutions in the general case than in the special one, where 
the lines determine an equilateral triangle. To count the 
solutions here let us first notice that the two side-lines at any 
vertex form four angular openings, which we shall refer to as 
inside, vertical, and the two adjacent. We notice also that 
if two circles touch one another, and also the same line at 
different points, their contact must be external, and they lie 
on the same side of the line. These facts premised, it is easy 
to show that we have the following real solutions; the proofs 
come by simple considerations of continuity. 


Circles in three inside openings . : 8 ways. 
Circles in two inside and one vertical 

opening . : . 3 ways. 
Circles in one inside aan on 0 adjacent 

openings . . : 15 ways. 
Circles in two adjacent gad one vertical 

opening . . : . . . 6 ways. 


Malfatti's problem so generalized must usually have thirty- 
two real solutions: how shall we find them analytically ?* 
When we pass from the narrower to this wider form for the 
_problem, the quantities a; must be allowed to take either 
positive or negative values, the quantities a;, s;, s—a; will be 
permuted among one another, More specifically, as reversing 
the signs of all three quantities a,, a,, a, may be looked upon 
as leaving everything unaltered, we see that the quantities 


b;, b;, 6, may take the following sets of values: 


( s—a; a ee mes — a), 
JE Nps 
BG, 8— a; S—a; 


The product, multiplied by the common denominator within 


8—a,; §— a 


— a, ae: ae 


* Taken with some alteration from Pampuch, ‘Die 32 Lésungen des 
Malfattischen Problems’, Grunerts Archiv, Series 3, vol. vili, 1904. 


“aan 


a 


est: 
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the radicals, will be the radius of an inscribed or escribed circle. 
We now write 

4 (s—ay,) = (a,—2;—@,)°8, 

afv=A,,4%=A;, a? = Aj, (12) 
assuming that A;,A;, A; are ate values. These equations 
have sixty-four Bel ore. which include the thirty-two real 
solutions of the problem in hand and thirty-two others 
obtained by altering the signs of all the a,’s and a;,’s, which 
gives nothing new geometrically. These equations will thus 
contain nothing extraneous if we impose the restriction 
A,A,4, >0. They give the thirty-two real solutions of the 
problem and nothing besides. The quantities a,, @,, @, are 
capable of taking four sets of values. We pick out one set, 
and write the equation 


@, +e, +28, Va; a; = dy, 
av = Az, a= A;, o% = Az, 


1=3 


c= ae pe= "4, (13) 


(peed: 


g_ %&% = — 9 
v= sae ,= OB iY; VE TB, BoB, = A, 


milena = + Va(,/ 158 1, [489 
i= @; 1+, =2, (aay 
of EE eer ae, 


a, = [o-A+0;—6;—8;]. 


4 


Of the quantities here involved o is single valued, 8, and y, 
double valued in (x). To be specific let us assume that 
B, 8,83 > 09. Then, since £,8,8,¢ =A is the radius of an 
inscribed or escribed circle, we shall have 


©; = Z[o—A +5, +5, +0; (14) 

The quantities here involved are all single-valued functions 

of o,, X, %, and the radius of the inscribed or escribed circle 

while 3,, 5,, 6, are the distances from the centre of that circle to 
the vertices of the triangle. 
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The analytical expression of the distance from each vertex 
to the points of contact of the corresponding circle in the thirty- 
two cases of the eatended Malfatti problem is of the same type. 

It would be tedious to determine which value of o; and 
which sign for each 8; should be used in every case. On the 
other hand, let us notice that Hart’s proof may easily be 
extended to every case, so that 


Steiner’s construction may be extended to all thirty-two cases 
of the extended Malfatti problem, the triangles abutting at 
the centre of the inscribed circle being replaced in twenty-four 
cases by those abutting at the centre of an escribed circle. The 
triangles being chosen, we can associate with each, either its 
inscribed circle, or the escribed one which actually touches the 
side which it shares with the original triangle. 

There is a further extension of Malfatti’s problem due even 
to Steiner himself. Z'o construct three circles, each of which 
shall towch two out of three given non-coaxal but intersecting 
circles, and also the other two circles sought.* 


When the three given circles are concurrent, we get the 
construction at once by inversion. Steiner’s own construction 
for the general case is as follows: 


Find a circle of antisinilitude of each pair of the given 
circles, Inscribe circles in the arcual triangles each deter- 
mined by one given circle and two circles of antisimilitude. 
The remaining circles orthogonal to the common orthogonal 
circle of the original three, each touching a pair of the con- 
structed ones, and belonging to the same system as the common 
tangent circle of antisimilitude will, in pairs, touch the circles 
sought. 

The proof of this is given by Hart immediately after his 
proof of the simpler case. The reasoning is as follows. Hart’s 
proof for the Steiner construction holds just as well on the 
surface of a sphere as in a plane, provided that straight lines 
be replaced by great circles, and that I. 28] and 170] be 
extended to the sphere, which can be done as follows. If two 


* Binige geometrische, &e., loc. cit., p. 180, 
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small circles cut equal ares on a great circle, we find, by the 
formulae for a right spherical triangle, that if a circular 
triangle be formed by this great circle and tangents to the 
small ones at a pair of points of intersection that do not 
separate the other pair, then the sines of the legs of this 
triangle are proportional to the tangents of the radii of the 
small circles, i.e. the two small circles will subtend equal 
angles at the opposite vertex of the triangle. On the sphere 
then, as in the plane, the second transverse common tangent 
of the circles D,F,G,, D,F,G, will bisect the X.A,. This 
established, the previous proof holds word for word. We next 
see that any three circles of the plane which are not concurrent 
may be carried by a real or imaginary stereographic projection 
into three great circles. We have but to take the sphere 
whose equator circle is concentric with but orthogonal to the 
common orthogonal circle of the three. This transformation 
_is conformal and carries great circles bisecting the angles of 
given great circles into circles of antisimilitude in the plane. 
The number of solutions is seen to be sixty-four. 

The most systematic attempt ever made to reduce to a 
uniform method the solution of all problems involving the 
construction of circles subject to given conditions was made 
by Fiedler,* and we must now give some account of his 
method. 

In the preceding chapter we showed how the circles of 
a plane may be represented by the points of a three-dimen- 
sional space. A more direct method of accomplishing the 
same end, when none but proper circles are involved, is as 
follows. At the centre of each proper circle in the plane, erect 
a perpendicular on a specified side of the plane, which we 
shall call above, equal in length to the radius of the circle. 
The extremity of this perpendicular shall be taken to repre- 
sent the circle. Conversely, if any point (in the finite domain) 
be given above the plane or upon it, the circle whose centre 
is the foot of the perpendicular from the point to the plane, 
and whose radius is the length of this perpendicular, will be 


* Cyklographie, Leipzig, 1882. See also Miiller, ‘ Beitrage zur Zyklographie’, 
Jahresbericht der deutschen Mathematikervereinigung, vol. xiv, 1905. 
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the circle which is represented by the point. There is thus 
a one to one correspondence between the proper circles of the 
plane and the finite points above ; the points of the plane will 
represent the null circles whereof they are centres. 

The circles of one system tangent to two intersecting lines 
will be represented by the points of two half-lines above the 
plane, intersecting in the intersection of the lines, and making, 
with the plane, angles whose cotangents are equal to the 
cosecant of the corresponding half-angle of the given lines. 
Conversely, the points of every half-line above the plane will 
be represented by circles tangent to two intersecting or parallel 
lines which will be real if the angle which the half-line makes 


with the plane be S fe The reflection of the opposite half- 


line in the same plane will represent the remaining circles 
tangent to the two lines and belonging to the same system. 

The points of a half-plane above the given plane, and of the 
reflection in that plane of the opposite half-plane, will represent 
the circles intersecting at a fixed angle the line common to 
the two half-planes and the given plane. The cosine of this 
angle will be the cotangent of the angle between the half-plane 
and the given plane. Conversely, every such system of circles 
will be represented by a half-plane and the reflection of its 
opposite. 

We next observe that every line in space, not parallel to 
our plane or lying therein, may be represented by its inter- 
section with the plane, and by the intersection therewith of a 
parallel to the given line through a fixed point above the plane. 
The line connecting the two points will be the intersection 
of our given plane with the plane through the given line and 
the fixed point. The circles tangent externally to a given 
circle will be represented by the portion above the given plane 
of a cone of revolution through the given circle, with its 
vertex at a radius distance below. The circles which touch 
the given circle internally will be represented by the reflection 
in that plane of the remainder of the same cone. The word 


cone is here used in its widest sense to indicate a conical surface 
of two nappes, 


7 
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Let us make two specific applications of these methods. 


Problem 1.] To construct a circle having contact of a pre- 
assigned sort with each of two given intersecting lines, and 
with a given proper circle.* 

Analysis. The given circle shall be ¢ with its centre C. 
The vertex of the corresponding cone, which we shall assume 
below the plane, shall be V. The lines shall be 7 and /’ meeting 
in P at an angle @. Their bisector orthogonal to the circle 
sought shall be 6. We wish to find the intersection of the 
cone with a line through P whose projection on the plane 
shall be 6, and making with the plane an angle whose cotan- 


: 0 
gent is cos 5 - A plane through this line and V will meet the 


given plane in the line from P to the intersection with a 
parallel to the given line passing through V, and will meet 
the circle ¢ in the points of contact desired. 


Construction. Through C draw a line parallel to b, and 
: : 0 
take thereon points whose distances from C are 2 cos ee Connect 


these points with P. These lines will intersect the given circle 
in the points of contact desired. 


Problem 2] of Apollonius. To construct a circle tangent 
externally to three mutually external circles.t 

Analysis. Let the cones of revolution be constructed as 
before, the vertices being V,V,V,. Each two of these have 
a common conic in the plane at infinity, hence they intersect 
also in a finite conic. We wish to find the intersections of 
two of these conics, as one intersection will represent the 
circle desired. Let A, be the intersection of the given plane 
with V,, V,, assuming no two circles are of equal radius; 
it is the external centre of similitude of c,, c,. The plane 
through the line A,V,V,, tangent to c,, c,, will touch the 
finite conic, but at infinity, since itis there that the finite and 
infinite conic intersect. Hence a plane through V,, parallel to 


* Fiedler, loc. cit., p. 30. 
+ Ibid., p. 161. 


s 
s 
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the plane of the finite conic, will intersect the given plane 
in the polar of A, with regard to c,. The plane of the finite 
conic will meet the given plane in the radical axis of c, and c,. 
The line common to the planes of the three finite conics may 
be represented, if V, be the fixed point without the plane, 
by the radical centre and the pole with regard to c, of the line 
containing the three external centres of similitude. 


Construction. Find the poles with regard to each circle of 
the line containing the external centres of similitude, The 
lines connecting these poles with the radical centre will meet 
the circles in the points of contact sought. 


It is certainly striking that Fiedler’s method should lead us 
back to the Gergonne construction. 

The work which we have done in problems of construction 
not unnaturally raises the old question of what constructions 
are possible and what ones are not with the means allowed 
in elementary geometry, namely, the ungraded ruler and the 
compass. Various suggestions have also been made for sub- 
stituting other instruments for these. Steiner employed the 
ruler and one circle completely drawn. Others have studied 
the constructions possible with the ruler and compass of 
a single opening, the two-edge ruler, and even the constructions 
possible with the aid of paper folding.* The most interesting 
attempt of this sort from our present point of view is that 
originally made by Mascheroni,t to see what constructions 
are possible with the aid of the compass alone. Mascheroni’s 
original procedure may be greatly shortened by the aid of 
inversion. 

What are the constructions possible with ruler and compass ? 
To connect two points by a straight line, and to describe 
a circle of given radius about a given point. Clearly no 
compass alone will enable us to perform the first of these, 
At the same time the primary uses which we make of these 
constructions are to determine certain points, and, so con- 


* For an excellent account of all these attempts, as well as the construc- 


tions that follow, see Enriques, Question’ riguardanti la geometria elementare, 
Bologna, 1900. 


+ La geometria del compasso, Pavia, 1797. 


‘ 


ut FAMOUS PROBLEMS IN CONSTRUCTION 187 


sidered, the fundamental problems are three in number: (1) 
To find the intersections of two circles given by radius and 
centre. (2) To find the intersection of a line given by two 
points with a circle given by radius and centre. (3) To find 
the intersections of two lines, each given by two points. The 
primary object of the geometry of the compass is to show that 
all three of these problems may be solved by the aid of that 
instrument alone. About the first nothing need be said; the 
last two may be thrown back upon the first by means of 
inversion. It is only needful to show, therefore, that with the 
aid of the compass alone we can find the inverse of a given 
point with regard to a given circle, and can find the centre of 
a circle through three given points. Y 


Problem 1.] Yo construct the multiples of a given seg» 
ment (AQ). 

Construct a circle with centre O and radius (OA). Taser 
a regular hexagon with one vertex at A. The opposite vertex 
B will determine a segment (AB) whose middle point is 0. 


Problem 2.] To construct a fourth proportional to three 
given lengths m, n, p. 

Take a convenient centre O and construct concentric circles 
with radii m, n. Let A and B be two points of the first 
separated by a distance p. If 2m < p we replace our circles 


i 


. 4 ~p 
by concentric ones of radius km, kn, both > a and proceed 


as before. With A and B as centres and the same radius, 
construct circles intersecting the other circle in two pairs of 
points. We then take the points A’ and B’, one belonging 
to each pair. (A’B’) is the length sought. 

We may, in fact, take such a radius at A and B that the 
radii (OA), (OB’), (OB), (O.A’) follow around in order. Then, 
since A AO A’= A BOB’ by three sides, 


AAO TD =X AOD. 
Hence the isosceles triangles AOB and A’OB’ are similar. 
(Ay (O04) = (AB): (A'B’). 
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Problem 3.] To construct a circle through three non-collinear 
pornts. 

The points shall be A,B,C. With B as centre and (BA) as 
radius, and with Cas centre and (C‘A), construct circles meeting 
again in A’, the reflection of A in BC. If O be the centre 
of the circle sought, the triangles BAA’, OAC are clearly 
similar. Hence the radius sought is a fourth proportional to 
(AA’), (AB), (AC). The radius being found, the centre is 
found at once, and so the circle. 


Problem 4.] Zo construct the inverse of a given point with 
regard to a gwen circle. 
The given point shall be P, the centre of the given circle O, 


and its radius 7. Suppose, first, that (OP) > 7 Take P as 


centre, and radius (PO), and construct a circle cutting the 
given circle in A and B, With A and B as centres construct 
circles intersecting in O and P’. Then P’ is the point sought. 
We see, in fact, that by symmetry P’ is on the line OP. 
Moreover, AQPA and A OAP*’ are similar. 


(OP) x (OP) = (OA) x (AP’) = 7°. 


When (OP) < & let us find (0M) = k(OP) > 5. 


Then, if (OM) x (OM) = 1°, 


—? — 
k(OP) (0M) =v 
(OP) = Fao). 
We can now find the intersection of a line and a circle or 
of two lines by finding those of their inverses, and our funda- 
mental problems are solved. It is surely a remarkable fact 


that with the single instrument we can find any individual 
point which normally we reach only with the aid of both. 


CHAPTER IV 


THE TETRACYCLIC PLANE 


§1. Fundamental Theorems and Definitions. 


Any set of objects which can be put into one to one corre- 
spondence with the sets of essentially distinct values of four 
homogeneous coordinates #, : 2, :,:@,, not all simultaneously 
zero, but connected by the relation 

®y +H," +H,7 +2," = (ax) = 0, (1) 
‘shall be called points; their assemblage shall be called a 
tetracyclic plane. The assemblage of all points (w) whose 
coordinates satisfy a linear equation 
(yx) = 0, 
where the values of (y) are not all simultaneously zero, shall 
be called a circle, to which the points (x) are said to belong, 
or be wpon. The coeflicients (y) are called the coordinates of 
the circle. If they satisfy the identity (1) the point (y) is 
called the vertex of the circle, which is then said to be null, 
If (y) and (z) be two not null circles, the number 6 defined by 


(y2) 
C56 = (2) 
Vv (yy) ¥ (22) 
is called their angle. If one possible value for the angle be 3? 
the circles are said to be mutually perpendicular or orthogonal, 


or to cut at right angles. If one possible value be O or 7 the 
circles are said to be tangent. The conditions for orthogonality 


and tangency are, respectively, 
(yz) = 0. (3) 
(yy) (22) — (yz)? = 0. (4) 
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If (y) and (z) be two mutually orthogonal null circles, 1.€. 
two null circles whose coordinates satisfy equations (3), (4), 
every circle of the system 

by, = AY, + he; 
is null and orthogonal to every other. The locus of the ver- 
tices of the circles (a) shall be called an isotropic. Through 
each point in the tetracyclic plane will pass two distinct 
isotropics which together constitute the null circle having the 
given point as vertex. 

The coordinates of each point in the tetracyclic plane may 
be parametrically represented by means of the isotropics 
through it as follows. Let 7 be supposed to be a well-defined 
value of “—1, a given irrational adjoined to the number 
system. We may write 


1, 0M, hy Oks 
= (Ayby + Agta) ¢ (Ay Hy = Aga) | Ay Ma + Ao by) + (Ay Ho Aga)» 
Ay i Ag = (ty) +2) : (g—Wy) =.(Ay + 2Hy) : (1) —2,); 
Py ty = (Wy + Wy) : (y+ Uy) = (Ag — Vay) 2 (0 — a1). (5) 
If (@) and («’) be two points, we shall have 
p (aa) = (Ay Ag’ —AyAy’) (Hy Ha” — Be My’) 


It thus appears that if we keep either A, :A, or “,:, fixed we 
have the points of an isotropic. 

The system of all circles through the intersections of two 
given circles, i.e. that of all circles whose coordinates are 
linearly dependent on those of two given circles, shall be called 
a coaxal system. 

Two points are said to be mutually inverse in a circle (which 
is supposed not to be null) when every circle through them is 
orthogonal to the given circle. The vertices of the null circles 
orthogonal to those null circles whose vertices are the given 
points must lie on the circle of inversion ; hence the coordinates 
of the circle of inversion are linearly dependent on those of 


the given points. If the points be (z) and (a’), while (y) is the 
circle of inversion, 


px; = (yy) a, —2 (wy) y;. (6) 
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The transformation from (a) to (z’), being linear, carries 
a circle into a circle, and we see also that equation (6) may be 
interpreted as giving the relation between any two mutually 
inverse circles. They are coaxal with the circle of inver- 
sion, and make equal or supplementary angles therewith. We 
shall also speak of (y) as a circle of antisimilitude for (a) 
and (a’). 

The definitions so far given have been apparently arbitrary. 
Let us see whether there be any sets of familiar objects which 
obey all the rules prescribed for the points of a tetracyclic 
plane. Obviously a Euclidian sphere is a perfect example 
of such a plane, and the definitions of angles, inversions, &c., 
for the tetracyclic plane are entirely in consonance with what 
we should have on the surface of such a sphere. Again, the 
relation between the tetracyclic coordinates of all finite points 
of the cartesian plane is the same as that for all points of the 
_tetracyclic plane. We rewrite the equations: 


LY it = &,:2,: — (e+), (7) 
Ly: Hy 2 Ly: Le, = (a2 +y? +0?) : (ao? + y®—2?) : 2at : Qyt. 


Every finite point of the cartesian plane (¢ 4 0) will be 
represented by a definite point of the tetracyclic plane for 
which iz,+, #0, and conversely. If, however, we make 
the cartesian plane a perfect continuum by adjoining the line 
at infinity, the correspondence ceases to be unique, for all 
infinite cartesian points other than the circular ones will 
correspond to the same point of the tetracyclic plane. We 
may extend the finite cartesian plane'to a tetracyclic plane 
by first omitting the line at infinity, then extending the plane 
to be a perfect continuum as follows :* 

The set of coordinates wv: %,:%,:%,=4%7:1:0:0 shall be 
said to represent the point at infinity. Every other set of 
coordinates (y) satisfying the equations 

Yoty, = yy) = 9 
* Conf. Beck, ‘Ein Gegenstiick zur projektiven’ Geometrie’, Grumeris 


Archiv, Series 8, vol. xviii, 1911, and Bocher, ‘The Infinite Regions of various 
Geometries’, Builetin American Math. Soc., vol. xx, 1914. 
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shall be taken to represent a minimal line 
Yo@+Y ny +% (Yo— Yi) b = 0. 

The point at infinity and the totality of such minimal lines 
shall be called improper points. By adjoining them to the 
finite domain, the cartesian plane becomes once more a perfect 
continuum, and obeys all the laws for a tetracyclic plane. 
The definitions of circle, angle, inversion, &e., given in Ch. II 
for the cartesian plane, and here for the tetracyclic one, are 
entirely compatible. Care must be taken not to confuse 
minimal lines, looked upon as improper tetracyclic points, 
with zsotropics which are point loci. If we take as our tetra- 
cyclic plane the cartesian plane rendered a perfect continuum 
in this fashion, the following expressions are synonymous : 


Cirele orthogonal to point at Line. 


infinity. 


Inversion in such a circle. 

Null circle whose vertex is 
point at infinity. 

Null circle containing point 
at infinity. 


Improper points of a circle 


Reflection in line. 
Totality of minimal lines. 


Points of a minimal line 
and minimal lines parallel 
thereto. 

Asymptotes of a circle. 


not through the infinite 
point. 


We shall mean by the cartesian equivalent of a tetracyclic 
figure the following: If the tetracyclic plane be taken as 
a Kuclidean sphere, we take the stereographic projection of 
this sphere. Ifthe tetracyclice plane be built on the cartesian 
one in the present fashion, we replace the coordinates of each 
proper tetracyclic point by their cartesian equivalents from 
(7), then render the plane a perfect continuum by the adjunc- 
tion of the line at infinity. In either case, if we mean by the 
degree of an algebraic curve of the tetracyclic Ra the 
number of its intersections with a circle, we see 


The cartesian equivalent of an algebraic curve of order n 
with a multiple point of order k at infinity, is an algebraic 
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curve of order n —k with a combined multiplicity of order 
n—2k at the circular points at infinity. 

It is worth while to look also at cross ratios in the tetra- 
eyclic plane. We start with the circle w,= 0. Let (y,y,4o¥s) 
and (¥%,Y2—Y3) be any two points mutually inverse therein. 
Let (8) be any circle through these points, cutting the funda- 
mental circle again in («) and (y), 


2 
Yo YU Ye 
OC OF ao 


| Yo ¥1 Ye 


= 2 (ay) (yy) — (ay) y,2 = 0. 


Our circle «, = 0 may be represented parametrically by the 
equation 


2, =Va;+tB;+y;; (88) + 2 (xy) = 0, Pe tase (Bh 


The circles through the points (YY; Y2Y3) (Yo Y1 Yo —Y) and 
the points with parameter values ¢, and ¢, will be 


Ol; Oy, B; By Yj Vik 

Dh geet) FF a | : |; 
( ) a; 1 Y; Yi. | : Y; Yi, Y; Yi: 
Os 7, B; By, Vj Vk 

g.=t,2| 4 +t et ee : 
(2) i 2 | Yj Yi; z Y; Yi; Y; Yu 


For the cosine of the angle between them we have 


tt? (xy)? +3 (t,? a t,”) (xy) (yy) — 4t,t, (xy) (yy) e (yy)? 
Le? (oy) + (vy)] [te (ay) + (vy) 
on 945 Ee (xy) (yy) (t,— t,)” : 
on =; : 
2 [ty (ay) + (vy)] [4 («y) + (vy)] 
Giving the parameter ¢ four sets of values ¢,, t,, t,, ty, we 
have 


« O1n « og 
sin -) sin Sets 


sin as sin “es (6, — t,) (t, bee ty) 


(9) 


This expression is independent of (y) and is defined as 
a cross ratio of the four points of the fundamental circle 


1702 N 


“~ 
\ 
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a, = 0. Had we taken any other pair of points besides («) 
and (y) to use in the parametric equation (8), we should have 


replaced t by via ; the right-hand side of the equation would 


have been unaltered. Moreover, every not null circle can be 
expressed parametrically in this form, and our two expressions 
(9) for a cross ratio will be the same for all such circles. If 
this cross ratio have the value —1, the points ¢, and ¢, are said 
to separate the points ¢, and ¢, harmonically. The relation 
between the two pairs is reciprocal. If we take the harmonic 
pairs of parameter values 0, 0 ,¢, —t, we see that the circle (8) 
is orthogonal to every circle through the last two points. Our 
four points are thus both concyclic and orthocyclic if we 
extend the definition of p. 100 to the tetracyclic plane, and, 
in fact, we find that 


A necessary and sufficient condition for harmonic separa- 
tion is that the concyclic points should also be orthocyelie. 

If we pass a circle through the fundamental circle meeting 
it orthogonally at the points ¢,¢,, while another orthogonal 
circle meets it at the points ¢,¢,, and if @ be the angle of these 
circles, we easily find 

—tan2 0 = (t, — ty) (t,—t,) 7 
2 (t,—t,) (t,—t,) 
For harmonic sets, our new circles will be orthogonal to one 
another. 

We must next consider the cross ratios of four points of an 
isotropic. If (a’) and (y’) be two points of one isotropic, then 
every point thereof will have coordinates of the form 


A peg A , 


We shall define the right-hand side of (9) as a cross ratio 
of the four points corresponding to the parameter values 
t,, t,, t3, ty. Harmonic separation shall be as before. We 
find the geometric meaning of the cross ratio of four points 
of an isotropic as follows. What point of the circle (8) will 
lie on an isotropic with a given point of the isotropic (10) 2 
Writing the condition of orthogonality for the corresponding 


a 


ai 
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null circles, we have an equation quadratic in ¢ and linear in ¢’. 
This must be reducible, if looked upon as an equation in ¢, for 
one point sought is the intersection of the circle and isotropic. 
The other root is a fractional linear function of ¢’, and, since 
a linear transformation leaves cross ratios invariant, we see 
that the cross ratio of four points of an isotropic may be 
defined as that of the points where the other four isotropics 
through them meet any not null circle. 

We next take up the question of problems of construction 
in the tetracyclic plane.* What constructions shall be allowed 
here? The point at infinity shall play no special réle, and we 
shall require our constructions to be invariant for inversion. 
We next remark that there are two different ways in which 
we may suppose that a circle is known. We may know all 
of its points, or all in a domain called real. Or, secondly, we 
may know how to find the inverse of any known point. In 

_the first case we say that the circle is known by points, in the 
second that it is known by inversion. 

Suppose that we took for our tetracyclic plane the real 
domain of a real sphere and represented each circle known by 
points by the pole of its plane. Points of the sphere collinear 
with this pole would be mutually inverse in the circle. On 
the other hand, if we took an interior point of the sphere it 
would be the pole ofa self-conjugate imaginary circle of the 
sphere whose points are not in the domain; at the same time 
we know the circle by inversion, for we can join any point 
of the sphere with the interior pole and find where the line 
meets the sphere again. Moreover, in three dimensions, we 
assume that we can connect two points by a line, three points 
by a plane, and find the intersection of lines, planes, and 
sphere when such intersections exist. This leads us naturally 
to the following postulates for constructions in the tetracyclic 
plane. 


Postulate 1.] If three points be known, all points of their 
circle are known. 


* The whole question of tetracyclic constructions is elaborately discussed 


by Study, loe. cit. 
N 2 


196 THE TETRACYCLIC PLANE CH. 


Postulate 2.] If two circles be known by points, their inter- 
sections, if in the known domain, wre also known.* 


If.we consider as known the whole tetracyclic plane, then 
the intersections are always known. On the other hand, we 
might limit ourselves to such a domain as one where #, was 
proportional to a pure imaginary value, while the other 
coordinates were proportional to real values, in which case 
it is not certain that intersections will be real. We make, 
therefore, the further assumption 


Postulate 3.] Jf two not null circles known by points have 
one common known point, they have a second such point unless 
they be tangent to one another. 


Theorem 1.| A circle is completely known by inversion if 
two pairs of inverse points be known. 

Suppose, in fact, that we have two pairs of inverse points 
QQ’, RR’, to find the inverse of any point P we have but to 
construct the other intersection of the circles PQQ’, PRR’. 
The construction is of the first degree. 


Problem 1.] Given two circles by inversion, to find by 
points a circle through a given point orthogonal to them. 

We have but to find the two inverses of the point, then 
apply postulate 1]. 


Problem 2.] Given a circle by points, to determine it by 
inversion. 

Take four points thereon. They may be divided into two 
pairs in three different ways. The product of the three inver- 
sions, each of which interchanges the members of two pairs, 
will be the inversion sought. The proof comes by easy 
analysis, which we leave to the reader. 


Problem 3.] Given two circles by inversion, to construct by 


points the circle coaxal with them passing through a given 
point. 


Study, loc. cit., p. 58, makes a different assumption. He is not interested 
in separating real from imaginary, and so assumes that if two circles be 
mutually orthogonal, and one be known by points, their intersections are 


known, It will easily follow from this that if a circle be known by 
inversion it is also known by points. 
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We construct by points two circles orthogonal to these two. 
Then we find these same two by inversion, and then the circle 
through the chosen point orthogonal to them. 


Problem 4.] To construct by inversion the circle orthogonal 
to three non-coaxal circles given by inversion. 

Through any point pass three circles, each coaxal with two 
of the given circles. These three are concurrent again in the 
point inverse to the given one in the circle sought. 

Problem 5.] To puss a circle through two points of a circle 
given by points which shall be orthogonal thereto. 

We pass any circle through these points, find the inversions 
in both, then find by points, and so, by inversion, two circles 
orthogonal to the given ones. Lastly, find by points the circle 
orthogonal to these last two circles, and to the original one. 


Problem 6.] Given the points A, B, and C, to find the 
harmonic conjugate of B with regard to A and C. 

We assume that these points are not on one isotropic. We 
take two other pairs of points A’C’ and A”O”, both concyclic 
with AC, We next find the inversion which interchanges A 
with C, A’ with C’, and that which interchanges A with C, 
A” with OC”. We pass a circle through B coaxal with these 
last two circles of inversion. It will meet the circle ABC 
again in the point required. 

Definition. Two ranges of points on the same or different 
circles shall be said to be projective if their members are in 
one to one correspondence, and corresponding cross ratios are 
equal. We have at once | 


Theorem 2.] Two ranges of pornts on the same circle har- 
monically separated by two fined points of the circle are 
projective. 

Two such ranges are said to form an involution. 


Theorem 3.] The circles through a fimed point and through 
the pairs of an involution will be a coaxal system. 

We see, in fact, that all of these circles will pass through 
the inverse of the given point in the circle orthogonal to the 


sy 
‘ 
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given circle, and passing through the two points which 
separate the pairs of the involution. These separating points 
shall be called the double points of the involution. We shall 
also extend the meaning of the word involution to validate 
the converse theorem, i.e. 


Definition. The pairs of points where a fixed circle inter- 
sects the circles of a coaxal system not including this circle 
form an involution. We see that if any circle of the coaxal 
system (in the given domain) touch the given circle, the point 
of contact, which is said to be double for the involution, lies 
on the circle orthogonal to the given circle and to those of the 
coaxal system, and that an inversion in this circle interchanges 
the pairs of the involution, i.e. they are harmonically separated 
by the double points. The coordinates of these double points 
may always be found, even though the corresponding points 
may not be in that domain which for the purposes of our 
construction we define as real; hence the two definitions of 
involution amount to the same thing if we include the limiting 
case where the double points fall together. 


Problem 7.j Given two pairs of an involution, to find the 
double points if they exist in the given domain. 

The solution comes at once from what immediately precedes, 
and from problem 4]. 

Theorem 4.] If two projective ranges have three self-corre- 
sponding pornts, every point is self-corresponding. 

The proof of this is immediate from the definition, and from 
the fact that a point is uniquely known as soon as we know 
a cross ratio determined thereby with three given points. 
Equally evident is 


Theorem 5.] The projective transformation between two 
ranges is completely determined by the fate of three points. 

The analytic formula for a projective transformation is found 
immediately if we write our circle in the paramethic form (8) 
and then make the transformation 


_ at+B 
~ yt +8 


i 


’ ads — By # 0. 


4 
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The whole theory of projective ranges may be at once 
deduced from this familiar analytic form by simple methods 
known to every student of geometry. Nevertheless, we shall 
continue to follow a geometric development more closely akin 
to the fundamental methods of the tetracyclic plane. We 
next have 


Theorem 6.] Four points of a circle correspond projectively 
to the points obtained by interchanging them two by two. 
We see, in fact, that this may be done by an inversion.* 


Theorem 7.] If, in a projective transformation of a circle 
into itself, MAA, correspond to MA,A,, and M and A, be 
separated harmonically by A and A,, then M is the only self- 
corresponding point. 

Consider the involution with double points Mand A,. The 
given projective ranges are carried hereby into those deter- 

.mined by MWA,4,C, WA,AC,, and were it possible for C, to 
be identical with C we might find an involution to carry 
CMAA, into MCA,A. Hence MA,A,C, XMA,AC, KCAA,M, 
if we use the symbol % for projective, and CM, AA,, A,A, are 
pairs of an involution. But MM, AA,, A, A, are pairs of an 
involution, and two involutions cannot share two pairs. 


Theorem 8.] Given two projective ranges of points. They 
have either a single self-corresponding point which may be 
found by a linear construction, or the problem of finding their 
self-corresponding points is the problem of finding the double 
points of an involution. 

If the projective ranges form an involution, nothing need 
be said. If not, let AA, in the first correspond to A,A, in 
the second. Let H, be the harmonic conjugate of A, with 
regard to A and A,. If H, be self-corresponding, it is the 
only such point, by the last theorem. If not, suppose that 
H, in the first corresponds to H, in the second. Suppose 
that there is a pair of points MN which are double for the 


* For the next three theorems see Von Staudt, Beitriige zur Geometrie der 
Lage, Nuremberg, 1858, pp. 144-6, or Wiener, ‘ Verwandtschaften als Folgen 
zweier Spiegelungen’, Leipziger Berichte, vol. xliii, 1891, pp. 651 ff. 
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involution A,H,,4,H,. There is also an involution with 
double points A,H,, and in this MN, AA,, A, A, are three 
pairs, so that 
MN AA,, KNMA,A,, MN A,A,. 
Similarly MNAH,, * MNA,H,. 
Hence MNAA,H,, KMNA,A,H,, 


and M and NV are the self-corresponding members of our two 
projective ranges. The reasoning is reversible, so that the 
theorem is proved. 

Problem 8.] Given two pairs of an involution, to find the 
mate of any point. 

This comes by a simple construction which we leave to the 
reader. 

Problem 9.] Given ABC, % A’B'C’, to find the mate of any 
chosen point. 

This transformation is the product of two involutions, 
ABO, * B’A’C, and B’A’C,, XA’B’C’. Incidentally, we have 
proved that in a projective transformation the mates of three 
members may be chosen at random. 

Problem 10.] Yo construct the circles of antisimalitude of 
two given circles. 

We mean, of course, the circles which invert the given 
circles into one another, Any circle orthogonal to both our 
circles is anallagmatic with regard to every such circle of 
antisimilitude, and it will intersect the circle of antisimilitude, 
if at all, in a pair of double points of the involution deter- 
mined by the intersections with the given circles. The prob- 
lem thus reduces to that of finding the double points of an 
involution, or the intersections of two circles given by points. 


Problem 11.] Of Apollonius. To construct a circle tangent 
to three given circles. 

We begin by finding their circles of antisimilitude two by 
two. These, when they intersect in our domain, will pass 
by threes through at most eight points, inverse in pairs in 
the circle orthogonal to the three given circles. Through each 


— 


~~ EO eine eee ——— 
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such pair of points pass a circle orthogonal to each of the 
given circles; when the points of contact of the circles sought 
exist in our domain they will be found in this way.* The 
proof consists in noticing that this is exactly the construction 
for finding the circles which touch three great circles of 
a sphere. 

Before proceeding to discuss further loci in the tetracyclic 
plane, let us look once more at the parametric representation 
already touched upon.t We begin with a slight change of 
notation, writing 


HWM, €=%, % =X, =X 


A point shall be said to be real if the homogeneous coordi- 
nates (%) be proportional to real values. The real domain of 
a sphere will serve as the best example of a real tetracyclic 
domain, the identical relation being 


—%,)+47°+67%+4," = 0, 
Ay Ag = (ty + &,): (b,— tas) = (Wy + Ws): (@y— 4), — (10) 
Hy My = (@_ + @,): (@, + Us) = (,— ahs) : (Wy —ah,). 


For a real point the isotropic parameters A,:A, and p,: My 
must take conjugate imaginary values. We therefore write 
AAQ=G&:&. pile = alee 
A real circle, or a self-conjugate imaginary one, will be 
given by an equation bilinear in (€) and (€), which is unaltered 
by interchanging conjugate imaginary values, i.e. by a Hermite 
form : sate Z 
OEE + BEE + BE oo + Chk = 0. 
Here « and ¢ are supposed to be real, 8 and 8 conjugate 
imaginaries. This may be written in a satisfactory abbreviated 
form by the aid of the Clebsch-Aronhold symbolic notation 


* Of. Pliicker, ‘Analytisch-geometrische Aphorismen’, Crelle’s Journal, 


vol, x, 1833. 
+ See Kasner, ‘The Invariant Theory of the Inversion Group ’, Transactions 


American Mathematical Society, vol. i, 1900, 
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If p and o be fixed complex multipliers, while / and m are 
real variables, the assemblage of points 
E, =lIpnjtmog; & = lpn,+ mag, (12) 
are said to form a chain. These equations are equivalent to 
requiring ¢ to be real in our equations (8). The cross ratio 
of any four points of a chain is real, and, conversely, every 
set of points on a circle, such that the cross ratios of any four 
are real, will belong to one chain.* If, in these equations, we 


allow us to take all values, real and imaginary, we have a 


parametric representation of a circle connecting the points 
(n) and (¢); by changing the constant multipliers p and o, we 
get every circle through these two points in this fashion. 

Let us write the relation between the binary and quaternary 
coordinates once more : 


(& & + &6)s 
é, = (64-44): 
oo = (&6+64), 

= (64-64): 


(vz) = ad; = 0, 


AG, = Ug $ Uy, A, Gy =U_— Wg, Gy Ay = Ug ty, Ag, = Uy— Uy, 


(13) 


If thus 


(— U0) +0, + eV, + U0) = —$|ab|-|ab b|. 


The cosine of the angle of the circles (wv) and (v) will take 
the simple form ‘ 
|ab|-|a@b| 
V\aa’ |: |aa’| V1 bb'|-| 08 


cos 0 = 


(14) 


Here w and w’ are equivalent symbols, as are b and b’. The 
condition for orthogonal intersection of two circles will be 


|ab|-|a@b|=0. (15) 
To find the inverse of the point (y) in the circle (11) we 


* The corresponding concept in projective geometry is due to Von Staudt, 
loc, cit., p. 187. 
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have merely to require that every circle through them shall be 
orthogonal to this circle : 


AG = G4 


7? : 
16 
AG = —4,4;. (18) 
§ 2. Cyclics. 


The only loci which we have so far discussed in the tetra- 
cyclic plane are circles (or chains). Let us now take up others 
of a more complicated sort. 


Definition. The locus of the vertices of the null circles of 
a quadric circle congruence shall be called a cyclic. We mean 
by a quadrie circle congruence of the tetracyclic plane exactly 
what was meant by that term in the case of the cartesian 
plane. Every cyclic will have two equations of the type 


om Ajj ei; = 0, (wx) = 0, ayy = ay. (17) 


The first of these equations has ten different coefficients. 
As, however, the cyclic is unaltered if we replace that equa- 
tion by 


Theorem 9.] Light points in general position will deter- 
mine a single cyclic, but all cyclics through seven points have 
an eighth common point also. 


The problem of classifying cyclics under the inversion 
group, that is, under the group of quaternary orthogonal 
substitutions, is the problem of classifying the intersections 
of two quadric surfaces in three-dimensional projective space, 
of which one surely has a non-vanishing discriminant. The 
modern way to do this is by means of Weierstrassian elemen- 
tary divisors applied to the two quadratic forms. We may 
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take this problem as solved, merely interpreting the known 
results in the language of our tetracyclic plane.* 


[144 1] General cyclic. 

EE i Bs Two circles, not tangent and 
neither null. 

[(1 1) (1 1)] Two isotropics of each set. 

[aaa] Not null circle counted twice. 

[(1111)] No locus. 

[22 1] Nodal cyclic. 

[(2 1) 1] Mutually tangent not null circles. 

[2 (1 1)] Null and not null circle, not 
mutually orthogonal. 

[(2 1 1)] Null circle counted twice. 

[2 2] Cubic cyclic and isotropic, not 
tangent to it. 

[(2 2)] Two mutually orthogonal null 
circles. 

[3 1] Cuspidal cyclic. 

[(3 1)] Null and not null circle, mutually 
orthogonal, 

[4] Cubic cyclic and isotropic tan- 


gent thereto. 


In what follows, unless otherwise stated, we shall confine 
ourselves to the first type, the general cyclic. A number of 
facts can be at once stated about this curve by considering 
the Cayleyan characteristics of the elliptic space curve of 
the fourth order, and re-interpreting them in our present 
terminology. 


Tetracyclic plane 7. Projective space S. 


General cyclic. Elliptic quartic space curve. 
Twelve osculating circles or- Class of developable 12. 
thogonal to given circle. 


* Cf. Bromwich, Quadratic Forms, and their Classification by means of Invariant 
Factors, Cambridge, 1906, especially pp. 46, 47. Also Kasner, loc. cit. 
+ Cf, Salmon, Geometry of Three Dimensions, Fourth ed., Dublin, 1882, p. 312, 
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Eight circles of arbitrary co- 
axal system orthogonal to 
the curve. 

Sixteen circles have four-point 
contact. 

Sixteen circles orthogonal to 
an arbitrary circle belong 
to two pencils of mutually 
tangent circles orthogonal 
to the curve. 

Eight circles orthogonal to an 
arbitrary circle have double 
contact. 
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Order of developable 8. 


Sixteen planes have stationary 
contact. 

Sixteen points on two tan- 
gents lie in an arbitrary 
plane. 


Eight planes having double 
contact pass through an 
arbitrary point. 


A simple construction for a cyclic is suggested by the 
foregoing. There is a theorem ascribed to Chasles whereby 
a line meeting two skew-lines and touching a quadrie will 
have its points of contact with the latter on a quartic. The 
easiest proof would seem to consist in writing the condition 
that the line from a point of the quadric to meet two skew- 
lines shall touch the quadric. If we take this quadric to 
correspond to our tetracyclic identity, we have 


Theorem 10.] Jf two coaxal systems be given, with no 
common circle, the locus of the points where a circle of one 
system touches one of the other will be a cyclic, general or special. 

Let us simplify the equation of our general cyclic. This is 
immediately accomplished if we remember that in the case 
of the elementary divisors [1 111] the two quadratic forms 
may be simultaneously carried by a Jinear transformation 
into two forms involving only the squared terms; in other 
words, keeping the identity for tetracyclic coordinates in- 
variant, we may write the equation of the general cyclic 


in the form 
i=8 


(aa*) => a; = 0, 
4=0 


Up Ant, #0, a; Fa; (18) 
This last equation is unaltered if we change the sign of any 
one of the a,’s, hence 
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Theorem 11.] The general cyclic is anallagmatic with 
regard to four mutually orthogonal circles. It may be 
generated in four ways by the circles of a conte serves. 


The circles with regard to which the cyclic is anallagmatic 


shall be called the fundamental circles. To prove the last 
part of the theorem, take the circle 


Y, = AX, +4; H;. 
If this be orthogonal to one of our fundamental circles, 
Nee 
It is, moreover, tangent to our cyclic at the point (~). Sub- 


stituting for (x) in the equations (18), 


2 ayn? 2 
em oe ee (19) 
a; — a; a7— a; ay— a; 


The last part of our theorem is thus proved. Let (z) and 
(s) be inverse in the circle (y) : 


Yi = 9, Ye = 82-8525. Ye = 852%, 822%. Y= 852% — 81% 
es 2 2 Fe ae 2 
(852; —8;2,) (8; 2, — 8,24) (8;21 — 812;) 


De ay, — a; ay— a; 


Theorem 12.] Zhe locus of the inverse of a fixed point with 
regard to the generating circles of one system of a cyclic is a nodal 
or cuspidal cyclic, whose double point is at the fixed point. 


If we take the equivalent cartesian figure, the fixed point 
being the point at infinity, 


Theorem 13.] The general cartesian cyclic is a cwrve of the 
fourth order with a node at each circular point at infinity ; 
and, conversely, every such curve is a cyclic. It may be 
generated in fowr ways as the envelope of a circle moving 
orthogonally to a fixed fundamental circle, while its centre 
traces a central conic, The four fundamental circles are 
mutually orthogonal, and each meets the corresponding deferent 
in four of the siateen foci of the cyclic. 
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We mean by a focus of any curve the vertex of a null circle 
having double contact therewith, this definition holding 
equally in the cartesian and the tetracyelic plane. It appears 
also that the inverse of a focus will be a focus. 


Theorem 14,] The general cyclic has sixteen foci lying by 
jours on the fundamental circles. 


If we invert in either the tetracyclic or cartesian plane the 
inverse of a general cyclic will, in the first case, always be 
a general cyclic; in the second case it will usually be such a 
eyclic except for special positions of the centre of inversion 
which we need not particularize. The foci will be inverted 
into foci also. Now in the case of the cartesian cyclic the 
foci are the intersections of isotropics, not tangent to the curve 
at the circular points at infinity. At each circular point there 
will be two tangents to the curve, and these intersect in pairs 
in four points called the dowble foci, which are not invariant 
for inversion but have a certain importance. Let the centre 
of a generating circle pass through a point of contact of a 
tangent to the deferent from a focus of the latter, i.e, a tangent 
from one of the circular points at infinity. The centres of two 
successive generating circles will lie on this line; hence the 

‘circles will touch this line and one another at a circular point 
at infinity, or 


Theorem 15.] The four deferent conics of the general 
cartesian cyclic are confocal, their foci being the double foci of 
the cyclic. 

The cyclic is completely determined by one fundamental 
circle and the corresponding deferent. The radical axis of 
successive generating circles is the perpendicular from the 
centre of the fundamental circle on the corresponding tangent 
to the deferent. The cyclic will cut the fundamental circle 
at points of contact of common tangents to circle and deferent. 
These four tangents form a complete quadrilateral. Let us 
take a pair of opposite vertices of this quadrilateral and 
construct two circles, with these points as centres, orthogonal 
to the fundamental circle, i.e. cutting it at pairs of points of 
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contact with the tangents mentioned. These circles have 
double contact with the cyclic and, so, are generating circles of 
a second family, The common orthogonal circle to these two 
and to the given fundamental circle will be a second funda- 
mental circle; the conic confocal with the given deferent and 
passing through the chosen pair of vertices of the complete 
quadrilateral of common tangents is the deferent corresponding 
to the second fundamental circle. We are thus enabled to 
pass from one generation to another.* 

The locus of the centres of gravity of the intersections of 
a cartesian algebraic plane curve with a set of parallel lines 
is a line, the line-polar of the infinite point common to the 
parallels. In the case of a cartesian cyclic, this line will 
meet the line at infinity in the harmonic conjugate of the 
point common to the parallels with regard to the circular 
points at infinity, ie. this line-polar will be perpendicular 
to the direction of the parallels. The line-polars corresponding 
to two such systems of parallels meet in a finite point O, 
whose first polar meets the like at infinity four times, i.e. 
includes the line at infinity. Hence O lies on the line-polar 
of every infinite point. If a point on the line at infinity 
approach one of the circular points as a limiting position, its 
conic polar with regard to a general cartesian cyclic will 
approach as a limit the two tangents to the cyclic at that 
circular point, and its line-polar will approach the line from 
that circular point to 0. This line will be harmonically 
separated from the line at infinity by the two tangents to the 
cyclic at that circular point We thus reach an interesting 
theorem due to Humbert.+ 


Theorem 16.] The locus of the centres of gravity of the 
intersections of a general cartesian cyclic with a set of parallel 
lines not passing through a circular point at infinity is the 
perpendicular on these lines from the common centre of the 
four deferents. 

: ao Sur une classe remarquable de courbes et de surfaces, Paris, 1873, 
p. 36. 


+ ‘Sur les surfaces eyclides’, Journal de I’ Ecole Polytechnique, vol. lv, 1885, 
p. 127 ff. 
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If we take the common centre of the deferents as origin, 
the rectangular cartesian equation of the genera] cyclic will be 


(a +42) +f2(0y) = 0. (20) 
Here /? is a quadrate polynomial from which we may remove 


the term in wy if we choose the axes of the focal conics as 
axes of coordinates. 


Let-us return to the tetracyclic cyclic from which we have 
strayed. To find the coordinates of a focus, we have 


-— a? 
ae aj? + 2)? + 2 = see's se = 
a;—a; 7.— A; ay— a; 


aa aot 


jij: ay: @ = 0: V(a;—A;) (4, —ay) : V(a,—4;) (Q—4;) 
: ¥ (a;—a,) (4;—ay). (21) 
Let us find the cross ratio of these four, which will clearly 
be an invariant of the curve. In particular, if we take the 
foci on x, = 0 and seek the corresponding values of A, :A, from 
(5), we get 
A, 2Ag = V(4,— Gy) (42-4): [ + V (4g—A9) (43-44) 
F iV (d,— My) (4, — 4) | 


The cross ratio of four points of a circle will be that deter- 
mined by four isotropics through them, as we have seen from 
the definition of the latter. Hence we have, as a cross ratio 
for four foci, 


(ty — 42) (4, — 4s) 
(1) — 45) (41 — 2) (?2) 

The six possible cross ratios are obtained by permuting the 
four letters a;. Hence we have the same sets of cross ratios 
on all four fundamental circles. 

Let us next seek the points of contact of the cyclic with 
isotropics tangent thereto. If such a point be (y), a tangent 
circle there will be y;+pa,;y;. This will be null if u?(a?y?) = 0. 
Hence the points sought are the intersections of the cyclic 
with a second general cyclic whose equation is 

(ay?) = 0. 


1702 8) 
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The coordinates of the points of contact will be 
m) 
py = 5, |1aa%s|. (23) 


These eight points will also lie on the cyclic 


L=8 


ao 


i=0 


2(a*y”) — o (ay’) = 0, (24) 


which bears to the given cyclic a curious relation. Substitut- 
ing the isotropic parameters from (5) in (18) and (24) we get 

[ (a, — 49) Pa? + (@a— Gg) Mo”) Ay? + 2 [(— Gp — Oy + Ay + Ay) My He] AAs 

+ [(@,—4s) Hy” + (gM) Hg] Xo” = 0. 

(@,— Gs)? — (a, — a)” 
(q+ Gg) — ( + Mp) 

+[ = (@y— Gg) wy? + (4 — Ap) fg” ] Ag? = 0. 


[ (ay — M%) oy? — (ig — Gg) Wy” ] Ay? + 2 


Py Hy AyAg 


Keeping either parameter fixed, we may look on these as 
quadratic equations in the other parameter, and it will be 


found that the simultaneous invariant vanishes identically ; 
hence 


Theorem 17.] A general cyclic has a covariant cyclic so 
related that every isotropic of either set intersects the two in 
pairs of harmonically separated points. The relation of the 
two cyclics is mutual, and at every intersection each curve is 
tangent to one of the rsotropics through that point.* 


This covariant is simply expressed in our symbolic nota- 
tion.t Let our cyclic be 


De 8) oe 
he ay = +(). 
The covariant is 


| ab a | U | a a’ | De a,’ Oz Oz == (0 


* This excellent theorem was discovered by the Author’s former pupil, 
Mr. Lloyd Dixon, but never published. 

t Kasner, loc. cit., pp. 480 ff., gives a list of concomitants with their 
geometric properties. Those which follow are from this source, 


= 
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We see, in fact, that if (& be fixed the roots of these two 
quadratics in (€) divide one another harmonically. Or we may 
reason otherwise. The circle 


is called the polar circle of (é). It contains the harmonic 
conjugate of (é’) with regard to the intersections of the iso- 
tropics through that point with that cyclic. The covariant 


cyclic is the locus of points whose polar circles are null. If 
we add to our equation (18) such a multiple of (yy) that 


i=3 


the equation of the covariant becomes simply 
(3737) = ©. (25) 
The polar circle of (y) will be 
=3 
> a,y;%; = 0. (26) 
i=0 


Another covariant circle is the autopolar circle 


Ye%; _ (27) 


This is orthogonal to the polar circle of every point on the 
null circle whose vertex is (y). The locus of points lying on 
their own autopolar circles will be another covariant cyclic: 


G a?) = 0. (28) 


The circles of different generations of a cyclic are connected 
by an interesting relation which we shall now develop. Let 
(y) be a circle of one generation : 


2 2 2 
ree Ui” YK V1 
y? = — 
Yi Qj— A, A, —- A, — O 
02 


== (lh 
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a;—- a; ; 
y= s = = Vets Jy, 
a 1} 
dad a ap BE 
(yy) = TL + r- a, 2! 
In the same way, if (z) and (z’) be two circles of another 
generation, 
aj, — Ui) t—;) 5 
zz) = —*— 2/7, 
aie Gpaa a (4—a;)! 


(2’2’) — (4,—4) Z 24 (4-4) ,, 


(%j,—4;) k (aq —4a; i i 
cos 42 = Yn%e t YI 
(OSS 4 are (aj —4;) apn? (aj,.— a;) Z eee (4,—a@;) i 
N (&.—4;) (a—4;) (@,—@;) © (a, —@;) 


cos X_ yz cos X_ yz’ F sin X yz sin X yz’ 
(a,—4;) (@—%) , xi | +4," ee. @;) (a, — 4) 


a, — ay— a; ay,— A; ay— a; 7, — A; a — a; 
( & ye rk 7) We) is v ae - if a ze k u z 12 me 1 t 
7,— a; a,— a; Qj, — : ay — a; Q7,— k “a; 
ay, — 
= j —4 
NE _ a; a2 _ ay _ Cb; 2? NE — a, ~. 12 vs ay a; 2 12 
Ay,— a; a— a; yj, — Ay : aa; : 


This expression is independent of (y), thus giving an 
admirable theorem.* 


Yi *| a, a, + 21,24 + a2 | 


* Jessop, ‘A Property of Bicireular Quarties’, Quarterly Journal of Math. 
vol. xxiii, 1889. : 
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Theorem 18.] The sum or difference of the angles which all 
curcles of one generation of a general cyclic make with two fixed 
_ etreles of another is constant. 

This theorem enables us to give an invariant geometric 
definition of the cyclic. 


Theorem 19.] The envelope of circles orthogonal to a fixed 
curcle the sum of whose angles with two other fixed circles is 
constant is a cyclic. 

This is essentially, II. 26], proved without the aid of non- 
Kuclidean geometry. If we pass to the limiting case where 
the cyclic becomes a pair of circles we reach another proof 
of II. 14]. 

The generating circles tangent to our cyclic at the point (a) 
will be 


¥%=09, y; =(4;,-4,) Gi, Y= (%—-%) MH Y= (4 — 4) &. 


Permuting the indices, and taking the cross ratio of the 
four, we get 
(4;—4@;) (4, — 4) | 
(4;— 4) (4, —4;) 


Theorem 20.] The cross ratios of four generating circles 
tangent at the same point are those of the four foci om any 
fundamental circle. 

This theorem can be easily generalized. Passing over to 
the cartesian plane, let P and Q be any two points of a general 
cyclic. Inverting, with P as centre of inversion, we get an 
elliptic cubic curve. The cross ratio of the four tangents to 
this curve from the inverse of &, is independent of the position 
of the latter on the curve, by Salmon’s theorem ; hence 


Theorem 21.] The cross ratio of four circles through two 
points of a cyclic tangent to the curve at other points is equal 
to that of four concyclic foci. 

We find the coordinates of the osculating circle at (x) as 


folows. We write 
Yj aed AX; +A; 2;. 


=) | A, j 


ioe 


a, Since : . a Ne 
(yd2x) = 0, (dada) = —(ad?a), Sy daz = — 2 a,a,d? i ; 


i=0 
\ (dada) + (ada*) = 0. 


Let us assume (udx) = 0. 


i=8 


(adx) = > a;u,dz,; = (udx) = =a 


yy, Oh 


pdx, =| aj,; Oy}, AX] |, 
Uy; Uy, Uy 


V a;@; V7 7,2}, 
d se 
x; : 
——= = / a: 
p ajay, J 


be 


¥6 


oe 
d (wa?) F lly Moats (— a ) =0; 


1 % 
aC oD i (29) 


Theorem 22.] Twelve osculating circles to a general cyclic 
are orthogonal to an arbitrary circle, 

Theorem 23.] The evolute of the general cartesian cyclic is | 
of the twelfth order. 


We may get the class of a cartesian cyclic, and also of its” 
envelope, from one same formula. The circle tangent at (a), 
which is orthogonal to (s), will be 7 


n=|Sayqs]e- — (xs) a;0;. 


j=90 


\ 
¥v 
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This will be orthogonal to (¢) also if 


J=3 a= 3 
>a a, %;8; (at) — > 4x;t; (a = 0. 
J=0 Z7=0 


Adjoining the equation (18) we see 


Theorem 24.] Hight circles of an arbitrary coaxal system 
will touch a general cyclic. 

Theorem 25.] The class of the general cartesian cyclic is 
eight. 

This agrees with Pliicker’s equations. If the coaxal system 
be a concentric one, we see 


Theorem 26.] The class of the evolute of a general cartesian 
cyclic is eight. 

A circle in the cartesian plane is an adjoint curve to the 
general cyclic. We may thus apply Nother’s fundamental 
theorem and the residue theorem. 


Theorem 27.] If a circle meets a cyclic in ABCD, while 
a second meets it in ABC, D,, and a third meets it in A,B, CD, 
then A,B,C, D, are concyclic. 

When the cycle has a node we may invert into a conic. 
The theorem is easily proved for a conic; hence it is true 
of the universal cyclic. 

Numerous simple and easy corollaries follow from this 
theorem.* 


Problem 12.] To construct a tungent circle at a given point 
of « cyclic passing through another given point. 

Let the given points be A,B,. Suppose that the pair of 
points A,B, is coresidual to the pair A,B, on the cyclic, that 
is, both are concyclic*with the same pair of the cyclic. Let 
A, B,/ be coneyclie with A, B,, and on the cyclic, ie. residual 
to A,B,; then A,B, and A,B/ are residual, or the circle 
through A, B,B,’ is tangent at A,. 


* Cf. Saltel, ‘Théoreémes sur les cycliques planes’, Bulletin de la Société 
mathématique de France vol. ili, 1874, pp. 96 ff. 
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Problem 13]. To construct the osculating circle at a gwen 
point. 

Let A, be the point. Construct a tangent circle there, and 
let A,B, be the residual pair. Let A,B, be residual to 4,B,, 
and let A,’ be residual to A,A,B,. Then the circle tangent 
at A, and passing through A,’, which can be constructed by 
the last problem, is the circle required. 


Theorem 28.] The locus of pairs of points concyclic with 
each of three given pairs of points, no two of which are con- 
cyclic, is a cyclic. 

We may, in fact, pass a cyclic through the six given points 
and through one pair of the locus. The residuation with 
regard to this cyclic will give pairs of points concyclic with 
the given pairs. 

Problem 14.] Yo construct a cyclic through eight given 
points. 

Let the points be .4,,.B,, A, B,C,D, £,#. Omitting the point 
F, we have oo! eyclics with one other common point L, by 9]. 
We find this-point as follows. Let the circles A, B,C and ABC 
meet again in O”; let the circles A, B,D and ABD meet again 
in D’; let CC’E and DD’E meet again in £’. The cyclic deter- 
mined by pairs of points concyclic with A,B,, AB, FE’ will 
contain all of our given points but /. A second such eyelic 
may be found by interchanging the réles of D and £. Now 
take an arbitrary circle c through A,B,. The pencil of eyclics 
through A,, B,, A, B, C, D, E meets c in pairs of points. The 
circles through such pairs, and through a fixed point V, will 
be a one-parameter family linearly dependent on two of its 
members, i.e. a coaxal system. Two circles of the system 
may be determined from the two cyclics just found, and so 
the other fixed point V, of the coaxalsystem. Replacing H by F 
we find V,, which plays the réle formerly played by V,. Let 
the circle VV,V, meet c in A,B,. Then A,B, are two points 
of the cyclic sought. We may find two such on every circle 
through A,B,; the construction is thus complete. We may 
also, with the aid of the two preceding theorems, find tangent 
and osculating circles to the cyclic given by eight points. 
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Suppose that we have in the cartesian plane two sets of 
four circles. By taking one circle from each set we have, 
in all, sixteen pairs of circles. Let one intersection of each 
of fifteen pairs lie on a given cyclic; one intersection of the 
sixteenth pair will lie thereon also. We see, in fact, that 
a linear combination of the product of the equations of the 
first four circles and of the product of the equations of the last 
four will be a curve of the eighth order, with each circular 
point at infinity as a quadruple point. These curves have 
sixteen infinite and fifteen finite fixed intersections with our 
eyclic. If there were one variable intersection the cyclic 
would be a rational curve, which it is not. Hence our cyclic 
contains sixteen intersections of pairs of circles. It is to be 
noted that the other sixteen lie on another cyclic, for a curve 
of the family containing a seventeenth point of the given 
cyclic would degenerate into that and another cyclic. We 
. Inay restate our theorem in better form. 

Theorem 29]. If three circles meet a general cyclic wn 
A,A,A,A,, B,B,B,B,, C,C,0,C, respectively, and if each of 
the four points D; be residual to the corresponding triad 
A;B;C;, then D,D,D,D, are concyclic.* 

The limiting cases of this theorem are more interesting than 
the general one. 

Theorem 380.] The osculating circles at four concyclic points 
of a cyclic meet the curve again in four concyclic pornts. 

If the first three circles have four-point contact. 

Theorem 31.] A circle which meets a cyclic in three points 
where the osculating circles have four-pornt contact meets the 
curve again in such a point. 

There are, as we have seen, sixteen of these points. Let us 
look a little more closely at their position. To begin with, 
a circle with four-point contact is a generating circle, so that 
our points lie by fours on four fundamental circles. If we take 
two of our points on one fundamental circle they are mutually 

* Lachlan, ‘On a Theorem relating to Bicircular Quartices’, Proceedings 


London Math. Soc., vol. xxi, 1891, pp. 276 ff. Cf. Schroter, Grundziige einer 
reingeometrischen Theorie der Raumkurven vierter Ordnung, Leipzig, 1890. 


4 
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inverse in one of the other fundamental circles. Another 
pair of points of four-point contact not on either fundamental 
circle so far mentioned, but mutually inverse, can be found in 
four ways. We may thus find two pairs of points of four- 
point contact mutually inverse in one of the fundamental 
circles in forty-eight ways. Lastly, we may find four points 
of four-point contact, one on each fundamental circle, in sixty- 
four ways. There are thus 116 circles, each of which meets 
the cyclic in four points of four-point contact. The coordinates 
of these points are easily found by taking the intersections of 
the curve with each fundamental circle: 


x,=0, C= SE Vv 0y,— 4, Ly, = aia Vay —4;, X= + V Gy — Uy. (30) 


We have already seen that twelve osculating circles are 
orthogonal to a given circle. If the given circle be null, its 


vertex on the curve, three of these will be accounted for by - 


the osculating circle at that point. 


Theorem 32.] Let the osculating circles at the points 
A,,A,,...,A, meet the general cyclic again at A, those at 
B,; By, ..., By, meet vt at B, those at Cy>C,;...,C, meet ut at C, 
and those at D,,D,,...,D, meet it at D; then, if the points 
A, B,C, D be concyclic, the points A;, B;, C;,, Dj lie on 729 
corcles. 


Theorem 83.] Jf the osculating circles at A,, Ag, ..., Ay 
meet the general cyclic again at A, while those at A, B,,..., By 
meet it at B, then the points A;, A;, Aj, lie by threes on eighty- 
Jour circles, each of which contains a point B,. 


Theorem 34.] Let A, B, C, D be four concyclic points of 
a general cyclic. Let the four generating circles which touch at 
A touch the curve again respectively at A,, A,, Aj, Ay, and so 
for B,C, D. Then the points A;, B;, C),, Di lie by fours on 
siaty-four circles. 

The theorems of intersection and residuation for the general 
cyclic are best handled by the parametric representation of 
the curve with the aid of elliptic functions. This, of course, 
is essentially a familiar process, being one of the classical 
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examples of the application of elliptic functions to geometry.* 
We first replace our equations (18) by 


(Ay — As) @y? + (4, — As) ay? + (4g — As) X_" = 0, 
(4 a a) Iq" 2 (a, ae ty) @,7 ais (a, — ay) ig =. (0); 


Let us then write 


ea [Beh aie e = [eae ?. 
3 — Ay Xo sg — A Xo by — Ay Ly 


j= (1 = Mp) (1g — 44s) 
(@y — As) (4) — Ga) 
It is to be noted that k? is one of our fundamental cross ratios. 
These equations are equivalent to 


“x= snu, 
y = cnu, (32) 
z=dnu. 


The right-hand sides of these equations are the Legendrian 
elliptic functions of periods 4/4, 47k’. There will be a one to 
one correspondence between the points of the cyclic and the 
values of w in a period parallelogram of sides 4k, 47k’. 
Four points u,, U,, U3, U, will be concyclic if t 

U, + Ug + Us +U, = 0 (mod 4k, 47k’). (33) 

To prove 27], let 

Uy + Ug + Uz +U, = 0 (mod 4k, 42k’), 
U1 + Uy + Vz; +, = 0 (mod 4k, 4th’), 
UV, $0_ + Us + Uy = 0 (mod 4h, 42k’). 
Then UV, + Vy, + 03 + UY, = 0 (mod 4k, 42k’). 


* Of. e. g. Appell et Lacour, Principes de la théorie des fonctions elliptiques, Paris, 
1897, ch. v. 
+ Ibid., p. 163. 
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To prove 29]. If 

(mod 4k, 47k’), 
mod 4k, 47k’), 
mod 4k, 47k’), 
(wod 4k, 42k’), 
(mod 4k, 4th’), 
( 
( 


Uy + Ug +t U,+U, = 9 
VW, +0, +U,+U, = 0 ( 
W, + Ug + Uz + Wy = O ( 
U,+ 0, +0,+,= 9 
Uy + Vg + We+ W,= 0 

0 (mod 4k, 4k’), 
Ut U4 +U,+ WwW, =0 (mod 4k, 42k’). 


Us + Uz + W3 + Ws = 


Then Wy + Wy t+ Ws, + W,= 0 (mod 4h, 42k’). 


Let us next take up 34] in detail. Ifa point A = u, be 
chosen, the other points of contact of generating circles tangent 
at A are 

—U,, —U,+2k, —u,t+2th, —u,+2k4 20k’. 

(a) If the generating circles tangent at AA;, BB, CC, 
belong to the same generation, that tangent at DD, belongs 
to the same generation also, for the circles A, B, C, D and 
A;, B;, C;,, D, ave interchanged by inverting in the corre- 
sponding fundamental circle. 

(b) Let the circles AA; and BB; belong to one generation, 
while CC), belongs to a deoonds we iaay write 


A = W,, Ee —W; 
B=v,, B= —-n, 
C=w,, Ch= —w,t+2k. 


Then D= —(u,+v,+u,), Dy, = (u,+0,+w,)— 2h. 
This shows that CC; and DD;, belong to one generation. 


(c) If AA;, BB;, and CC;, belong to different generations, 
then DD, uae halone to the fourth generation, as otherwise 
we should be in oonniee with (b).* 


* Lachlan, Bicircular Quartics, cit., seems vathor. afraid of 34], as 48 
says, p. 278 : ‘But it would seem in the above reasoning that the three 
bitangent circles at ABC need not necessarily belong to the same system,’ 
Of course they need not! 


— 
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The osculating circle at v will meet the curve again at 
W= —3. 
The point w lies on the osculating circles at the nine points, 
w 4mk 4nik’ 


= — 
. eae 3° 


i. Oral one oe ied Oe 


The points where the osculating circles have four-point 
contact are 


Uu=mk+nk’, m= 0,1,2,3, nm =0,1, 2,3. 


Besides the study of individual cyclics there is not a little 
of importance in the study of systems of cyclics. The most 
interesting systems are the confocal ones. We shall define 
these as the loci of the vertices of the null circles of a system 
of confocal quadric congruences, these latter being defined 

_ exactly as in the cartesian case. Analytically, we replace our 
cyclic (18) by 


> = age = (ax) = 0, (34) 


where d takes all possible values. The expression for the 
coordinates of the foci in (21) will be unaltered, so that con- 
focal cyclics have the same foci. We shall presently see that 
the converse is not always the case. If we look upon (z) 
as fixed in (34), we have a quadratic equation in A, for the 
coefficient of A? will vanish in virtue of our fundamental 
identity. There are thus two confocal general cyclics through 
each point in general position. If these correspond to the 
parameter values d and X’, we have for two tangent circles 
to the two curves at 

a; 2; 


(oe ae Sak ies ee 
ae Tio... Gael — a, 


Since (x) lies on both eyclies, we have 
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Subtracting one equation from the other we get 


t=38 
a; a, 
2 mere (—y74,) ee 


This yields, however, 

(yy) = 9 

Theorem 35.] Through each point in general position wm 
the tetracyclic plane will pass two confocal general cyclics of 
a given system, and these two intersect orthogonally at that 
point. 

We mean by a point in general position one where the 
roots of the quadratic in A are distinct, i.e. a point not on 
the isotropics, which are the envelope of the system. 

Confocal cyclics in the tetracyclic plane will correspond to 
confocal ones in the cartesian plane. There are some advan- 
tages in studying the latter rather than the former, as we shall 
now show. We begin with the differential equation 


du dv 
V (1 =u?) (1—k2u%) (1 —v*) (1 — hv?) 
These lead to the solution 


dw = 


(35) 


wu = snw, 
v = sn(w—d), 
where « is the constant of integration. Eliminating w, we 
get * 
aur? + bu2u + cwv? + du? +ev2?+fu+gqu+h = 0. 
If we give w and v the following values, 
U=aH+y, v= a—wW, 
we see that we have the general cartesian cyclic. By varying 


a we get a one-parameter family of cyclics, and these have 
the same foci. We see, in fact, that in (35) 


_ 


dw = 0 if w= 44, Mint i 


* Darboux, Sur wne classe, cit., p. 76; Appell et Lacour, loc. cit., p. 129. 


' — o> = 
ue 
+ YY 
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1 
Hence +1 and + z are the values of the isotropic para- 


meters corresponding to the tangent isotropics of the two 
systems. The fact that we have the same quadratic expression 
on both sides corresponds to the fact, proved at once by 
inversion, that the two triads of tangent isotropics of the two 
systems have the same cross ratios. Suppose, conversely, 
that we have a general cyclic. The tangent isotropics of the 
two systems have the same cross ratios, and, by a linear 
fractional transformation of wu and v, we may make these 


tangents correspond to the parameter values +1+ a Then 
the one-parameter family of cyclics given by (35) will include 
the given cyclic. If uv be known, the two values of ey 


du 
obtained from (35) differ only in sign, i.e. the curves intersect 


-at right angles. 


Let us consider what will be the effect on (35) if we subject 

v to such a linear transformation, 

ya wts 

yu +8? 
that the denominator on the right is covariant. There are 
four conceivable types of such transformation, when the tan- 
gent isotropics are all different. 

(a) The tangent isotropics are interchanged in pairs. This 
will be done by the involution whose double members separate 
the interchanged pairs harmonically, i.e. the double members 
are a pair of roots of the sextic covariant of the quartic form. 
The sextic covariant has the property that each pair (not 
each two) of its roots separates harmonically two pairs of the 
roots of the quartic. If we take for the roots of the sextic 


Geel olen l, Gps. 


the three involutory transformations of the quartic into 


itself are : 1 
= —-—vy, VS=—> Yo--; 
VY, v 


these will change the right-hand side of (35) at most in sign. 
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(b) The roots of the quartic are permuted cyclically. Here 
we reduce the sextic to the previous form, The quartic will 
involve only even terms, and not lack the term in v‘. The 
transformation will carry the sextic into itself, and it is easy 
to see that it will leave one pair of roots of the sextic in place. 
Hence we shall easily find that it is of the form * 
v+i .v—1 v+e v—t 


1 
- ”) u . : 
v Z Pe = v+1- sae —~ V+4 


tv, + 


These will all leave the whole right-hand side of (35) in- 
variant, except for sign. 


(c) One root of the quartic is left in place, the other two 
permuted. The roots here have at most two cross ratios, 
instead of the usual number of six, i.e. they must be equi- 
harmonic. Under these circumstances we may rewrite (35) 

gs Meee 
Jueti Sve+1 


the transformations to be effected on the right are 


(36) 


v=o, V=oty, io STI, 


The right-hand side of (36) will be multiplied by +o or 
+w*, and we get two new confocal systems with the same 


foci. The angle of the curves = = is, by Laguerre’s 
projective definition, es times the logarithm of the cross ratio 
wit ee l ( 
of the four quantities 0, 0, 7, EES. 
Plo. 
0 = a . 
3 


The six curves through any point make equal angles with 
one another. 


(d) One pair of roots remain in place, the others are inter- 


* These are the transformations of the tetrahedral group. Cf. Weber, 
Lehrbuch der Algebra, second ed., Braunschweig, 1899, vol. ii, p. 274. 
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changed. Here the roots must form a harmonic set. If we 
take two of them as 0 and «, we may replace (35) by 


du oe dy 
Vu (wl) Vv) 


(37) 


The change of v into —v will multiply the right-hand side 
by +2. 


Theorem 36.] There is but one set of cyclics having the 
same foct as a given general cyclic, namely, those confocal with 
it, except where the tangent isotropics form a harmonic or an 
equiharmonic set. In the harmonic case four cyclics pass 
through each point in general position, making successively 


T . . . . . 
angles of re the harmonic case six cyclics will pass through 


: ’ ’ . us 
a general point, making successively angles of B - 


The tetracyclic plane does not seem to offer such a promising 
field for further study as some other parts of our subject. The 
subject of problems of construction might certainly be carried 
further. Something might be done to line up our analytic 
work with the large amount of literature dealing with the 
geometry on a sphere in general, and the study of sphero- 
conics in particular. There are doubtless also numerous 
theorems of interest concerning special types of cyclics still to 
be discovered. Some of these, such as the lemniscate, have 
been already extensively treated. It is never safe to say that 
any branch of mathematics has been explored to the end; 
merely, in this case, the outlook is less promising than in some 
others. 


* The equiharmonic case seems to have been discovered by Roberts, ‘On 
foci, and confocal Plane Curyes’, Quarterly Journal of Mathematics, vol. xxxv, 
1904. It is not clear how he was first led to his results: had he made an 
exhaustive study of the transformations of the quartic into itself he could 
not have overlooked the-simpler harmonic case. 
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CHAPTER V 


THE SPHERE IN ELEMENTARY GEOMETRY 


§ 1. Miscellaneous Elementary Theorems. 


THE elementary geometry of the sphere is closely allied to 
that of the circle, or, rather, to certain portions of the latter. 
Theorems about the circle, which are largely descriptive in 
character, carry over easily into three dimensions. On the 
other hand, the sphere has no simple property corresponding 
to the invariance of the angle inscribed in a given circular 
arc. For this reason we fail to find in the case of a sphere 
many theorems corresponding to the most beautiful metrical 
ones associated with the circle. 

The likeness between circles and spheres extends beyond 
individual theorems to general methods of proof. Often the 
procedure which is applicable in one case may be directly 
transferred to the other. Furthermore, a goodly number 
of theorems, where all the spheres involved have collinear 
centres, may be obtained from the corresponding circle 
theorems by rotation about an axis. For this reason it will 
be possible in the present chapter to omit the proofs of 
a considerable proportion of the theorems, leaving to the 
reader the task of referring back to the corresponding cases 
in Ch. I. To facilitate such reference we shall follow much 
the same order as there prevailed. 

All figures considered in the present chapter shall be 
supposed to exist in the finite real domain of Euclidean space, 
the domain of elementary solid geometry. Points, lines, and 
angles have the same meaning as before. Let us mean by 
a plane the surface generated by lines meeting in distinct 
points any two sides of a given triangle. The portion of 
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a plane on one side of one of its lines shall be called a half- 
plane. It two non-coplanar half-planes be bounded by the 
same line, the region which includes all segments whose 
extremities lie in these two half-planes shall be called their 
interior dihedral angle, or, more shortly, their dihedral angle. 
The remainder of space shall be their exterior dihedral angle. 
Four non-coplanar points determine four triangles, and the 
figure bounded by them is called a tetrahedron, the triangles 
are its faces, their planes its face-planes, the sides of the 
triangle are the edges of the tetrahedron, their lines its edge- 
lines. ‘The meanings of such words as vertex, face angle, 
dihedral angle, trihedral angle of a tetrahedron are immediately 
evident. A line through a vertex perpendicular to the 
opposite face-plane is called an altitude line, the portion 
between the vertex and the intersection with the plane is 
the altitude, the extremities of the altitude are the vertex 
- and its foot. 

The locus of points at a given distance from a given point 
shall be called a sphere. Centre, radius, diameter, diametral 
line have meanings conformable to those used for a circle. 
Spheres of equal radius shall be called equal. 

Let a sphere be given with centre O and radius r. Let 
P and FP’ be two such points collinear with O that 


(OP) x(OP’”) = 1°. (1) 
Each is said to be the inverse of the other in the given 


sphere. The sphere is called the sphere of inversion, its 
centre and radius the centre and radius of inversion. 


Theorem 1.] very point except the centre of inversion 
has a single definite inverse with regard to a given sphere. 


Theorem 2.] The sphere of inversion is the locus of points 
which are their own inverses. Points outside the sphere will 
invert into points within, points within, other than the centre, 
will invert into points without. 

Theorem 8.] Mutually inverse points are harmonically 
separated by the intersections of their line with the sphere 


of inversion. 
P 2 
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Theorem 4.] Jf A, B,C, D be four pornts, and A’, B,C’, D’ 
their inverses, 
(AB)(CD) _ (A’B) (CD) | 
(AD) (OB) (A’D’) (C'B’) 


Theorem 5.] The angle at which two cwrves intersect is 
equal in absolute value to that made Ly their inverses. 


This is easily proved when we remember that two trihedral 
angles are symmetrical if two face angles and the included 
dihedral angle are equal to the corresponding parts in the 
other, but arranged in opposite senses. 


Theorem 6.] The angle at which two surfaces intersect is 
equal to that made by their inverses. 


Any locus which is its own inverse shall be said to be 
anallagmatic. 


Theorem 7.| An anallagmatic curve or surface cuts the 
sphere of inversion orthogonally at every intersection which 
is a simple point of the curve or surface. 


Theorem 8.] A plune through the centre of inversion is 
anallagmatic. 


Theorem 9.] A sphere through any pair of inverse points 
is anallagmatic; every sphere cutting the sphere of inversion 
orthogonally is of this sort. 


Theorem 10.] The inverse of a plane not passing through 
the centre of inversion is a sphere passing through that point, 
and vice versa. 


Theorem 11.] The inverse of uw sphere not passing through 
the centre of inversion is a sphere of the same sort. 


Theorem 12.] The inverse of a circle not passing through 
the centre of inversion is a like circle, the inverse of a circle 


passing through the centre of inversion is a line not passing 
through that point, and vice versa. 
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Theorem 13,] A circle passing through a puir of inverse 
povnts, or a circle or line orthogonal to the sphere of inversion, 
is anallagmatic. 


Theorem 14.] If two figures be mutually inverse with 
regard to a sphere, their inverses with regard to a second 
sphere, whose centre is not on the first, are mutually, inverse 
in the inverse of the first sphere with regard to the second. 
When the centre of inversion is on the first sphere, the inverses 
are the reflections of one another in the plane into which the 
jirst sphere is transformed. 


Theorem 15.] Jf two figures be mutually inverse with 
regard to two spheres, they are mutually inverse with regard 
to the inverse of one sphere in the other, or are reflections of 
one another in the plane which is the inverse of one sphere 
in the other. 


Theorem 16.] Jf an anallagmatic surface do not contain an 
anallagmatic series of circles, it is the envelope of a two-para- 
meter family of anallagmatic spheres whose centres move on @ 
jiaed surface called the deferent, and, conversely, the envelope of 
every such system of spheres, if a surface, will be an anallag- 
matic one. The line connecting corresponding points on the 
anallagmatic surface is the perpendicular from the centre 
of inversion on the corresponding tangent plane to the 
deferent. 


Theorem 17.] Aw anallagmatic surface which contains a 
one-parameter family of anallagmatic circles, which are lines 
of curvature, is the envelope of a one-parameter family of 
anallagmatic spheres, and vice versa. 

These last two theorems belong more properly in the 
domain of differential geometry, the last one arising from 
the well-known fact that every evolute of a circle is a point, 


Theorem 18.] Jf two spheres be mutually inverse, the centre 
of inversion is a centre of similitude for them, the ratio of 
similitude being in absolute value that of their radii. 


It is immediately evident that two non-concentric spheres 
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of unequal radii have two centres of similitude, the ratio 
being positive in one case, negative in the other. 


Theorem 19.] Any two spheres of unequal radius are 
mutually inverse with regard to one real sphere. When they 
intersect in a real circle they are mutually inverse with regard 
to a second such sphere. When they do not intersect or 
touch and are not concentric, there is another sphere of such 
a nature that the two are interchanged by wn inversion in 
this sphere followed by a reflection in tts centre. 


A sphere with regard to which two spheres are mutually 
inverse is called a sphere of antisimilitude for them; its 
centre is one of their centres of similitude. We shall also 
define as the power of a point with regard to a sphere its 
power with regard to any circle of the sphere coplanar 
with it. 


Theorem 20.] The locus of points whose powers with regard 
to two wnequal and non-concentric spheres are proportional 
to the squares of the corresponding radii is the sphere having 
as diameter the segment bownded by the centres of similitude 
of the two spheres. 

This sphere shall be called the sphere of similitude of 
the two. 


Theorem 21.] Jf three wnequal spheres be given, no two 
concentric, a line connecting a centre of similitude of one 
pair with a centre of similitude of a second pair will pass 
through w centre of similitude of the third pair. 


Theorem 22.] Jf a sphere touch two others, the line con- 
necting the two points of contact will pass through a centre 
of similitude or be parallel to the line of centres. 


Theorem 23.| Jf fowr spheres be given, no two concentric or 
equal, nor with their four centres coplanar, they will determine 
in pairs twelve centres of similitude. These lie by sixes in 
planes through three centres of given spheres, and by threes 
on sixteen lines. Fowr such lines pass through each centre 
of similitude, four lie in each plane through the centres of 
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three spheres, and fowr in each of eight other plunes, whereof 
two pass through each of the sixteen lines. The centres of 
similitude lie by sixes in these twelve planes. 

To prove this theorem let the spheres be s,, 8,, 83, 8. The 
external centre of similitude of s; and s, shall be C,,, their 
internal centre C;;’. Then by I. 31] the following triads are 


collinear : 
rd & 
Ci; Cin Cres Cys Coy’ Ch. 


Hence C;; Cj, Cy; Cy’ Cy’ Cha’ are coplanar, and of these 
there are four. Similarly C;; Cj Cy’ Cy’ C;;, C7’ are coplanar, 
and here there are three. Lastly, C,;0;, C1 Ci, Ci Cyy are 
coplanar. The twelve planes may be grouped to be the face- 
planes of three tetrahedra. Every face-plane of one tetra- 
hedron, and every face-plane of a second, will be coaxal with 
a face-plane of the third, thus giving the well-known desmic 


configuration of Stephanos.* ‘Three parallel planes are here 


' considered coaxal, and the word tetrahedron means any four 


planes, no three coaxal. 


Theorem 24.] The radius of the inverse of a sphere not 
through the centre of inversion is equal to that of the given 
sphere multiplied by the square of the radius of «version, and 
divided by the absolute value of the power of the centre of 
inversion with regard to the given sphere. 


Theorem 25.] The inverse of the centre of a sphere not 
through the centre of inversion is the inverse of the centre 
of inversion with regard to the inverse of the given sphere. 


Theorem 26.] The inverse of the centre of a sphere through 
the centre of inversion is the reflection of the centre of inversion 
in that plane which is the inverse of the given sphere. 


Theorem 27.] Any two non-intersecting spheres may_ be 
inverted into concentric spheres, the centre of inversion being 
on ther line of centres. 


* ‘Sur les systemes desmiques de trois tétraédres’, Bulletin des Sciences 
mathématiques, Series 2, vol. iii, 1879, pp. 424 ff. 
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The three-dimensional analogue of Steiner’s chain of succes- 
sively tangent spheres is neither easy nor attractive except in 
special cases.* The criterion for five spheres tangent to a 
sixth is not neatly expressible except in determinant form, 
so that we pass it over till the next chapter. Let us turn to 
the relations of a tetrahedron to certain special spheres. In 
particular, let us search for something to correspond to the 
nine-point circle. It will be remembered that one method 
of finding that circle is to treat it as the pedal circle of two 
isogonally conjugate points. In a similar spirit we now take 
up the question of isogonal conjugates in three dimensions. 

Let two half-planes be given forming a dihedral angle, 
but not coplanar. IfP be any point not in either plane, and Q 
any point in that plane through the edge / of the dihedral 
angle, which is the reflection of the plane P/ in the bisector, 
then the points P and Q are said to be isogonal conjugates 
with regard to the dihedral angle; the relation between the 
two is clearly reciprocal. If P,Ps, QaQs be the feet of 
the perpendiculars from P and Q on the two planes, 


(Pia) es (QQ) 3 
(PPg) (QQ) 


If P move parallel to the edge / till it fall into the plane 
Q4QQe at P’, while Q moves parallel to / till it reaches Q’ in 
the plane P, PPg, then, by I. 66], Py’ Pa’, Qa Qe lie on a circle 
whose centre is the middle point of (P’Q), while P,P, Qy Qe’ 
lie in a circle whose centre is the middle point of (PQ’). 
Hence P,Pg and Q,Qe lie on a sphere whose centre is the 
middle point of (PQ). 

We next take a trihedral angle. The locus of points isogo- 
nally conjugate to a point which does not lie on any edge of 
this trihedral angle with regard to two of the dihedral angles, 
is a line through the vertex, and since the feet of the perpen- 
diculars from two such points on the three face-planes lie on 
a certain sphere whose centre is half-way between them, we 
see that they are isogonally conjugate with regard to all three 
dihedral angles. Lastly, we take a tetrahedron. We see that 


* Vahlen, loc. cit. 
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every point not on any edge-line has a definite isogonal con- 
jugate with regard to all six dihedral angles. If, thus, we 
define as the pedal sphere of a point that which passes through 
the feet of the perpendiculars, thence to the face-planes of 
a tetrahedron, we get the interesting theorem * 


Theorem 28.] If two points be isogonally conjugate with 
regard to a tetrahedron, they have the same pedal sphere, whose 
centre is mid-way between them. 

We reached the nine-point circle as the pedal circle of the 
centre of the circumscribed circle and the orthocentre. Let us 
try a similar method here. We must first notice that, by I. 199] 
and 201], the locus of points whose powers with regard to two 
spheres differ only in sign is a sphere whose centre is mid-way 
between theirs. Let us call this their radical sphere. 


Theorem 29.] The locus of the centre of a sphere which 


_ts cut by one of two given spheres orthogonally, and by the 


other in a great circle, is their radical sphere or a portion 
thereof. 

Let us anticipate our future work to the extent of assuming 
that if four spheres be given with non-coplanar centres, there 
is just one point which has the same power with regard to 
all four. This shall be called their radical centre. If it be 
without the given spheres, it is the centre of their common 
orthogonal sphere; if within them, the centre of a sphere cut 
by all in great circles. Suppose, then, that we have given 
a tetrahedron, and the circumscribed sphere. We may find 
four spheres each having as a great circle a circle cut by 
a face-plane from s. The centres of these four spheres are 
not coplanar, there is a sphere s’ which is either orthogonal 


to all or cut by all in great circles. If s’ be orthogonal to 


the four spheres whose centres are in the face-planes, we see 
that these centres are on the radical sphere of s and s’. In 
any case, it is quite easy to prove trigonometrically that the 
centres of s and s’ are isogonal conjugates ; hence + 

* Of, Neuberg, ‘Mémoire sur le tétraédre’, Mémoires couronnés de V Académie 


royale de Belgique, vol. xxxvii, 1886, p. 11. 
+ Roberts, On the Analogues, &e 
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Theorem 30.] The centre of the circumscribed sphere to 
a tetrahedron and the radical centre of the fowr spheres, each 
of which has a great circle through three vertices of the tetra- 
hedron, are isogonal conjugates ; the feet of the perpendiculars 
from these points on the face-planes and the reflections of 
these feet in the point mid-way between the two points are 
co-spherical. 


Let us call this the sixteen-point sphere. It is the first 
analogue to the nine-point circle. We reach another analogue 
as follows.* 

Let the vertices of a tetrahedron be A,A,A,A,. Let us 
first assume A,A,1A,A, and A,A,1A,A,. The plane 
through A,A, and the altitude line from A, will be perpen- 
dicular to A,A,, and meet that line at the foot of the A, 
altitude line in the A A,A,A,. In the same way the plane 
through A,A, and the A, altitude line will meet A,A,A, in 
a second altitude line. Hence the altitude line through A, 
meets the opposite face-plane in the orthocentre of that face. 
Hence each pair of opposite edge-lines will be perpendicular 
in direction, each altitude will pass through the orthocentre 
of the corresponding face, and the four altitude lines are 
concurrent in a point called the orthocentre of the tetrahedron. 
Conversely, if the altitude lines be concurrent, each edge- 
line is perpendicular in direction to two altitude lines, and, 
so, to the opposite edge-line. This special case shall be called 
the orthogonal tetrahedron. 

In the general case we see that if we pass a plane through 
any altitude line and the orthocentre of any face, we have 
a plane perpendicular to the plane of that face. If, further, 
we speak for the moment of parallel lines as meeting at 
infinity, and consider on the one hand the four altitude lines, 
and, on the other, the perpendiculars to each face-plane at 
the orthocentre, we see that each line of one system meets 
each of the other, but in neither case are all four lines 
parallel to one plane. In the general case the altitude lines 
of a tetrahedron are generators of the same system of a 


* See an excellent article by Intrigila, ‘Sul tetraedro’, Rendiconti della 
R. Accademia delle Scienze di Napoli, vol. xxii, 1888. 
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hyperboloid.* Let us call this the associated hyperboloid, 


its centre C, Let us prove that the centre of gravity G of the 
tetrahedron is half-way between C and QO, the centre of 


Fie. 27. 


the circumscribed sphere. The orthogonal projection of P 
on the face-plane «a; shall be Pa;; the orthocentre of this face 
shall be H;. Remembering that the centre of the hyper- 
boloid lies mid-way between each pair of parallel generators, 

(Aa;Ca,) _, 

(Ca, H;) 

But we know, from I. 72], 
—-—> —_—> 
(H,00;) = —3(0a;G;), 


where (; is the centre of gravity of this face. Again, from 


* It is highly unsportsmanlike to make use of a hyperboloid in elementary 
geometry. Frankly, the author does not know how to dispense with it in 
this case. 
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the fundamental property of the centre of gravity of a tetra- 
hedron, i 
(Aa;Ga;) = 3 (Ga; G;), 


(Acx; Oo) x (H;00%;) x (G; Fox;) = (H;0%;) x (G,00;) x (Aj, Go). 


U) 


Ai 


Ay 


Fie. 28. 


Applying Menelaus’s theorem to the A H;Aa;G;, we see 
that the points C'a;,0a;, Ga; are collinear, Reasoning in the 
same way for the other face-planes, COG must be collinear. 
Again, since Ca, is the middle point of (H;Aa,), a line through 
it parallel to Aa;G; meets H,;G, in the middle point of 


v ELEMENTARY GEOMETRY 237 


(H;@;), and this is the reflection of Oa; in G;. Hence Ga, 
is the middle point of (Ca;0a;), or @ is the middle point 
of (OC). 

The tetrahedron G, GGG, is inversely similar to the tetra- 
hedron A,A,A,A,, the ratio of similarity being —3, while 
the centre of similitude is G. Hence 0’, the harmonic con- 
jugate of O with regard to G and C, which divides (GC) in 
the ratio —%, is the centre of the sphere about G,G,G,G;,: 
G and C are the centres of similitude for the spheres cireum- 
scribed to our two tetrahedra. The four points, one-third of 
the distance from C to the vertices of the tetrahedron, lie on 
the new sphere. If such a point be B;, we see that B, and 
G; are diametrically opposite on the new sphere, since 
A,B,COGG, are in a plane through the centres of both 


: 7 . 
spheres. Hence, since 4 B;Ba;C; = a Ba; is on our new 


sphere. We also see that Ba; is the harmonic conjugate of 
Hf, with regard to Ca; and Aq,. 


Theorem 31.] The centres of gravity of the faces of a tetra- 
hedron, the points on one-third of the distance from the centre 
of the associated hyperboloid to the vertices, and the harmonic 
conjugates of the orthocentre of each face with regard to the 
orthogonal projections on its plane of the opposite vertex, and 
the centre of the associated hyperboloid, are on one sphere. 

We shall call this the twelve-point sphere of the tetrahedron. 

Let us now take up the special case of the orthogonal 
tetrahedron. Here C will coincide with H, the orthocentre of 
the tetrahedron. The points A;, Ca,, H, coalesce. 


Theorem 32.] In an orthogonal tetrahedron the centres of 
gravity of the faces, their orthocentres, and the points one-third 
the distance from the orthocentre to the vertices wre co-spherical.* 

Let us call this the first twelve-point sphere of the orthogonal 
tetrahedron. We might naturally guess that it was identical 
with the sixteen-point sphere, but such is not the case. The 


* Cf, Prouhet, ‘ Analogies du triangle et du tétraédre’, Nouvelles Annales de 
Math., Series 2, vol, ii, 1863, p. 138. 
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sixteen-point sphere passes through the centres of the circles 
circumscribed to the face triangles, while the first twelve-point 
sphere passes through their orthocentres and centres of gravity, 
and these three points are collinear. It is true, however, that 
the first twelve-point sphere passes through sixteen notable 
points, for 


Gi Hoy 
Fie. 29. 


Theorem 33.] If each altitude of an orthogonal tetrahedron 
be extended beyond its foot by double the distance from that 
foot to the orthocentre, the points so found lie on the first twelve- 
point sphere. 

Besides the first twelve-point sphere we have a second one 
reached as follows : : 


Theorem 34.| The nine-point circles of the fowr faces of an 
orthogonal tetrahedron lie on the second twelve-point sphere, 
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The centre of this sphere is the centre of gravity of the tetra- 
hedron. 

The four vertices and orthocentre of an orthogonal tetra- 
hedron shall be called an orthogonal system: each point is the 
orthocentre of the tetrahedron whose vertices are the other 
four. We thus determine four circumscribed spheres, four 
twelve-point spheres of the first sort, and four of the second 
sort. Hach face-plane is the radical plane (i.e. the locus of 
points having like powers) for two circumscribed spheres, 
and two twelve-point circles of each sort. 


Theorem 35.] ach point of an orthogonal system is the 
radical centre for four circumscribed spheres, four twelve- 
point spheres of the first sort, and four twelve-point spheres 
of the second sort. 

Turning especially to the twelve-point spheres of the first 
sort, we see that the centre of gravity of all five points 
lies one-fifth of the distance from G to H. The distance 
from G to the centre of the first twelve-point sphere asso- 
ciated with H is 4(GH), hence the distance from I to the 
centre of this sphere is 4((H); I is the centre of similitude 
for the given points and the centres of the first twelve-point 


spheres. Lastly (TO) a 3 (PG) 3 —3 (0 Hf). 


Theorem 36.|] The centres of the five circwmscribed spheres 
of an orthogonal system, those of the five twelve-point spheres 
of the first sort, and those of the five twelve-point spheres of 
the second sort, form three orthogonal systems. 


There seems to be very little in the geometry of the 
tetrahedron which bears a close analogy to the Brocard 
figures; we pass therefore to the analogy of our descriptive 
theorems about concurrent circles and concyclic points. 

We start with the figure of I. 149], three concurrent circles 
each through a vertex of a triangle and the marked points on 
the two adjacent side-lines. We invert this figure with 
a centre not in its plane, and we have on a certain sphere 
six circles concurrent by threes in eight points. Next let 
us take a tetrahedron, and mark one point on each edge-line. 
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Four spheres (or planes) may be passed, each through one 
vertex and the marked points of the edge-lines adjacent. 
If we consider how ore of these spheres is met by the three 
planes concurrent thereon, and by the other three spheres, 
we have exactly the preceding figure of six circles. We 
thus get * 


Theorem 37.] If a point be marked on each edge-line of 
a tetrahedron, and a sphere be passed through each vertex and 
the marked points of the adjacent edge-lines, these four spheres 
are concurrent. 


Unfortunately, we cannot proceed immediately from this to 
the case of five, and so to » spheres. For if five planes be 
given in general position, they determine five tetrahedra and 
five circumscribed spheres, but these, instead of being all con- 
current in one point, are concurrent by fours in the five 
planes. 

There is an easy three-dimensional analogue to I. 166] stated 
as follows: + 


Theorem 38.] Given n points on a sphere, no four of which 
are concyclic. We may associate with them a point and a 
sphere as follows : 

(a) The point is the centre of the associated sphere. 

(b) The radius of the sphere is one-half that of the given 
sphere. 

(c) The point lies on n spheres each associated with the 
systems of v—1 points obtained by omitting each of the given 
povnts in turn. 

(d) The sphere contains the centres of these v spheres. 


‘ We may copy closely our second proof for the above-named 
theorem. When »=5 the centres of gravity of the five 
tetrahedrons are the points —4 of the distance from the centre 
of gravity of the five points, to those points, that is to say, 


* The credit for this theorem is usually ascribed to Roberts, ‘On certain 
tetrahedra specially related to four spheres’, Proceedings London Math. Soc., 
vol. xii, 1880. It is, however, implicitly given by Miquel, loc. cit. 

+ Intrigila, loc. cit., pp. 78, 79. 
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they are on a sphere whose radius is 4 that of the given 
sphere. But the centre of each twelve-point sphere is 4 the 
distance from the centre of the circumscribed sphere to 
the centre of gravity of the tetrahedrons, and the radius of 
the twelve-point sphere is 3 the radius of the given sphere. 
Hence the centres of the five twelve-point spheres lie on 
a sphere of 4 the given radius, and all pass through the centre 
thereof. The theorem is thus proved when n= 5. Assume 
that it is true for »—1 points, and that the point associated 


—1 
of the distance from the centre of 


with n—1 points is st 

the given sphere to the centre of gravity of n—1 points. 
: ; i 1 : 

A centre of gravity for n—1 points is — a of the distance 


from the centre of gravity of all m to the remaining point. 
These n centres of gravity will thus lie on a sphere of 


of the dis- 


the given radius whose centre is — ay 


tance from the centre of gravity of all n points to the centre 
of the given sphere. Hence the associated points lie on 


a sphere of 4 the given radius, whose centre is ; the distance 
from the centre of the given sphere to the centre of gravity, 
and this point lies on all 1 spheres. The centre lies = of the 


distance from the centre of the given sphere to the centre 
of gravity of all n points. 


§ 2. Coaxal Systems. 


No part of the geometry of the sphere follows more closely 
the analogy of the geometry of the circle than the system 
of coaxal spheres, and allied systems. 


Theorem 39.] The locus of points having equal powers 
with regard to two non-concentric spheres is a plane per- 
pendicular to their line of centres, and containing all points 
common to the two. 


1702 © Q 
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This we defined as their radical plane, A system of 
spheres having a common radical plane shall be called a 
coawal systen. 


Theorem 40.] Jf three spheres be given, whereof no two are 
concentric, the radical planes which they determine two by two 
pass through a line or are parallel. 


Theorem 41.] Given four spheres, whereof no two are 
concentric. The radical planes which they determine two by 
two are all parallel when the centres are collinear, they are 
parallel to one line when the centres are coplanar, and they 
are concurrent when the centres are not coplanar. 


We have already designated this point as the radical centre 
of the spheres, and noted that it was the centre of a sphere 
either cut orthogonally or in great circles by all four given 
spheres, unless indeed they all pass through that point. 


Theorem 42.] The numerical value of the difference of the 
powers of a point with regard to two non-concentric spheres 
is twice the product of its distance from their radical plane 
and the distance of their centres. 


Theorem 43.] Jf a sphere be intersected by two others either 
orthogonally or in great circles, its centre lies in their radical 
plane. Such a sphere will be intersected either orthogonally 
or ina great circle by every sphere coaxal with the given two. 


Theorem 44.] Jf the spheres of a coawal system have no 
common points, they will have as limiting positions two point- 
spheres called the limiting points of the system. These are 
mutually inverse in every sphere of the system, and every 
sphere through them is orthogonal to all spheres of the 
system. A sphere orthogonal to any two spheres of the 


coaxal system will pass through the limiting points and be 
orthogonal to all. 


Theorem 45.] The system of all spheres through a circle 


will be orthogonal to that of all spheres orthogonal to that 
corcle, 


Theorem 46.] The system of all spheres tangent to a given 


oe 
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plane at a given point will be orthogonal to that of all spheres 
tangent to the normal to that plane ut that point. 

The system of all spheres orthogonal to two spheres or two 
planes, or a plane and a sphere, shall be called a linear 
congruence. The assemblage of all spheres cut by a given 
sphere or plane orthogonally or in great circles, or passing 
through a given point, shall be called a linear complex. 


Theorem 47.] Three non-coaxal spheres will belong to one 
linear congruence determined by them; four spheres of non- 
coplanar centres will belong to one linear complex determined 
by them.* 


Theorem 48.] Zhe inverse of a couxal system will be a 
coaxal system, a concentric system, a pencil of planes through 
a line, or a pencil of parallel planes. 


Theorem 49.] The inverse of a linear congruence is a 


‘linear congruence, a bundle of concurrent planes, or a bundle 


of planes parallel toa line. The inverse of a linear complex 
is a linear complex, or the assemblage of all planes. 


Theorem 50.] The assemblage of all spheres cutting ortho- 
gonally three given spheres with non-collinear centres is a 
coaxal system, and cuts orthogonally every member of the 
linear congruence determined by the three. 


Theorem 51.] Ywo mutually inverse spheres are coaxal 
with their sphere of inversion. 

We have already named this a sphere of antisimilitude. 
Two spheres of unequal radius will always have at least one 
sphere of antisimilitude. It is called the external sphere 
of antisimilitude if its centre be the external centre of anti- 
similitude, otherwise it is the internal sphere. 


Theorem 52.] Jf fowr spheres be given, whereof no two are 
concentric and no three coaxal, nor do all belong to a linear 
congruence, the spheres through a given point each coaxal with 
two of the given spheres will belong to a linear congruence 


* Of. Reye, Synthetische Geometrie der Kugel, Leipzig, 1879, p. 21. 
, 92 
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and pass through a second common point which is inverse 
to the given one in the common orthogonal sphere to the 
four when such a sphere ewists, and which coincides with 
the given point only when the four are concurrent. 


Theorem 538.] The locus of a point whose powers with 
regard to two given spheres have a constant ratio different 
from unity is a sphere coaxal or concentric with them, 


Theorem 54.] Two spheres are coaxal with their sphere 
of similitude. If three spheres of unequal radius be given, 
no two concentric, their spheres of similitude are coaxal, 


Theorem 55.] Jf four spheres be given with unequal radia 
and non-coplanar centres, the six spheres of similitude which 
they determine two by two belong to a linear congruence. 


Theorem 56.] Given four spheres with non-coplanar centres. 
If there be a sphere orthogonal to all four, and a sphere which 
cuts them all in great circles, then these are coaxal with the 
spheres through their centres and orthogonal to the spheres 
of similitude which they determine two by two. 


Theorem 57.] Jf a sphere so move that each of two given 
points has a constant power with regard to it, it traces 
a linear congruence, 


Theorem 58.] If a sphere so move that each of three non- 
collinear points has a constant power with regard to it, it 
traces a coaxal system. 


Theorem 59.] Jf a sphere so move that it cuts two given 
spheres in great circles, or cuts one in aw great circle and the 
other orthogonally, it traces a linear congruence. 


Theorem 60.] Jf a sphere so move that it cuts three spheres 
of non-collinear centres in great circles, or cuts two in great 
circles and one orthogonally, or one in a great circle and two 
orthogonally, it will trace a coaxal system. 


Theorem 61.] Jf four mutually external spheres with non- 
coplanar centres be given, there is a sphere cutting each set of 
three orthogonally and the fourth in a great circle, and a 


. 


y _ ELEMENTARY GEOMETRY 245 


sphere cutting any three in great circles and the fourth ortho- 
gonally. 

We have already in 29] noticed the fundamental property 
of the radical sphere of two given spheres, It is the sphere 
coaxal with them whose centre is mid-way between theirs. 


Theorem 62.] Given two non-concentric spheres. If there 
be a sphere coaxal with them whose centre is the reflection of 
the centre of the first in that of the second, then this third 
sphere will cut in a great circle all spheres orthogonal to the 
Jirst whose centres lie on the second, and will cut orthogonally 
all spheres cut by the first in great circles whose centres lie on 
the second. 

We may sharpen our concept of the angle of two spheres, 
exactly as we did in the case of circles, by starting from the 


formula 
yp? + 7’? — ¢l? 
COs — ue - ( 2) 
Theorem 63.] If a variable sphere cut two given spheres at 
Jixed angles, it will cut also at a fixed angle every sphere con- 
centric or coaxal with them. 


Theorem 64.] All spheres of a coaxal system will cut at equal 
or supplementary angles two spheres which cut two spheres 
of the system at equal or supplementary angles. 

Theorem 65.] Jf a sphere intersect two others which wre 
non-concentric and of unequal radii, the corcles of inter- 
section are in perspective from the external centre of similitude, 
while if it intersect them at supplementary angles, these cvreles 
are in perspective at the internal centre of similitude. 


Theorem 66.] If a sphere intersect two others of unequal 
radii orthogonally, the circles of intersection are in perspective 
from both centres of similituce. 


Theorem 67.] If two spheres of wnequal radi intersect, 
all spheres cutting them at equal angles are orthogonal to the 
external sphere of antisimilitude, all cutting them at swpple- 
mentary angles are orthogonal to the internal sphere of simi- 
litude. The first statement remains true when the spheres 
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are mutually external, the second when one surrownds the 
other, 


Theorem 68.] If each of two non-concentric and wiequal 
spheres intersect each of two other such spheres at the same 
ungle, the external centre of similitude of each pair lies in the 
radical plane of the other. If each sphere of one parr meet 
each of the other at supplementary angles, the internal centre 
of similitude of each pair lies in the radical plane of the other. 


Theorem 69.] If three wnequal spheres be given, passing 
through two common points, the three external spheres of anti- 
similitude which they determine two by two are coaxal, as are 
each external and the remaining two internal spheres of 
antisimilitude. 


Theorem 70.] If four wnequal spheres of non-coplanar 
centres be given, each two intersecting, the spheres cutting all at 
equal angles form a coaxal system, as do those cutting one in 
angles supplementary to the angles cut from the other three, 
and those cutting two in angles supplementary to the angles 
cut from the other two. 


Theorem 71.] If five wnequal spheres be given, no four with 
coplanar centres, but each two intersecting, there is at most one 
sphere cutting all at equal angles, five cutting one at angles 
supplementary to those cut from the other four, and ten cutting 
two at angles supplementary to those cut from the other three. 

The construction of these spheres depends on finding spheres 
of antisimilitude and spheres of a given coaxal system cut- 
ting a given sphere at a given angle. 


Theorem 72.| If a sphere touch two others with like contact, 
the line connecting the points of contact passes through the 
external centre of similitude, or the common centre, or is 
parallel to the line of centres; if it have opposite contacts 
with the two, it passes through the internal centre of simi- 
litude, or the common centre. 


Theorem 73.| If two non-concentric wnequal spheres touch 
two other such spheres, a centre of similitude of each pair will 
lie in the radical plane of the other. 


a=. 
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Theorem 74.] If four mutually eaternal spheres of non- 
coplanar centres be given, there are sixteen spheres which touch 
all. These fall into eight pairs. To find the points of 
contact of one pair with one of the given spheres we have but 
to connect the radical centre of the four with the pole with 
regard to that sphere of a plane not through three centres 
of gwen spheres, but containing sia centres of similitude.* 

Theorem 75.] If two spheres be inverted from any point 
on their sphere of antisimilitude, but not on them, their 
tnverses will be equal, and conversely. 


It is clear that much remains to be done in the elementary 
geometry of the sphere to bring it to a level with that of 
the circle. Leaving aside the fact that the geometry of the 
tetrahedron lags far behind that of the triangle, the two 
most important deficiencies are in the theorems about chains 
- of concurrent spheres and cospherical points, and contact 
theorems. The twelve- and sixteen-point spheres are far less 
known than the nine-point circle; is there an analogue to 
Feuerbach’s theorem? Above all what corresponds to the 
Hart systems? What is the proper analogue of Malfatti’s 
problem, and how is it solved? These difficult but important 
and interesting questions offer ample scope for serious work. 


The following theorems came to the Author’s attention too 
late for insertion in place. 


Theorem 76.] Jf a sphere be inscribed in a tetrahedron, 
the lines connecting each point of contact with the adjacent 
vertices make the same three angles in each case. 


Theorem 77.] If a tetrahedron be inscribed in a sphere, 
the three angles made by three concurrent face-planes with the 
corresponding tangent planes are the sume in each case. 

The proof of the first is immediate, the second comes by 
inversion. 

* This is, of course, the analogue of Gergenne’s construction. 

4 For a history and extension of these theorems, see Neuberg, ‘ Ueber die 


Beriihrungskugeln des Tetraeders’, Jahresbericht der Deutschen Mathematiker- 
vereinigung, vol. 16, 1907. 


CHAPTER VI 


THE SPHERE IN CARTESIAN GEOMETRY 
$1. Coordinate Systems. 


ALL figures discussed in the present chapter are supposed 
to lie in a three-dimensional space of Euclidean measurement, 
rendered a perfect continuum by the adjunction of the plane 
at infinity ; in other words, the set of points in one to one 
correspondence with the homogeneous complex coordinate 
values 


“ay 2 : 
where 7? t, 7 are rectangular cartesian coordinates. Before, 


however, taking up the detailed study of spheres in this 
space, let us glance for just a moment at the application of 
tetrahedral coordinates to the study of the sphere. Starting 
with a tetrahedron of reference whose face-planes have the 
equations 

COS X; ‘7 = +008 8; 4 +008 yj, <0; £2 1 Oen.4, 


we take for our tetrahedral point coordinates the four 
quantities 


Dy = — (cos Ou, + cos B; ; + cos nem 7) . (1) 


The vertices of the tetrahedron being A,, the altitudes h,, 
and the edges d;,, 


“i 


34 i, (2) 
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Let us find the equation of the circumscribed sphere.* 
The section of this sphere by the plane p,=0 has the 
trilinear equation 


> 4; p;p;’ = 0, 
me d,,? diy dy Pi Pj eC, 
d,; ae 
2 (A; Ha,) (A; Ha,)*" pj = 0. 


The two terms in the denominator are altitudes of the 
triangle. But for any point in this plane 


ba ee 
pi (A; Ha;) 


The equation of the cirele is 


5 Pi, 
Hence we have the required equation of the circumscribed 


sphere, 


2 
7, Pid; = 0 _ (8) 


Bj 4 
ee 
i,j=l h; J 


The equation of any sphere may thus be written 


i: t=4 hoe. & 

SS diy > Li 4 
ys ay, vivit i Pi > Fa (4) 
ig=1 09 i=1 = ee 


The conditions that the general quadric 
SY is Pi DP; = 0 
ij =1 


* Salmon, loc. cit., pp. 201, 202. 
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should be a sphere are 


uj dag + Ugh + Uihy 
ae = pas dist Oi, = Pp hih; ’ 
i 
h,?a;; + h,? ays —hh; (ai +. a;;) = kd ;;*. (5) 


If a tetrahedron be self-conjugate with regard to a sphere, 
the altitude lines must be concurrent, i.e. it must be an 
orthogonal tetrahedron, and the centre of the sphere will 
be the orthocentre. Conversely, if we start with an ortho- 
gonal tetrahedron, the orthocentre is orthocentre for every 
triangle whose vertices are two vertices of the tetrahedron, 
and the common foot of two face-altitudes in the opposite 
face-planes. Hence the product of the distances from the 
orthocentre to each vertex and the opposite face-plane is 
the same, i.e. the orthocentre is the centre of a sphere, real 
or imaginary, with regard to which the tetrahedron is self- 
conjugate. 


Theorem 1.] The sphere with regard to which an orthogonal 
tetrahedron is self-conjugate is a sphere of antisimilitude for 
the circumscribed and the first twelve-point sphere. 

We leave the subject of tetrahedral coordinates with these 
brief indications, and return to the homogeneous cartesian 


form. We shall define as a sphere every locus whose equation 
is of the type 


yt (x? + y? + 2% + 1?) +a, (a? + y? +2°— 1?) 
+ @y (2xt) +a, (2yt) +a, (22t) = 0. (6) 
The quantities (7) may take all values, real or imaginary, 
provided they are not all simultaneously zero. They shall 


be called the coordinates of the sphere. Under the group 


of conformal collineations, we have the following types of 
sphere : 


(a) proper spheres 
(xxv) £0, t@) +2, 40; 
(0) non-minimal plane spheres 


(wx) #0, ta+a, =0; 
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(c) non-planar null spheres 
(zx) = 0, ta, +2, 40: 
these are spheres of zero radius; 
(ad) planar null spheres 
(er) =0, 12,10, = 0: 
these are planes tangent to the circle at infinity, except in the 
one case ; 
(e) plane at infinity 
te a a2 2, = O51203020. 

The coefficients of the coordinates of the sphere in (b) shall 
be called the special pentaspherical coordinates of a point, or, 
rather, any five quantities proportional to them. Every finite 
point will have five such homogeneous coordinates, the sum of 
whose squares is zero. Conversely, if we have values (y) for 
which 

Yori F 0, (YY) = Yo ty tye’ + Ys tye = 0, 
we may find a corresponding finite point. The relations 
between homogeneous cartesian coordinates and special penta- 
spherical ones will be exhibited by 

Yo? Yi * Y2* Ys U4 

=i(a? ty? +2740): (a? +y? +270): 2at :2yt:2e. (7) 


Wy rib = Yor Ysi Yai —(WYot th). (8) 
If our sphere (x) in (6) be non-planar, its radius will be 
bay t+, 


We shall give to the radical such a sign, in the case of 
a real sphere, that this expression is positive. The special 
pentaspherical coordinates of the centre are 


4 (ax) 
= 2 (iat, +2) 
2) 
PAS OT 2 (iaty 0%) 
PY = %- (10) 
Ros — 3" 


Poa ey: 


“ 
», 
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The special pentaspherical coordinates of a finite point are 
the coordinates of the null sphere whereof it is the centre or 
vertex. The power of the finite point (y) with regard to the 
non-planar sphere («) is 

i=4 


2 (xy) — Ys 
(7Yo +Y;) (+ a) as Zari: 3 


When the sphere becomes null but not planar, this is the 
square of the distance between the points (x) and (y). If the 
sphere be proper, and we divide the power by the radius, 
we get 

— 2 (xy) 
¥ (axa) (iy + ¥)) 


(12) 


The limit of this expression as the sphere approaches the 
limiting form of a non-minimal plane is twice the distance 
from the point to that plane. Let us conserve the expression 
‘ratio of power to radius’ even for this limiting form. 


Theorem 2.] The special pentaspherical coordinates of a 
point are proportional to the ratios of power to radius with 
regard to five mutually orthogonal not null spheres. 

If we define the cosine of the angle of two spheres as in 
V (2), p. 245, 

(wy) 
v (wa) (yy) 


cos 0 = (13) 
the radicals in the denominators, in the case of real spheres, 
should be taken so as to give a positive sign to each radius. 
For mutually orthogonal spheres 


(xy) = 0. (14) 
For tangent spheres 


(sax) (yy) — (wy)” = 0. (15) 


Theorem 3.] Zhe assemblage of all spheres of cartesian 
space can be put into one to one correspondence with that 
of all points of a four-dimensional projective space with 
elliptic measurement. The angle of two not null spheres will 
be equal to the distance of the corresponding points. Null 


Pee 
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spheres will correspond to points of the Absolute hyperquadric. 
A coaxal system will correspond to points of a line, a linear 
congruence to points of a plane, and a linear complew to 
points of a hyperplane. 


If (x) and (a’) be two spheres, we find one of their spheres 
of antisimilitude by finding (y) the sphere coaxal with them, 
which makes with them equal angles, 

py; = V(aw')a;, + V (wx) x. (16) 
wa! = (a) y;—z (ay) @;. (17) 
The last equation will give the inverse of the sphere or 


point (x) in the proper sphere (y), or the reflection of (x) in the 
non-isotropic plane (y). If the sphere of inversion be 


e+y?+e? — 1, 
_the inverse of (xyz) will be 


x : y 4 z 
SS. d= aa ae (18) 


OF pte ~ gp ytp ee a+y 


From these we easily find 
da’ da’ + dy'by' + dz’ bz 
J da’? + dy? + dz? Jbx + by? +62" 
as dxbu+ dysy +dzbz 
~~ A da® + dy? + dz? V5a? + by? +822’ 


which shows that inversion is a conformal transformation 
of space. 


§ 2. The Identity of Darboux and Frobenius. 


Suppose that we have given any two systems each of six 
spheres (c) (y) (2) (7) (8) (#), (a) (y') ) (r) (W)(t);. they will 
be connected by an identical relation entirely analogous to 
that subsisting in the case of ten coplanar circles, namely,* 


* Lachlan, On Systems of Circles, &c., cit. Much of our work on the present 
identity follows this article fairly closely. 
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| (aae’) (ay’) (ae2’) (wr’) (as’) (at’) 
(yoo’) (yy’) (y2’) Cyr’) (ys) (yt) 
(za’) (2y’) (22”) (zr’) (28") (2t’) 
(re’) (ry’) (r2’) (rr’) (rs') (rt’) 
(ea) (sy/) (82") (er) (8s") (st! 
(ta’) (ty’) (te) (tr’) (ts’) (tt) 


As a first application, let the reader prove the following : 


II] 
= 


(19) 


Theorem 4.] If five non-cospherical finite points be given 
whereof no four are coplanar, the sum of the reciprocals of the 
power of each point with regard to the sphere cirewmscribed to 
the other four is zero. 


Our formula (y) is usually more interesting when the two 
systems are identical. For instance, if we take five proper 
spheres and the plane at infinity, 


1 cos¥_ ay cos x_xz cosx_ar cos X_as a 
x 
1 

cos 4. ya 1 cos J. yz cos X_yr cos X_ys og 
y 
i 
cos X_ 2a@ cos X_ zy 1 cos%.27 cos ¥ zs — 
"|= 0. (20) 


1 
cos X_rx cosx_ry cos X_rz 1 cos X_ 7s = 


a 


cos 4% sv cosx_sy cosx_sz cosx_sr 1 = 


=| 
wn 


The distances of any five finite points will be connected by 
the relation 


O dy” dy? dy,? dy,” 
Clg? 0 chag® hy” aly,” 
gy? ayy” 0 dag” dag” 
4)" Oia Cae Oe 
Ogi? Aye? Ce th ee 

1 1 it 1 1 


ORF Ff = S 
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The common orthogonal sphere to four given spheres 
will be 


px; = = | tyers |. (22) 
This will be null if 
(yy) (y2) (yr) (ys) 
(zy) (22) (zr) (zs) 
| (ry) (v2) (rr) (vs) |= > (28) 
| (sy) (sz) (sr) (ss) 


(y) (2) (rv) (s) will belong to one linear congruence if the 
following matrix have rank (3) 


| Yo ih Yo Ys Ya | 

| 2 2 2 2, 2% || 

|| » 24 
To M1 Te Ts Te || ee 
Il. 8) & & 8 & || 

If (y) (2) (7) (s) (¢) belong to a linear complex, 

aera b=; 0; 

Squaring, we get 

(yy) ae (yr) (ys) (yt) 

(zy) (22) (er) (28) (et) 

(ry) (rz) (rr) (rs) (rt) | = 0. (25) 

(sy) (82) (sr) (88) (st) 

(ty) (tz) (tr) (ts) (tt 


If (y), (2), (rv), (8) be four non-collinear and non-concyclic 
finite points, (x) the sphere or plane through them, of radius 7, 
and (¢) the plane at infinity, 

Ged a ds aa e 0 
om Omeie ds x2 0 
Grd 0 rd / 2 +0 
Gd oO 20 
DD AT’ ies fp lag a | 
0 OO t= 2? 
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Remembering that if / be the volume of the tetrahedron 
whose vertices are 


(a, YZ) (Ae Yo 22) (a3 Y3 2) (Hs Ya Z,) 


| PHY +e" UY, % I | 
ese 2 +Y.2 +2," o g, 1 
Ye a1 | cae a ae ee | 
GV el oo ae = | Go + Yn Pas ty Ge Sak le 
tes 2 2 2 2 Te 
a on | Uy + Ye +e Ly Ys % 
as | 1 0000) 
If we write 


Zao = yoda, + Asda +O, Fos, 


_ Vola dyydsy) (0 = day tye) (0 — trates) 
6V 


If our five spheres be mutually orthogonal but proper, 
i= 5 1 
i=1 4 


Theorem 5.]| The sum of the squares of the reciprocals 
of the radvi of five mutually orthogonal proper spheres is zero. 

If s; be the ratio of power to radius with regard to the 
ih sphere 


b> 1 0 One 

0 1 0 0 0-8, 

eC ete 

OS OT Or Stee Oe 

Oh. Oro EbeOe aor ace; 

—s, —S, —8, —8, —s, 0 | 

> s2 = 0. (27) 
ih 


Theorem 6.] The sum of the squares of the ratios of power 
to radius for « finite point with regard to any five mutwally 
orthogonal not null spheres is zero. 


* Salmon, loc. cit., p, 37. 


: 
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These five ratios, or rather, any five numbers proportional 
to them, shall be defined as general pentaspherical coordinates 
of the point.* 


Theorem 7.] The passage from one set of pentaspherical 
coordinates to another is effected by means of a quinary 
orthogonal substitution. The equation of a sphere will be 
linear in every set of pentaspherical coordinates, and the 
expressions for the angle of two not null spheres, the inverse 
of one sphere in another, and the condition that a sphere 
should be null are invariant in form. 


If two spheres be orthogonal to three others, the line of 
centres of the two is orthogonal to the plane of centres 
of the three, since this is the radical plane of the two, 
Conversely, suppose that we have an orthogonal point system. 
Each point is the orthocentre of the tetrahedron whose 
vertices are the other four points, and so, as we saw recently, 
is the centre of a sphere with regard to which the tetrahedron 
is self-conjugate. Any two of these spheres will meet the 
plane through the centres of the other three in the circle 
where that plane meets the sphere whose diameter is the 
segment joining the two points, and the two will cut ortho- 
gonally there. 


Theorem 8.] The centres of five mutually orthogonal spheres 
form an orthogonal system and, conversely, every orthogonal 
system will yield the centres of five mutually orthogonal spheres. 


Four proper non-concurrent spheres will determine sixteen 
spherical tetrahedra, each having its own circumscribed 
sphere. If (y), (2), (s), (¢) be the four spheres, (y’), (2’), (s’), (#/) 
the vertices of such a tetrahedron, (x) a circumscribed sphere, 
(w) the common orthogonal sphere to the original four, while 
(y”) is orthogonal to (z), (s), (t), (w), we may follow exactly 
the steps that led to IT. 12], getting 


* We might, of course, take any five spheres not belonging to a linear 
complex and get still more general coordinates with a more complicated 
quadratic relation. 


1702 R 


oe 
‘ : 


_- Theorem 9.] The spheres circumscribed to the siateen t 

~~ hedra formed by fowr non-concurrent proper spheres cut. a 
equal or supplementary angles the four spheres, each of which 
is orthogonal to three of the given spheres, and to their common — 
orthogonal sphere. ~~ ae 


Tf five spheres touch one another externally, we have 


By ne Soe Se 
ys 


(as ah eae 
uf i 


+1 -1--—1 —-1 


If a sphere meet five others either at Xp or X.7—4¢, 


1 cos X_yz cosx_yr cosX_ys cos A yt €, cos 
cosXzy 1 cos X_zr cos X_zs cosX_2t «, cosd 
cos X_ry cos 4_7rz 1 cos X78 cos X_7t €, cos p 
cos _sy cos X_sz cosxX_sr 1 cos X_st €,cos > 
cos X_ty cos%_tz cosx_tr cos %_ts 1 é; cos a 

€COSH €,COSH E,COSH €,COSH €,COSH Tora 


a =~" 
=" " el ‘ 
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If five spheres be tangent to a sixth we get the analogue 


of Casey’s criterion, 


(31) 


If we take four not null spheres, a sphere tangent inter- 
nally to them, and a point thereon, then, if p; be the ratio of 


power to radius with regard to the i* sphere, 


0 sin? 3% yz sin?hX yr sin?4Xys p, 
sin? 4 X_ zy 0 sin?a%_2r sin?i% zs p, 


sin?4% ry sin? 2X rz 0 sin?4X_7rs p, 
| sin?24 sy sin?2X_sz sin?i xX sr 0 Ds 
Yr P2 Ds Vs 0 


SES 


From this we may derive the tetrahedral equation of the 


inscribed sphere to a given tetrahedron. 


If a sphere meet four 


others at angles a,, X,, X%, X,, while its radius is 7, we find 


1 cos 4_yz cos4_ys cos 4x_yt cos a, 
cos X_ zy 1 cos 4_zs cosx_2t cosa, 
cos X_ sy cos X_ sz 1 cos X_st cosa, 
cos X_ty cos x_tz cos x_ts 1 COS Xy 

COSA,  COSX, COSX, COS, 1 
1 1 i 1 1 
r a Te ", r 


SJR Bye 


~ 
bo 


Sle Sle Sle 


=, 


= 0, (33) 


i a a 
i 
ee 


The equation in has real roots by Il (47) if 


1 cos X_yz cosx_ys cos x_yt cosa, 
cos X_2y 1 cos ¥_zs cosX_zt cosa, 


cos X_sy cos X_sz | cos X_st cosa; 
cos X_ty cos%_tz cos x_ts 1 COS Oy 
cos, COSA, . COSA, “cosa, 1 . 


cos X_yz cos X_ys cos X_yt ~ 
1 


1 
cos X_ zy cos X_zs cos X_ 2t = 


i " 
‘ é — |= 
cos X_s 


cos X_sy cos X_ sz 


cos%_ty cosX_tz cos X_ts 


1 1 


r ie) 


The second factor is | 


lyzsto| 
(yy) (22) (ss) (tt) ’ 


Wj iW)! W,t 3:0, = 4:1:0:0:0, 


and is essentially negative or zero for realspheres. Hence the 
condition for a real sphere cutting four real proper spheres _ . 
with non-coplanar centres at given real angles is 


1 cos X_ yz cos X_zs cos X_zt cosa, 
cos X_ zy 1 cos %_zs cos X_2t cosa, . : 
cos sy cos{.sz 1 osx st cosa, | < 0. - (34) 
cos X_ty cos X_tz cos X_ts 1 COS Xy _ 

COSA, COSA, COSA; cosa, 1 


x 
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The equation of the sphere which touches the spheres 
(y), (2), (7); (s), four non-concurrent proper spheres, is 


1 cos X_yz cos x_yr cos X_ys (yee) 
Vv (yy) 
cos 4_ zy 1 cos X_zr cos X_ 28 a 
J (zz) 
cos 4_ry cos X_rz 1 cos 4_7s Rey 
V (rr) 
cos 4_sy cos4_sz cosX_sr 1 (8m) 
(ss) 
€& €5 €s €4 0 


1 cos X_ yz cos yr cosk_ys 
cos X_ zy 1 cos4_zr cosx_zs «, eore. 
cos X_ry cos x_rz 1 cos 4_78 «, =e = 0: 
cos X_sy cos 4_8sz cos x_sr 1 es v (yy) ¥(G2) Wer) V'(6s) 
1 € é yer (35) 
2 


7 eye eee = 
gH =e =e =. 


Two spheres, tangent to four given non-concurrent proper 
spheres, are said to form a couple if they be mutually inverse 
in the common orthogonal sphere of the four. Evidently, in 
the construction given at the close of the last chapter, two 
such spheres will correspond to the same plane containing six 
centres of similitude; or, in the equation above, the spheres 
of a couple correspond to the same sets of values for the e,’s, 
and differ only in the sign connecting the two terms. Let us 
take three spheres tangent to four not null and not concurrent 
spheres, no two of the three forming a couple. We easily see 
that the problem of finding a sphere tangent to these three and 
orthogonal to the common orthogonal sphere of the first four has 
eight solutions, corresponding to eight spheres all tangent to the 
inverses of the three in the common orthogonal sphere of the four. 


Theorem 10.] Any three cowples of spheres tangent to four 
given not wull and not concurrent spheres will touch four other 
spheres as well. There are eight such couples. There are also 
twelve tetrads of pairs of spheres each tangent to the given 
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spheres aid to the inverses of two in a sphere of antisimilitude 
of the other two,* 

Such systems correspond in a measure to the Hart systems 
of the second sort of Ch. II. Does any figure in the geometry of 
the sphere correspond to the Hart system of the first sort? This 
most interesting question is still to be answered. 

Let us give one theorem about cospherical points. 


Theorem 11.] If five points, no four of which are concyclic, 
lying on a not null sphere, be arranged in sequence, and any 
Jive spheres be constructed, each through three successive pornts, 
the five remaining intersections, each of three successive 
spheres, are cospherical. 

The points shall be P,, P,, P;, P,, P;, the original sphere s. 
The sphere constructed through P;, P;, P;, shall be s;,,. The 
successive spheres 8ynj5 8ajj> 8;j1, Will meet in P; and a second 
point P,’. Consider the surface 

Aj 84518123 + Ao8512 8054 + Ag 8193 8345 + Ag8o34 8451 + Ag S345 8512 = 9- 

This is a quartic with the circle at infinity as a double 
curve, and containing all ten points P;P,’. The various 
terms are not usually linearly dependent, as we see from 
a special case; hence, by varying the coefficients, we have 
apparently a four-parameter family of cyclics on s. Since, 
however, the system of cyclics through seven points have an 
eighth common point also by IV. 9], when eight points are 
fixed we still have two degrees of freedom for our surface. 
Hence we may choose such a value for the d’s that the 
surface includes s as part of itself. The remainder will be 
a sphere through the points P;’. When the terms are linearly 
dependent we prove by continuity. 


§ 3. Analytic Systems of Spheres.{ 


A system of spheres whose coordinates are proportional to 
analytic functions of a single parameter, not all having 

* Cf. Schubert, ‘Eine geometrische Eigenschaft, &c.’, Zeitschrift fiir Mathe- 
matik und Physik, vol. xiv, 1867, p. 506. 

+ EH. Miller, ‘Die Kugelgeometrie nach den Principien der Grassmannschen 


Ausdehnungslehre’, Monatshefte fiir Math., vol. iv, 1898, p. 35. Also the 
Authov’s Circles Associated, cit. 


‘} For an admirable elementary account of systeins of spheres see 


rm 
. 
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constant ratios, shall be called a series. The simplest series 
is the coaxal system of pencil. 


Theorem 12.] If three non-coaxal spheres be given, the 
three spheres, each coaxal with two of the given spheres, and all 
orthogonal to a fourth sphere, are coaxal. 

We shall not waste our time in finding coordinates of the 
simple spheres coawal with two given spheres; the formulae 
II (54)-(58) suffice here also. Let us rather pass to some more 
interesting series. An algebraic series of which two members 
are orthogonal to an arbitrary sphere shall be called a conic 
series. We see that all members of a conic series must be 
orthogonal to the spheres of a coaxal system. We may take 
as typical equations of a conic ’series 


ij=4 
(ax) = (bz) = > Ajj X,; = 0. (36) 
i,j =0 

Theorem 13.] The spheres of w conic series wre orthogonal 
to two distinct or coincident null spheres. 

Of course, in the usual case, the spheres pass through two 
distinct points. We shall mean by a general conic series one 
where this is the case, and where, also, the series is unfactor- 
able, and four distinct solutions are obtained by combining 
the three equations with the identity for all null spheres. 


Theorem 14.] The assemblage of all spheres orthogonal to 
two not null and not tangent spheres, and to corresponding 
members in two projective coawal systems with no common 
member, and neither containing the fixed spheres, is a general 
cont series. 


Theorem 15.] The general conic series may be generated in 
three different ways by spheres through two fimed points, the 
sum of difference of whose angles with two fimed spheres 
through these two points is constant. ; 

Déhlemann, Geometrische Transformationen, Leipzig, 1908, vol. ii; Peschka, 
Darstellende und projektive Geometrie, Vienna, 1884, vol. iii, pp. 192-810. Also 
Reye and Timerding, loc. cit. 
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The general conic series corresponds to the general central 
conic in four-dimensional projective space of elliptic measure- 
ment. More interesting is the series corresponding to a circle 
in this space. This is a conic with double contact with the 
Absolute, so here we shall consider an irreducible conic series 
whose null spheres fall together in pairs. This shall be called 
a Dupin series. If the spheres of the series be orthogonal to a 
coaxal system not entirely composed of null or tangent spheres, 
we shall say that such a series is general. We may write the 
equations of the general Dupin series in the form 


(Gy, + C1 ®, + Cy%_)”— (cc) (war) = a, = %, = 0. (37) 
Let us next write 


Yo = Poor Yr = Plrs Yo = Plas Ys = PlgstAs Ys = PCg THs 


i OY oe p» (ce) 
cos* 4_ xy = (ax) (yy) (aa) (p)? (ec) +A? + pw? + 2Apc, + 2upe, 
p* (cc) 


~ p? (6c) +A2+ w+ 2p (Cy + Bey) 
If, then, we make the further restriction 
A? + p2+ 2rApc,2 ype, = 0, 
we see that every sphere (y) of a certain series is tangent to 
every sphere of our Dupin series. This new series is a conic 
series, with only two null spheres, a Dupin series, since its 
null spheres come from p = 0. 

Theorem 16.] A Dupin series will be generated by the 
totality of spheres orthogonal to those of a coaxal system 
including distinct null spheres, and making a fixed angle 
different from ; with a fixed sphere not belonging to the 
coaxal system, and, conversely, every such series will be a Dupin 
serves. 

Theorem 17.] The spheres of a Dupin series are all tangent 
to those of a second Dupin series.* 


* Strictly speaking, we have only proved this for the general case. We 
see by continuity, however, that it holds in the other cases, 
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Two such Dupin series shall be said to be conjugate, 
Suppose, conversely, that we have three spheres (y), (2), (s) 
which are not coaxal, nor are they all three null. Ifa sphere 
(«) be tangent to them we have 


V (22) (yx)— V (yy) (22) = (8s) (zu) — V/ (22) (sa) 


= (22) (wx) —(zx)? = 0. 


Theorem 18.] The assemblage of all spheres tangent to 
three non-coaxal spheres which are not all null, and having 
a fixed type of contact with each, or else the exact reverse of 
that type of contact with each, will be a Dupin series conjugate 
to the Dupin series which includes the three given spheres. 


Theorem 19.] The assemblage of all spheres tangent to 
three non-coaxal not null spheres is four Dupin series. The 
radical axis of any three spheres of one series will contain 
one centre of sinilitude of each two of the given spheres. 

The normals to any proper sphere along one of its circles 
generate a cone, which is a developable surface. On the 
other hand, by Joachimsthal’s theorem, every evolute of 
a circle is a single point. 


Theorem 20.] The characteristic circles of the spheres of 
a non-coaxal series will be lines of curvature of their envelope ; 
and, conversely, every surface, one of whose systems of lines 
of curvature is composed of circles, will be the envelope of 
a series of spheres. 

Such a surface is called an annular surface. The first 
part of the theorem suffers an exception when the charac- 
teristic circles are null. Here there will be two sets of 
characteristic isotropics; they will be lines of curvature on 
one surface or two. Conversely, any non-developable ruled 
surface circumscribed to the circle at infinity is the partial 
envelope of a family of spheres. 

Suppose, next, that we have a surface where the lines of 
curvature of both systems are proper circles. This may be 
generated in two ways by a series of spheres, and all the 
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spheres of one series will touch all of the other. The two 


series must be Dupin series, and the surface, when not a cone 
of revolution, shall be called a Dupin cyclide.* 


Theorem 21.] The only surfaces having circles for their 
lines of curvature of both systems are Dupin cyclides and 
cones of revolution. They are the envelopes of two conjugate 
Dupin series. 

When the null spheres of each of two conjugate Dupin 
series are distinct and not planar, the Dupin cyclide shall be 
said to be general. It will have four conical points at the 
centres of these four null spheres. 


Theorem 22.] Not more than one pair of the conical pornts 
of the general Dupin cyclide can be real, and those of one pair 
lie on isotropics with those of the other. The surface is of the 
fourth order, and has the circle at infinity as a double curve. 

To prove the latter part of the theorem we have but to 
notice that the Dupin series may be written parametrically, 


Y; = Ma; t+ 2rwb;+p2c;. 


Eliminating \ and yw from 


oy P) 
(#55) = 0, (w5") = 0, 


we get an equation of the second order in our special penta- 
spherical coordinates. The order of the surface cannot be 
more than four, nor can it be less, since we have two double 
points whose connecting line is not embedded. 

Suppose, conversely, that we have a surface of the fourth 
order with the circle at infinity as a double curve, and two 
pairs of finite conical points. A plane through two such 
points would cut the surface in two circles, unless the line 
connecting the finite conical points were part of the section, 
in which case it would be an isotropic line. Now each of our 
conical points could not be on an isotropic with each other one, 
as we should have triangles with finite vertices and isotropic 


* Dupin, Applications de la géométrie et de la mécanique, Paris, 1822, pp. 200 ff. 
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side-lines, which is an absurdity. Hence, if A and B be two 
conical points not connected by an isotropic, and we invert with 
A as centre, the inverse surface will be a cone with its vertex 
at the inverse of A, two generators in each plane through AB 
but not containing AB as a generator, ie. a quadric cone. 
Since the other two conical points of our surface do not invert 
into conical points of the cone, they must have been on two 
isotropics through A. The tangent planes to the cone will 
invert back into a series of spheres each tangent to the surface 
all along a circle. A second such series may be found from 
the other two conical points. 


Theorem 23.] Every surface of the fourth order with the 
circle at infinity as double curve and four finite conical points 
is @ Dupin cyclide. 


Since the inverse of a Dupin series is another such series, 


Theorem 24.] Every general Dupin cyclide can be inverted 
into a cone of revolution. 


Theorem 25.] Every general Dupin cyclide is anallagmatic 
with regard to all proper spheres of two coaxal systems. 


Theorem 26.] The locus of the centres of the spheres of u 
general Dupin series is a conic. 


We see, in fact, that it must be a plane curve, since the 
spheres of the series are orthogonal to two spheres, and also 
must lie on a quadric, since the sum or difference of the 
distances from all its points to the centres of two chosen 
spheres of the conjugate series is constant. 


Theorem 27.] The assemblage of all spheres orthogonal to 
a given sphere, and having contact of a preassigned type 
with each of two other given proper and not tangent spheres 
not coaxal therewith, or having exactly the opposite type of 
contact with each of these, is a Dupin series, as is the assem- 
blage of all spheres orthogonal to two given spheres tangent to 
a third not coaxal with then. 
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Theorem 28.] Every general Dupin cyclide can be inverted 
into an anchor ring. 

We saw a moment ago that a general Dupin cyclide is 
anallagmatic with regard to every sphere of each of two 
coaxal systems. This raises the general question, what sorts 
of surfaces are anallagmatic with regard to an infinite number 
of surfaces? Every anallagmatic surface is the envelope 
of «% or o! spheres orthogonal to the sphere of inversion. 
Our given surface could not have «1 systems of 0° tangent 
spheres, for then every sphere tangent at one point would 
touch the surface again, and the surface could be inverted into 
one that touched each plane of a parallel pencil at a different 
point, which is quite impossible. Hence our surface is the 
envelope of 0! spheres, i.e. annular. These generating spheres, 
being orthogonal to two spheres of inversion, must belong to 
a linear congruence. If the surface be anallagmatic in any 
other spheres besides those of the coaxal system determined 
by two, it must be doubly annular, and so a Dupin cyclide. 
We thus get an excellent theorem due to Hadamard.* 


Theorem 29.] The only surfaces which are anallagmatie 
with regard to a one-parameter family of spheres are those 
annular surfaces which are generated by spheres orthogonal 
to the spheres of a coaxal system. The only surfaces which 
are anallagmatic with regard to more than one one-parameter 
family of spheres ave Dupin cyclides and their inverses. 
The only surfaces which are anallagmatice with regard to 
a two-parameter family of spheres are spheres themselves, and 
these are anallagmatic with regard to «* spheres. 


If a non-degenerate central conic be given, not a circle, 
there is a one-parameter family of quadrics confocal therewith, 
i.e. inscribed in the developable tangent to this and to the 
circle at infinity. Four quadrics of the family, considered 
as envelopes, degenerate into conics, whereof one is the circle 
at infinity. The other three lie in three mutually perpen- 


* ‘Recherche des surfaces anallagmatiques par rapport & une infinité de 
poles @inversion’, Bulletin des Sciences mathémutiques, Series 2, vol. xii, 1888, 
p. 118. 
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dicular planes, each piercing the plane of another in two foci 
of the latter. These conics are the focal conics of the confocal 
system of quadrics. 


Theorem 380.] If the centre of a sphere trace a central 
conic, while the sphere passes through a fixed point of one of 
the other focal conics of the confocal system determined by the 
given. conic, then the sphere will trace a Dupin series, 


We see, in fact, that it is a conic series, whose null spheres 
fall together in pairs. 

The characteristic circle of a sphere of a Dupin series is 
the locus of its points of contact with the spheres of the 
conjugate series. The lines from the centre of a sphere of 
one series to those of the spheres of the other series will 
generate a cone of revolution (in the limiting case two 
isotropic planes). Hence the deferent (i.e. locus of centres) 
of each series subtends a cone of revolution at each point 

‘of the deferent of the other series. The axis of revolution 
will be the tangent to that deferent which passes through the 
vertex, for it is the perpendicular on the plane of the corre- _ 
sponding characteristic circle. The isotropic planes through 
this axis touch the other deferent, hence the vertex of the 
cone is a double point of the developable determined by 
the other deferent and the circle at infinity, i.e. the conics 
are focal conics of a confocal system of quadrics. 


Theorem 31.] The deferents of two conjugate Dupin series 
whose null spheres are not planar are two central conics, focal 
for a confocal system of quadrics and, conversely, any two 
such conics will determine «1 Dupin series. Hach conic 
subtends a cone of revolution at each point of the other, the 
axis of revolution being tangent to the latter. The sum or 
difference of the distances of every point on one conic from 
two points of the other will depend only on the positions 
of the latter.* 

Remembering Joachimsthal’s theorem about the evolutes 


of curves, 
* Dupin, loc. cit., pp. 207-9. 


a 
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Theorem 32.] The tangents to all lines of curvature of one 
system on a Dupin cyclide where they meet a line of curvatwre 
of the other system pass through a common point of the axis 
of the cone of revolution of normals along this same curve. 


Theorem 33.] A sphere through a circle of curvature of 
a Dupin cyclide will meet the surface again in another circle 
of the same system. Two circles of different systems will 
intersect once, and only once. 


The general Dupin cyclide has two planes of symmetry, 
those of its two deferents. Each will cut the surface in two 
circles. The circles of the other system will be orthogonal to 
that plane, and, since they are anallagmatic in an inversion 
which interchanges the given circles, will meet the plane in 
pairs of points collinear with a determined centre of similitude 
of the two circles. We thus reach a neat method of con- 
structing the cyclide due to Cayley.* 


Theorem 34.] The circles orthogonal to the plane of two 
proper circles and meeting them in pairs of points collinear 
with a fixed centre of similitude of the two will generate 
a Dupin cyclide. 

Enough has now been said about the conic series: we pass 
to the cubic. This may be defined as an algebraic series 
whereof three members are orthogonal to an arbitrary sphere. 
Since any four spheres have at least one common orthogonal 
sphere, we see that all members of a cubic series are ortho- 
gonal to at least one sphere. We shall say that the series 
is general if there be but one fixed not null sphere to which 
the members of the series are orthogonal. Such a series will 
correspond in four dimensions to a rational non-planar cubic 
curve in a space of three dimensions which is not tangent 
to the Absolute. 


Theorem 35.] A general cubic series will be generated by 
the spheres orthogonal to a fixed sphere and to corresponding 
members of three projective coaxal systems, which havé no 


* On the Cyclide’, Quarterly Journal of Mathematics, vol. xii, 1873, p. 150. 
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common sphere, and none of which includes the fixed sphere, 
and, conversely, every such series will be a general cubic series. 


Theorem 36.] The centres of the spheres of a general cubic 
series trace a rational cubic curve. 


Theorem 37.| The general cubic series is generated by the 
spheres orthogonal to a not null sphere whose centres are on 
a rational cubic curve. If the fixed sphere be planar, the 
rational cubie curve lies in that plane, and vice versa. 


Theorem 38.| When the fixed sphere for a cubic series is 
wull but not planar, the spheres of the series may be inverted 
into the tangent planes to a developable of the third class. 


Theorem 39.] The spheres of a general cubic series cut the 
fiwed sphere in the circles of a general cubic series. 


_ This series was defined in Ch. II only for coplanar circles, 
but the definition is immediately extended to cospherical ones. 


Theorem 40.] The spheres orthogonal to sets of three succes- 
sive spheres of a general cubic series, and to the fixed sphere, 
generate a second general cubic series. The relation between 
the two is reciprocal. 


Since the general cubic series is rational, we may express it 
in the form 
Y; = yO (7). (38) 
We get the equation of the envelope of the spheres of the 
series by equating to zero the discriminant of the cubic 
equation (ay) = 0. 


Theorem 41.] The spheres of a general cubic series envelop 
a surface of the eighth order, anallagmatic in the fixed sphere, 
and having the circle at infinity as a quadruple curve. 


The coordinates of the planes of the characteristic circles 
of the spheres of a general cubic series are easily seen to be 
rational quartic functions of r; these planes are all orthogonal 
to the fixed sphere. 
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Theorem 42.] The planes of the characteristic circles of 
the spheres of a general cubic series generate a rational 
quartic cone or cylinder. 


Definition. An algebraic series of spheres whereof four are 
orthogonal to an arbitrary sphere shall be called a quartic 
series. If the spheres of the series be not orthogonal to any 
fixed sphere, the series is said to be general. It will corre- 
spond to a curve of the fourth order in four dimensions which 
lies in no space of lower dimensions. Such a series is surely 
rational, for each sphere of a coaxal system orthogonal to 
three of its members will be orthogonal to but one other 
member of the series.* 


Theorem 43.] The general quartic series may be generated 
in ol? ways by the common orthogonal spheres to the corre- 
sponding members of four projective coaxal systems, no two 
of which have a common member, and, conversely, every such 
system of projective coaxal systems will determine a general 
quartic series. 


Four spheres of the series, usually distinct, are planes; 
eight, usually distinct, are null. 


Theorem 44.] The locus of the centres of the spheres of 
a general quartee series is a non-planar rational quartic 
curve whose asymptotic directions are perpendicular to the 
planes of the series. 


Theorem 45.] The common orthogonal spheres to sets of 
four successive spheres of a general quartic series will generate 
a second such series; the relation between the two is reciprocal. 


Since the coordinates of the spheres of a general quartic 
series are rational quartic functions of a parameter, and the 


discriminant of the general quartic equation is of the sixth 
degree, 


* For an exhaustive treatment of this series by pure geometry see 
Timerding, loc. cit., pp. 198 ff. 


— én 
— CARTESIAN GEOMETRY 273 


Theorem 46.] The envelope of the spheres of a general 
quartic series is w surface of the twelfth order with the circle 
at infinity as a seatuple curve. The planes of the circles of 
curvature of this surface generate a rational developable of the 
siath class: the osculating developable to the rational quartic 
curve which is the locus of the centres of the spheres orthogonal 
to sets of fowr successive spheres of the given series. 

Definition. A system of spheres whose coordinates are 
proportional to analytic functions of two independent variables, 
and whose ratios also depend on two essentially independent 
variables, shall be called a congruence. When the functions 
involved are all algebraic, the congruence shall be said to 
be algebraic. Every such congruence, if irreducible, may be 
expressed in the form 


“2; =f; (rstu), (rstw) = 0, (39) 
the only functions involved being homogeneous polynomials. 


Definition. An algebraic congruence whereof two members 
are orthogonal to two arbitrary spheres shall be called a 
quadric congruence. Consider four spheres of the congruence, 
which, three by three, determine linear congruences, If no 
one of these linear congruences be included entirely in the 
quadric congruence, it must share therewith a conic series. 
A linear congruence which includes one member of each of 
three such conic series will meet the congruence in a conic series, 
and, since we may find «0? spheres of our congruence in this 
way, we find the whole. Hence all spheres of the congruence 
are orthogonal to one fixed sphere orthogonal to the first four. 
If the congruence include in itself a linear congruence, the 
remainder is also a linear congruence. 


Theorem 47.] A quadratic congruence consists either in 
two distinct or identical linear congruences, or else all its 
members are orthogonal to one sphere. 

The spheres of the quadric congruence will be represented 
in four dimensions by the points of a quadric surface. When 
the sphere to which the members of the congruence are ortho- 
gonal is not null, the coaxal systems in the congruence have 


1702 8 
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no common member, and the series of null spheres have no 
double member, we shall say that we have a general quadric 
congruence. Such a congruence will correspond to the general 
central quadric of three-dimensional non-Euclidean space. 
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Theorem 48.] A general quadric congruence contains two 
families of coaxal systems. Two systems of different families 
have one common sphere; no two of the sume family have 
a common sphere. 


Theorem 49.] A general quadric congruence may be deter- 
mined in 2x 0? ways by coaxal systems, each determined by 
corresponding members of two projective coaxal systems with 
no common menber.* 


Theorem 50.] The locus of the centres of the spheres of 
a general quadric congruence is a quadric surfuce. 


A general central quadric in non-Euclidean space has eight 
sets of circular sections, a circle being a conic with double 
contact with the Absolute.t 


Theorem 51.] A general quadric series may be generated 
in eight ways by the circles of a one-purameter family of 
Dupin series. 


Theorem 52.| The spheres of a general quadric congruence 
cut the sphere to which all are orthogonal in the circles of 
a general quadric congruence. 


Strictly speaking, we have only defined such congruences 
in the case of coplanar circles, but the definition is immediately 
extended to cospherical ones. 


Theorem 53.] The spheres orthogonal to sets of three sweces- 
sive non-coaxal members of a general quadric congruence and 
to the common orthogonal sphere will generate a second such 
congruence. The relation between the two is reciprocal. 


Pat, _Reye, ‘Lehrsitze tiber projektive Mannigfaltigkeiten projektiver 
Kugelbiischeln ’, &e., Annali di Matematica, Series 3, vol. v, 1900. 
t Of. the Author’s Non-Euclidean Geometry, cit., pp. 157, 158. 
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Theorem 54] The radical planes which the spheres of 
a general quadric congruence determine with a fixed sphere 
envelop « quadric. When the fixed sphere is that to which all 
spheres of the congruence are orthogonal, the planes envelop 
the polar reciprocal with regard to this fixed sphere of the locus 
of the centres of the spheres of the congruence. 


The order of the surface enveloped by the spheres of 
a general quadric congruence is that of the curve where the 
surface meets the fixed sphere. This curve is the locus of 
the vertices of the null spheres of a quadric congruence, and 
so, by IV. 2], is a cyclic. 


Theorem 55.] The spheres of a general quadric series 
envelop a surface of the fourth order having the circle at 
infinity as a double curve. It is anallagmatic with regard 
to the fixed sphere. 


_ We shall find out a great deal more about this surface in 
the next chapter. 


Theorem 56.] The assemblage of all spheres meeting at 
given angles other than 5 two not wull spheres will be a 


quadrie congruence. 


Theorem 57.] The spheres orthogonal to a not null sphere, 
the sum or difference of whose angles with two not wull spheres 
is constant, will be a quadric congruence. 


Definition. The assemblage of all spheres whose coordinates 
are proportional to analytic functions of three independent 
variables, the ratios also depending on three independent 
variables, shall be called a complex. When the functions 
involved are algebraic, the complex is said to be algebraic. 
The simplest way to express an algebraic complex is by 
means of a single equation 


SF (€p%1%,%3%,) = 0, (40) 


where f is a homogeneous polynomial. Next to the linear 
82 


~< 
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complex already studied, the simplest algebraic complex is 
the quadratic one,* This has an equation of the type 


4j=4 
>, Qj; HH; = 0, ayy = aij. (41) 
i,j=0 
If we classify these complexes under the twenty-four 
parameter group of linear sphere transformations we have the 
following types : 


General complex 


| a,; | #0. (42) 

Simply special complex 
Beparees #0 (43) 

| Fox daz4 : 
Doubly special complex 
| a; | | a;. | 

Se Se ee 44 
Ott were ; (44) 


The other cases consist in pairs of distinct or coincident 
linear complexes, and need not be discussed. Starting with 
the general quadratic complex, we may associate each sphere 
(y) with the linear complex 

i,j=4 
= Ui Yse; =0, 
4,j=0 
which is called the polar linear complex of (y). Every linear 
complex will be the polar of a determinate sphere called its 
pole sphere. 


Theorem 58.] The polar linear complex with regard to 
a general quadratic complex of a sphere not belonging to that 
complex is the totality of all spheres harmonically separated 
from the given sphere by pairs of spheres of the comples. 


Theorem 59.] A linear complex will intersect a quadratic 
one tn a quadric congruence. 


* Loria, ‘Ricerche intorno alla geometria della sfera’, Memorie della 
R. Accademia delle Scienze di Torino, Series 2, vol. xxxvi, 1885; Reye, ‘Ueber 
quadratische Kugelcomplexe’, Crelle, vol. xcix, 1885, and ‘Quadratische 
Kugelcomplexe’, &c., Collectanea Mathematica, Naples, 1881. 
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Theorem 60.] The general quadratic complex contains 
2% coaxal systems. Hach sphere of the complea belongs to a 
such systems, and they generate the quadratic congruence 
common to the given complex and the polar complea of the 
given sphere. 

Definition. Two spheres shall be said to be conjugate 
with regard to a general quadratic complex when each 
belongs to the polar linear complex of the other. 


Theorem 61.] The assemblage of all null spheres is a 
general quadratic complex. Mutually orthogonal spheres are 
conjugate with regard to this complex, and the polar of any 
sphere is the complex of spheres orthogonal thereto. 


Theorem 62.] The planes of w quadratic complex envelop 
a quadric. 


_ Theorem 63.] The totality of spheres, each orthogonal to 
a sphere of a general quadratic complex and to three infinitely 
near spheres, the four not belonging to a linear congruence, 
is a second general quadratic complex. The relation between 
the two is reciprocal, and each may be defined as the totality 
of spheres orthogonal to the various spheres of the linear 
complexes which are polar to the spheres of the other complex. 

More generally, if we have any complex of spheres, and if 
we construct a sphere orthogonal to each sphere of the complex 
and to three infinitely near spheres thereof which do not lie 
with the first in a linear congruence, then, if the totality of 
these new spheres be actually a complex, the original one is 
said to be non-developable, and the new complex is called its 
correlative. The relation between the two is reciprocal. It is 

a peculiarity of the quadratic complex that we can reach the 
correlative by means of polar linear complexes. 

If (y) be a sphere of the complex (40), the linear complex 


5 oo a= (45) 


shall be called the tangent linear complex at the sphere 
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(y). The correlative complex is obtained by eliminating 
YoUrYesys from the equations 
of 
“= =? 
piece 
The reciprocal nature of the relation between the two 
appears from the fact that the equations 


(yz) = (ydz) = 0 
involve also (zdy) = 9. 


F (YoY Y2Y3Ys) = %- 


Theorem 64.] Zwo spheres of an arbitrary couxal system 
belong to a given quadratic complex; two spheres of the com- 
plex have their centres at an arbitrary point. 


Let us turn for a moment to the simply special quadratic 
complexes (43). We may find one sphere (z) which is con- 
jugate to every sphere in space with regard to the complex. 
Its coordinates will satisfy the equation 

j= 
>, ay; =0, t= 0,1, 2, 3, 4. 
j=0 

We shall call this the singular sphere of the complex. Let 
the reader prove: 


Theorem 65.] The simply special quadratic complex 
contains every coaxal system determined by the singular 
sphere and any other sphere of the complex. All spheres of 
such a coaxal system have the same polar linear complex. 


This quadratic complex is the first example of a developable 
complex. We see 


Theorem 66.] The correlative of a simply singular quad- 
ratic complex is a quadratic congruence. 

Two quadratic complexes which have the same null spheres 
shall be called homothetic; two, whose correlatives have the 
same null spheres, shall be called confocal. If our original 
complex be (41), we have for a homothetic one 


4j=4 


D Uj Rj; +p(xx) = 0. : 
i, j=0 
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, Theorem 67.] A general quadratic complex will be homo- 
thetic at most and in general with five simply special com- 
plexes. The surface which is the locus of the centres of the ull 
spheres of the complex is of the fourth order with the circle at 
infinity as a double curve, and may be generated in general 
and in five ways us the envelope of the spheres of a quadric 
congruence. 


We shall not now stop to define the elusive words in 
general more explicitly, as this is the surface which we have 
already encountered and which we have promised to discuss 
in detail. 

The correlative to our complex (41) is 

la | a;, | 
> A ;x;0; oD An kl 


vy 
b= P) ay 


The general equation for a confocal complex will thus be 
Ais Ay, 
Ay Aytp Arp Ay; Ay % 
A,, Ay, Agtp Ag Ay 
A,, As, A, Agtp Ay — &, 
A 4 Ag Ay, A, Aytp % 


Xo Ly Ly x, Xs 0 


o 


= 0 (46) 


Theorem 68.] Aw arbitrary sphere will belong to four 
complexes confocal with a given general quadratic complex. 

There are a good many types of cubic complexes, i.e. 
complexes given by an equation of the third order; only one, 
however, is particularly interesting.* Suppose that we have 
three projective coaxal systems of spheres, not belonging to 
a linear complex, nor have any two of them a common 
sphere. The assemblage of linear congruences, each deter- 
mined by three corresponding spheres, will determine a 
complex called a rational cubic complex. This complex will 
correspond in four dimensions to the hypersurface generated 
by planes connecting the corresponding points of three 


* Discussed without proofs by Reye, Lehrsiitze, cit. 
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projective ranges in general position. To justify the name of 
the complex, let us note that we may express it parametrically 
in the form 
a, = p [Ay + he, + vt] to [ys +He/ +t; (47) 

To find the order of the complex, i.e. the number of its 
spheres in a given coaxal system, we adjoin the three 
equations 

(wx) = (vax) = (wx) = 0. 

Substituting for (a) we get three linear homogeneous 
equations in the variable p and o. Equating the various 
discriminants to zero, 


[(evg) d+ (a2) mt (tt) v] [(ey’) A+ (v2!) wt (ot!) 2] 
— [ (eg!) A+ (ua’) w+ (ut!) >] [(vy) 2+ (v2) m+ (vt) 2] = 0. 


[(wy) A+ (uz) p+ (ut) v] [(wy’) A+ (w2’) wt (wt) v] 
—[(ug’) A+ (ue) (ut) v] [(ery) 9 (2) w+ (wf) 9] = 0. 


Here we have two homogeneous quadratic equations in the 
variables A, p, v. One solution will be 


(uy) X+ (wz) pt (ut) v = (uy’) A+ (u2’) w+ (ut) v = 0. 


This must be rejected, since it will not give a solution of 
all three equations in p/r; the three other solutions give the 
three spheres required. 

Remembering that the spheres of a coaxal system are 
orthogonal to those of a linear congruence, we see 


Theorem 69.] The rational cubic complex contains all 
spheres orthogonal to the various coaxal systems determined 
by corresponding members of three projective pencils of linear 
complexes, which three have no common sphere, nor have any 
two a common coaxal system. 


We see from (47) that every sphere of the complex lies 
in a linear congruence obtained by giving a fixed value to 
p/t. On the other hand, if we take two pairs of values p, ¢ 
and p’, 0’, and give to the other parameters first the values 
A, #, v, then the values 2’, py’, v’, and equate the corresponding 
expressions for (x), we have five linear homogeneous equations 
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in the six homogeneous variables A, p, v, \’, p’, v’. There are 
thus «©? double spheres, each in two linear congruences. 
A coaxal system determined by two double spheres must be 
included entirely in the complex. If this system were not 
composed entirely of double spheres we should have «* coaxal 
systems, each sphere of the complex would lie in 0! of them, 
and so in 0! of our linear congruences, which is absurd. 


Theorem 70.] A general sphere of a rational cubic complea 
lies in a single linear congruence of the complex; a double 
sphere lies in two such congruences, and the totality of double 
spheres is itself a linear congruence. 

Reverting to (47), if we require (a) to be a plane, we impose 
one linear condition; two others are imposed by fixing two 
points of the plane. On the other hand, each sphere of the 
system belongs to «1 coaxal systems thereof, each plane to 
one pencil of planes. 


' Theorem 71.] The planes of a rational cubic complex 
envelop a ruled surface of the third order and class. The 
generators of this surface are the radical axes of the lineur 
congruences of the complex. 

The radical axis of a linear congruence is, of course, the 
locus of points having like powers with regard to all spheres 
thereof. 


Theorem 72.] The centres of the null spheres of a rational 
cubic complex is a surfuce of the sixth order with the circle at 
infinity as a triple curve and with a circle of double points. 

With regard to the last statement we see that the centres of 
the null spheres of a linear congruence must lie on a circle. 


Theorem 73.] A sphere through the double circle of the 
surface meets it again in a simple circle. The planes of these 
simple circles are those of the centres of the spheres of the linear 
congruences of the complex, and each circle of the surface is 
cospherical with the double circle. 

We see, in fact, that if we invert with a centre on the 
double circle we get a quartic through the circle at infinity 


SS se ee re we oe 


—— Ss ees 
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with a double straight line, and such a surface contains no 
other lines or circles. 


Theorem 74.] A sphere which meets the surface in a simple 
circle meets it also in a cyclic. The two intersect twice on the 
double circle, and twice at points where the sphere touches the 
surface. 


It is perfectly clear that there remains a good deal to 
be done in the study of spheres in cartesian space. It is 
hard to believe that a sufficiently intelligent use of the 
Frobenius identity will not settle the interesting question of 
the existence of Hart systems, and the relation of spheres 
circumscribed to spherical tetrahedra and spheres tangent to 
other spheres. There must surely be a great deal more in the 
subject of tangent spheres than has yet been found. Is there 
a three-dimensional analogue of Malfatti’s problem, and what 
is the solution? It seems likely that although the Dupin 
series is undoubtedly the most interesting of the various conic 
series, yet others are worthy of further investigation. The 
elementary metrics of four-dimensional non-Euclidean space 
has never been studied in great detail, and may well include 
many beautiful theorems of real importance in the geometry 
of the sphere. 


CHAPTER VII 


PENTASPHERICAL SPACE 
$1. Fundamental Definitions and Theorems. 


Any set of objects which can be put into one to one 
correspondence with sets of essentially distinct values of 
five homogeneous coordinates %:%,:%,:@3:%,, not all simul- 
taneously zero, but connected by the relation 

(wm) = H+ 27+ 2.7? + 0,7 + 2,7 = 0, (1) 
shall be called points, and their totality a pentaspherical 
space. 

The assemblage of all points (x) whose coordinates satisfy 
a linear equation 

(YL) = Yoo t YrXy + Yo%o + Ys%3 + Y 4H, = 0, (2) 
where the values (y) are not all zero, shall be called a sphere, 
to which the points (z) are said to belong, or on which they lie. 
The coefficients (y) shall be called the coordinates of the sphere. 
If they satisfy the identity (1) the sphere is said to be null, 
the point with the coordinates (y) is called the vertex of the 
null sphere. If (y) and (z) be two not null spheres the 
number 6, defined by an 

eae aay 3 
V (yy) Ve) a 


is called their angle. If one possible value for the angle 


be 5? the spheres are said to be orthogonal or perpendicular, 


or to cut at right angles. The condition for this is 

| (yz) = 0, (4) 
and when this condition is satisfied we shall call the spheres 
orthogonal, even when one or both are null. If a possible 
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value for the angle be 0 or 7 we say that the spheres are 
tangent. Here the condition is 
(yy) (22) — (yz)? = 9. (5) 

The assemblage of all spheres whose coordinates are linearly 
dependent on those of two are said to form a coaaal system 
or pencil. They all contain all points common to the first 
two, the locus of which shall be defined as a circle. 

If (y) lie on the null sphere whose vertex is (z), and so (2) 
lies on the null sphere whose vertex is (y), every sphere 
coaxal with (y) and (z) is null. The totality of their vertices 
shall be called an ésotropic. Through each point will pass 
co! isotropics generating the null sphere whereof this point 
is the vertex. The circle common to two tangent not null 
spheres shall be called a null circle; it consists in two iso- 
tropics. If two null spheres have a common isotropic this 
is the totality of their intersection, and shall also be classed 
as a null circle. 

If two null spheres be coaxal with any not null sphere, 
every sphere through their vertices is orthogonal to this 
sphere. The vertices are said to be mutually znverse in 
this sphere. The inverse of the point (wv) in the sphere (y) is 


a, = (yy) &—2 (wy) ¥i- (6) 

If (a) trace a sphere, (x’) will also trace a sphere, and 
the equation will give equally well the relation between two 
inverse spheres (x) and (x’). The sphere (y) is called a sphere 
of antisimilitude for the two. 

Two examples of pentaspherical space will at once occur 
to the reader. We may take a Euclidean hypersphere in 
a space of four dimensions. Secondly, we may start with 
cartesian space, that is the finite domain, and proceed as in 
Ch. IV. We begin with the equations VI (8) 


HY Sit = Wy: Wy: %,: —(%)+2,), 
My: ly: Wi Oye, Sd(a?+y? +274 0): (a +y?% +22): 
2at:2yt:22t. (7) 
Every finite point of cartesian space will correspond to 
a definite point of pentaspherical space, for which i#,+2, = 0, 


naa: 
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and conversely. If, however, we make cartesian space a 
perfect complex continuum by adjoining the plane at infinity, 
the correspondence ceases to be unique, for all infinite 
cartesian points not on the circle at infinity correspond to 
the same point of pentaspherical space. We may extend 
the finite cartesian domain to be a perfect pentaspherical 
continuum as follows: 

The set of coordinates 7:1:0:0:0 shall be said to repre- 
sent the point at infinity. Any other set of coordinates (y) 
satisfying the equations 

tyoty, = (yy) = 0 
shall be taken to represent the minimal plane 
YoE + YsyY +YgZ + (tYy—Y;) = 0. 

The point at infinity and the totality of such minimal 
planes shall be called wmproper points. By adjoining them 
to the finite domain the cartesian space becomes once more 
a perfect continuum, and obeys all the laws of pentaspherical 
space. The definitions of sphere, circle, angle, inversion, &c., 
given in Ch. V for cartesian space, and here for pentaspherical 
space, are entirely compatible. 

_If we take as our pentaspherical continuum the cartesian 
space rendered a perfect continuum in this fashion, the 
following terms are synonymous: 


Sphere orthogonal to point Plane. 
at infinity. 

Inversion in such a sphere. Reflexion in plane. 

Null sphere whose vertex is Totality of minimal planes. 
point at infinity. 

Null sphere containing point Points of minimal plane and 


at infinity. minimal planes parallel 
thereto. 
[sotropic not containing point Minimal line. 
at infinity. 
Isotropic containing point at Pencil of parallel minimal 
infinity. planes, 


_ The points of pentaspherical space on any not null sphere 
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will be a tetracyclide plane, and we may take over bodily 
for them the definitions of Ch. IV. 

We shall mean by the cartesian equivalent of a penta- 
spherical figure the following. We replace the coordinates 
of every proper pentaspherical point by their cartesian equi- 
valents from (7), then render the space a perfect continuum by 
the adjunction of the plane at infinity. 


The cartesian equivalent of a surface of order n, where the 
point at infinity has the multiplicity k, is an algebraic surface 
of order n—k with the circle at infinity as a curve of order 
$(n—2k). 

We mean by the order of an algebraic surface in penta- 
spherical space the number of intersections with an arbitrary 
circle. When the surface is given by equating to zero a homo- 
geneous polynomial in (x), the order is twice that of the 
polynomial. 


§ 2. Cyclides. 


The definitions of series, congruences, and complexes of 
spheres used in the last chapter may be carried over bodily 
into pentaspherical space. We thus reach the fundamental 
locus with which we shall be occupied in the present chapter. 


Definition. The locus of the vertices of the null spheres 
of a general quadratic complex shall be called a cyclide. 
The equation of a eyelide may be written 


> Ais UiX, = 0, ais = Uyy | ay; | =f 0. (8) 


The problem of classifying all cyclides under the group of 
quinary orthogonal transformations is the problem of classi- 
fying pairs of quinary quadratic forms, whereof one certainly 
has a non-vanishing discriminant. This is best done by 
means of the elementary divisors of Weierstrass, exactly as we 
elassified cyclics in Ch. IV. It will be found that there 
are exactly twenty-six species of cyclides under this classifi- 
cation: an enumeration of all, with canonical forms for their 
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equations, would lead us altogether too far afield; * we shall 
therefore confine ourselves to one or two types beginning with 
the general one, i.e. that characterized by the scheme of 
elementary divisors 

Pi ti1 |, 


The canonical form for the equation of the general cyclide 
will be 


(¢a7)=0, (cx) = 0, Ta; (a;—a;,) # 0. (9) 


Since this equation is unaltered by a change of sign of any 
one of the 2;'s, 


Theorem 1.] The general cyclidte is anallagmatic with 
regard to five mutually orthogonal spheres. It is a surface 
of the fourth order, and is the envelope of five different quad- 
ratic congruences of spheres. 

This theorem has already been proved as VI. 67]. 

The five spheres shall be called the fundamental spheres 
of the cyclide. The equations of the five generating con- 
gruences are easily found. An arbitrary tangent sphere at 
the point (x) will have the coordinates 


PY; = (A+) a. (10) 
In particular, if ia, 
Yj 
a . 
J a:—a; 
j=4 - 9 j=4 a 2 
pee b= 0, jet (11) 


If (r) and (s) be mutually inverse in (y), 
‘= " (r.8,—1,8,)? 

ee ie 
2 (a; —a;) ‘ 


Theorem 2.] The locus of the inverse of a given point with 
regard to the generuting spheres of one system of a general 
cyclide is a cyclide with the given point asa conical point. 


* Of, Loria, Geometria della sfera, cit., and Segre, ‘Etude des différentes 
surfaces de quatriéme ordre & conique double’, Math. Annalen, vol. xxiv, 1884. 
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Theorem 3.] The general cartesian cyclide is « surface of 
the fourth order with the circle at infinity as a double curve, 
and every such surface is a cyclide of some sort. In the 
general case it may be generated in five ways by a sphere 
moving orthogonally to one of five mutually orthogonal spheres, 
while its centre lies on a central quadric, 

The words ‘in general’ mean that the point at infinity shall 
not be on a fundamental sphere of the pentaspherical cyclide, 
nor yet on the surface itself. 


Theorem 4.] The intersection of a not null sphere with 
a cyclide is a cyelte. 

The generating spheres will cut the cyclide in cyclics with 
two double points, i.e. in two circles. Let us show, con- 
versely, that if any sphere have double contact with the 
eyclide it will be a generating sphere of one system or another. 
Writing that a tangent sphere at («) is also a tangent sphere 
at (v’), 

(A +44) @ = (N +a) @. 
Multiplying through by a,’ and summing, also multiplying 
through by «; and summing, 
t=4 td 
(ca) + > ajujaf =r’ (ax’) + > a,a,af = 0. 
i=0 t=0 
This shows that i 
=a if A+a,4 0, 

Hence A must take one of the five values —a;, which 
proves our result. 

These facts have a good many interesting consequences 
which we shall develop gradually. We begin by noticing 
that if we define as a focus of a surface the vertex of any 
null sphere which has double contact therewith, the foci of 
a general cyclide come merely from the five systems of 
generation. Their coordinates will be given by the equations 


2S Pte + er tem? 


2 
4) 


ag =m (12) 


i i ge nin Sere sah SO - _—_ ~ 
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Theorem 5.] The focal curves of u general cyclide are five 
cyclics, one on each of the fundamental spheres. Each cyclic 
meets each fundamental sphere other than its own in four 
Joct of the focal cyclic on that sphere. 


Suppose that one focal cyclic is known. Its foci and 
fundamental circles are known; hence the other fundamental 
spheres are known. On each of these spheres we know the 
fundamental circles of the corresponding cyclic, and four 
points (on the first sphere). Hence the focal cyclies are all 
known. 


Theorem 6.] Jf two general cyclides have one focal cyclic in 
common, they have all five focal cyclics in common.* 

A cyclide contains five pairs of systems of circles. This 
suggests that there may be a certain number of isotropics 
embedded in the surface. These isotropics will not lie on the 
fundamental spheres, but be inverse in pairs with regard to 
them. Let such an isotropic be determined by the points (a) 
and (x’), where 
a,=0, (ta’)=0, t,= 0. 


7 


j=4 
Clearly (ca’) = > a;0, 0, = 0, 
j=0 
a; Uy, 4 | 
Ly = Ash Ape, Ay | 5 
be Mio alt 
as Phe ay 
Va; Va, Vay 
, 
x ome “a Be 
= — WAP J 0y,Ly, Vu] 
Vay, Jed eae 
. Gio t 
Unt att t, 


va; Va, Vay 


* That erratic genius, John Casey, in an article full of interest, ‘On 
Cyclides’, &c., Philosophical Transactions, vol. clxi, 1871, p. 637, seems to have 
held the curious idea that a eyclide shared one focal curve with each of 
five different systems of others. He gives the equations of all five systems, 
failing to note that they are really identical. 


1702 T 
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(ce' a’) = (am'*) = 0. 
= (xa) = (av) = A; 4), Ayn, é 0) —a,; (ax?) = 0. 


These equations give eight values for %;:«,:0,:@,, each 
Sela us a to two sets of values for (2) differing in the 
sign of @,’. 


Theorem 7.] A general cyclide contains siateen isotropies, 
inverse in pairs with regard to the five fundamental spheres. 
The generating spheres tangent at (a) have coordinates 
Y; = (4;-4,) & 
Four of these will have the cross ratio 
(a;—a,) (a, — a) 
(45) (4, —;) 


Theorem 8.] The generating spheres of four chosen systems 
tangent at any point have a constant cross ratio. 


The condition that a sphere (vy) should touch the cyclide is 
t=4 ie i=4 
> Yi 
aT tA 


> Ui =o, (13) 

1 MMi us xe. 

This may be interpreted as requiring that the discriminant 
of the first equation, looked upon as an equation in A, should 
vanish. The equation is quartic, the degree of the discriminant 
is six, the coefficients being linear in y;. 


Theorem 9.] Twelve spheres of an arbitrary coaxal system 
will touch a given general cyclide. 


Theorem 10.] The general cartesian cyclide is of class 
twelve, and twelve normals pass through an arbitrary point. 

We may draw still further conclusions from the first of our 
equations (13). Let (y) be any sphere, and (z) a point 
common to it and to the cyclide. A sphere tangent to the 
eyclide at this point will have the coordinates 


(a; +A) aye 


a 


—a 
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Suppose that this sphere touches the cyclic of intersection 
again, say at f, 
PY; = ot; + a,t; = (a; + x) ye 
(y2) = (22) = (a2%) = (yt) = (tt) = (at?) = 0. 
i=4 
o(2t)+ > a,z,t, = 0. 


i=0 
t=4 


> a2;t;+2(2t) = 0. 
i=0 
cy—A. 
PYs 
(4; +A) 
(yz) = (yt) = 0. 
i=4 
> ye A 
ae DPS A 
It thus appears that the absolute invariant of our quartic 
in (13) gives the fundamental cross ratios for the cyclic 
common to the cyclide and to (y). This absolute invariant 
is a constant multiple of the ratio of the cubs of a relative 
invariant of the second degree, whose vanishing gives the 
equiharmonie case, to the square of a relative invariant of 
the third degree, whose vanishing gives the harmonic case. 


Theorem 11.] In an arbitrary coazal system are four 
spheres meeting a general cyclide in equiharmonic cyclics, 
and sia meeting it in harmonic cyclics.* 

We return to the tangent sphere 

Y,; = (A+4,) &;. 

This will be null if 

(ae vie=' 0. 

When this equation is satisfied, every tangent sphere at 
that point is null, i.e. the two tangent isotropics coincide, 
and we have a parabolic point. 


* This theorem and the three preceding are taken direct from Darboux, 


Sur une classe, cit., pp. 280 ff. 
T 2 


a 
~ — 4 
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Theorem 12.] The locus of the parabolic points of a general 
cyclide is the intersection with a second cyclide having the 
same fundamental spheres. 


It must not be supposed that the tangent isotropic to the 
eyclide at a point of this curve is tangent to the curve itself. 

The cyclide has covariants under the quinary orthogonal 
group analogous to those of the cyclic. Let our orthogonal 
substitution be 


j=4 j=4 j=4 


x; = Ds bij, Mes 5,2 = is ps by Oy; = 0, k Ss a. 


j=09 7=0 7=0 


If the corresponding cyclides be 


(ax?) =0, (a’x*)=0, 
i=4 


Cs a; d;5 3.5 =e 


i=0 


i=4 Lgj=st =4 
jill 9 = NS 
= aq = a;d;; ai a; 
+= 0 ly oO =) 
If thus > a; = 0 
we have also Dda/ = 0. 


We may always suppose the first of these equations is 
satisfied by replacing the first of our equations (9) by a 
suitable linear combination of the twe. If (y) be any sphere, 
we have the covariant polar sphere 


hed Beth 8 
if (z) and (#’) be any two points of the cyclide inverse 
with regard to (y), the other sphere orthogonal to (y) in 
which (#) and (#’) are also inverse is orthogonal to the polar 
sphere. The covariance of the polar sphere is thus evident. 


—— 
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All spheres orthogonal to (y) will have their polar spheres 
orthogonal to the antipolar sphere of (y) 


by 


This also is covariant, as we see by its definition. The locus 
of points whose polar spheres are null is our previous eyclide 


(a°2") =.0. 


The locus of points lying on their antipolar spheres is 


i=4 


1 
(2?) =0, > a; = 0. 


t+=0 
Once more we write the tangent sphere 
Yi = (Ata,) a; 


‘If this have stationary contact, the cyclic thereon must 
have a cusp, the class of the corresponding cartesian cyclic 
will be still further reduced, and so, by the reasoning which 
led up to 11], the first equation (13) has three equal roots, or 


Berl ie nee ie) (14) 
Zaith foo (He tA)? a a FAL 


Now a quartic has three equal roots if the invariants of 
degree two and three both vanish. Hence we have un equa- 
tion of the fourth degree, and one of the sixth in y;, or, 


Theorem 13.] The congruence of stationary tangent spheres 
to a general cyclide is of the twenty-fourth order. 


Theorem 14.] Zhe locus of the centres of curvature of a 
general cartesian cyclide is a surface of the twenty-fourth 
order.* 

We see that a sphere is an adjoint surface to the general 


* Darboux, Sur une classe, cit., p. 289. 
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cartesian cyclide. Cospherical cireles shall be said to be 
residual, hence 


Theorem 15.] If two circles of a cyclide be coresidual, every 
circle residual to the one is residual to the other also. 


Theorem 16.] Z'wo residual, or two coresidual circles of 
a general cyclide are orthogonal to the same fundamental 
sphere. 


Theorem 17.] wo residuui circles of a cyclide meet twice, 
two coresidual ones do not meet at all, two circles which are 
neither residual nor coresidual meet once. 


We have so far considered all systems of generation together ; 
a good deal of interesting information may be obtained by 
fixing our attention on a single generation. We rewrite the 
equation 


In an arbitrary coaxal system orthogonal to x; = 0 there 
will be two generating spheres of this system. If (y) and (2) 
be orthogonal to the fundamental sphere, and if 

j=4 
S475 


7z6 Ae — Oy 


—70; a; # a;, 


these two are harmonically separated by the spheres coaxal 
with them which are generators of the cyclide. If (z) be 
fixed, the spheres satisfying this equation will generate a linear 
congruence. The points common to the spheres of the con- 
gruence have the coordinates 


Hye U7 Wy 


hae) 
ee 3 : 
=7 s wo tks ot nf es ee 2m 
aed a:—a Bye . Py _- 4 . 
Tea 1; — 5) dj —Ay A,—Ga; A—a; An—a; 
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, Let (a) be the point of contact of a generating sphere which 
is orthogonal to (y), and belongs to the present system 


gut 
A (as) + > @;8;@;=0, a, +a;v; = 0, 
=O 
7=4 
a; (xs) — > a;8,0, = 0, 
f=0 


Theorem 18.] The generating spheres of one system ortho- 
gonal to an arbitrary sphere towch the cyclide in the points 
of a cyclhie anallagmatic in the corresponding fundamental 


sphere. 


If we keep (s) fixed and find the corresponding cyclic for 
another generation, 
j=4 
a, (es)— > a;8;x; = 0, 
a 
subtracting 
(a;—4),) (ws) = 0. 


Theorem 19.] Zhe generating spheres of all fwe systems 
of a general cyclide orthogonal to an arbitrary sphere touch 
it in the points of five cyclics lying on five spheres of a coaxal 
system including the arbitrary sphere. 

Since the generating spheres of one system form a quadric 
congruence whose members may be put into one to one 
correspondence with the points of a cartesian quadric surface, 
we see that there is an immediate correspondence between 
such a surface and one system of generation of the cyclide. 
Suppose, conversely, that we have a cartesian surface covered 
by two networks of circles, each circle of one network 
being cospherical with each of the other. The axes of these 
circles, that is, the lines through their centres perpendicular 
to their planes, will generate a quadric or two pencils. If we 
take two circles of one network, every circle cospherical 
with both is orthogonal to their common orthogonal sphere, 
as is, also, every circle of the same network. 
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Theorem 20.] The only irreducible surface which contains 
two networks of circles where each circle of one network is 
cospherical with each of the other is u cyclide. 


The correspondence between the generating spheres of one 
system and the points of a quadric appears very clearly in 
the cartesian case where the quadric is the corresponding 
deferent. Here we have* 


Point of deferent. Generating sphere. 
Generator. Circle of cyclide. 
Residual generators. Residual circles. 
Coresidual generators. Coresidual circles. 
Conic on deferent. Conic series. 


This may also be Jooked upon as a means of establishing 
a one to one correspondence between the points of the 
deferent and the pairs of points of the cyclide which are 
mutually inverse in the corresponding fundamental sphere. 

Suppose that we have the cartesian cyclide with the general 
pentaspherical equation (9). Eliminating x; we have 

j=4 
>, b;3;" = 0, b; => (a;—a,). (15) 
j=0 

Let the condition for a planar sphere be 

(wa) = 0. 
If (z) be the coordinates of the centre of a sphere (s), 
8; = AZ; + MW; 


If (s) be a generating sphere of the present system, we get 
the equation of the deferent 


8; = 0. 
1S (w,2 w;2,)? 
52 —W;2; eae 
a b. = 0, JF 
j=0 fH) 


* Cf. Moore, ‘Circles orthogonal to a given sphere’, Annals of Mathematics, 
Series 2, vol. viii, 1907. 


ial 
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An arbitrary sphere tangent thereto at (z) will be 


Wy 25 — Wy z 
= ae = . #4), 


J=0 i 


Ie = Na, two 5, (ws {2 — Wp) 


This will be a plane if it satisfy the condition of being 
orthogonal to (w), i.e. ’ = 0. 

Calling this the plane (r), and the angle of intersection 
with a; = 0, 0;, 


.; heck 
cos 0, = —1_, b,cos?6,= 0, 77. 
i Ver) 2 j j J 


But the cosine of the angle which a plane makes with 
a sphere is the distance from the centre divided by the 
radius.. This yields the curious theorem due to Casey.* 


Theorem 21.] Jf the equation of the general cartesian 
eyclide be reduced to squared terms, and if one variable be 
eliminated by means of the identity, the resulting form will 
be identical with that which gives the quadriplanar equation 
of the deferent corresponding to the variable eliminated, the 
tetrahedron of reference being that whose vertices are the centres 
of the four remaining fundamental spheres, and the coordi- 
nates of a plane being proportional to the distance from these 
centres divided by the corresponding radiv. 


Let us write the tangential equations 


jess jim 4s 
D (4-4) 77? = D (a;-a) 77 = 0, 
j=0 j=0 


subtracting 
(aj, —a,) (rr) = 0. 


This is characteristic of isotropic or minimal planes. 


* On Cyclides, cit., p. 598. The form there given to the theorems is not 
sufficiently precise. The next six theorems are from the same source. 
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Theorem 22.] The five deferents of the general cartesian 
cyclide are confocal. 


Theorem -23.] Given nine spheres orthogonal to a tenth, 
there is always at least one cyclide tangent to each at a parr of 
points inverse in the tenth sphere, and, conversely, of nine 
pairs of points be given inverse with regard to a sphere, there 
is at least one cyclide passing through all and inverse in the 
given sphere. 


Theorem 24.] Given eight spheres orthogonal to a ninth, 
which is not null. There is always a one-parameter family 
of cyclides having double contact with these and with the 
spheres of a series. In special cases there may be a two- 
parameter family of cyclides having double contact with the 
eight spheres. 


Theorem 25.] Given eight pairs of points inverse in a 
sphere. There is always a pencil of cyclides anallagmatic in 
the sphere through these points, and in special cases there may 
be a two-parameter family of such cyclides. 


Theorem 26.] All cyclides having double contact with seven 
spheres orthogonal to a given not null sphere have double 
contact with an eighth sphere orthogonal thereto. 


Theorem 27.] All cyclides passing through seven pairs of 
points inverse in a given sphere pass through an eighth 
such pacr. 

Let us now turn more definitely to the cartesian cyclide. 
Here, in the general case, there are five deferents, confocal 
quadrics. To find the points of contact of any generating 
sphere we must drop a perpendicular from the centre of the 
corresponding fundamental sphere upon the tangent plane to 
the deferent at the centre of the generating sphere, and find 
where this perpendicular meets the latter sphere. This method 
will hold for every anallagmatic surface. When the point 
of contact of the generating sphere is on the circle at infinity, 
the tangent plane to the deferent will contain the tangent to 
the circle at infinity at the corresponding point. But this 
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plane will touch the eyclide also at this infinite point, for the 
line connecting this point with the point of contact of the 
plane with the deferent should be normal to the cyclide, 
and the corresponding tangent plane is the plane just drawn. 
We are thus led to the double focal curves of our cyclide; they 
are the double curves of the developable of tangent planes 
along the (double) circle at infinity. These, unlike the focal 
curves, are not covariant for inversion.* 


Theorem 28.] Vhe double focal curves of the general cartesian 
cyclide are the focal curves of the corresponding deferents. 

We may pass from one generation of such a cyclide to 
another as follows. The points where a cyclide cuts one 
fundamental sphere are the points of contact of the latter with 
the developable tangent to this sphere, and to the correspond- 
ing deferent. This developable being of the fourth class, and 
elliptic in type, has four conics of striction. A point on one 
is the centre of a sphere having double contact with the 
cyclide, hence 


Theorem 29.] The fowr quadvics confocal with the gwen 
deferent, and each passing through one conic of striction of the 
developable tangent to this deferent and the corresponding 
fundamental sphere, will be the four other deferents. 

If we consider the plane of one of the conics of striction, we 
see that it contains the centres of four spheres common to two 
generations, and so orthogonal to two fundamental spheres. 
It is thus a radical plane for two fundamental spheres, and so 
must bear a symmetrical relation to them and to the corre- 
sponding deferents. 


Theorem 30.] Jf two deferents be known, and the funda- 
mental sphere corresponding to the first, that corresponding to 
the second is found as follows. The planes of that conic of 
striction of the developable determined by the first sphere and 
deferent which lies on the second deferent will cut the first 
deferent in a conic. The developable circwmscribed to this 
conic and the second developable will touch the sphere required. 


* Darboux, Sur une classe, cit., for this and the two following. 


ae 
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We saw recently that the planes tangent to a cartesian 
cyclide along the circle at infinity will touch all five deferents. 
Through each tangent to the circle will pass two planes 
tangent to the deferents. These planes will fall together 
when, and only when, a tangent to the circle at infinity 
touches alsoa deferent ; hence the five deferents and the circle 
at infinity touch four (usually distinct) lines. The points 
of contact with the circle at infinity will be points of all the 
focal cyclics. 


Theorem 81.] The general cartesian cyclide has four pinch- 
points on the circle at infinity, which are common to all the 
focal cyclics. 

Let us look for a normal form for the equation of a cyclide 
in rectangular cartesian coordinates. We begin by noticing 
that the locus of the centres of gravity of the intersections 
of a general cartesian cyclide with sets of parallel lines is 
a plane, the polar of the infinite point common to the lines. 
If a point trace a line in the plane at infinity, its polar line 
in each plane section through the infinite line will, by IV. 16], 
rotate about a point; hence its polar plane rotates about 
a line. Any two such lines must intersect; hence 


Theorem 82.] The polar planes of all infinitely distant 
points with regard to a general cartesian cyclide pass through 
a fixed fincte point. 

This point shall be called the centre of the cyclide.* If 
we consider the plane of a focal conic of any deferent, we 
see that the foci of that conic are double foci of the eyclide, 
and of the sections thereof in that plane; hence, by IV. 16] 
and (20), 


Theorem 83.] he centre of the general Euclidean cyclide 
is the common centre of all five deferents. The planes of the 
focal conics of the deferents cut the plane at infinity in the 
side-lines of the diagonal triangle of that complete quadrangle 
whose vertices are the pinch-points. The tangent planes to 
the cyclide at the pinch-points pass through the centre. —~ 


* Theorems 32 and 33 are from Humbert, loc. cit., p, 182. 
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The canonical form for the equation will thus be 
(x? +4? +27)? + ax? + by? +22 +ex+fytgzt+h = 0. (16) 
We now return to pentaspherical space. Before studying 
systems of cyclides let us look most briefly at one or two 
special types under the quinary orthogonal group. The 
general cyclide being characterized as before by {11 1 1 1], 
Jet us look at the type [2111]. This notation means that 
in the homothetie pencil of quadratic complexes 
i,j=4 
Dd Ajj; X; +p (wx) = 0, 
i,j=0 
two, which are simply singular, have fallen together, This 
gives the limiting case of the general complex when two 
spheres of inversion fall together. As, however, they are 
mutually orthogonal, in the limiting case the double sphere 
must be null. The vertex of this double sphere must be 
a conical point for the cyclide, for the surface is anallagmatic 
in three mutually orthogonal spheres containing this point. 


Theorem 34.] The cyclide of the type [2111] in penta- 
spherical space has one conical point, and is anallagmatic 
im three mutually orthogonal spheres through that point. It 
is covered with eight systems of circles, residual in pairs, 
of which one pair of systems pass through the conical point. 


Theorem 35.] The cartesian cyclide of type [2111] may 
be inverted into a non-degenerate quadric surface, not a 
surface of revolution, winless the fundamental wull sphere is 
planar. 

Let us next take the type [(11) 111]. Here there will 
be a doubly singular complex in the homothetic system, 
whose correlative is a series of spheres. We may write the 
general equation for our complex 


Uy ho? + 6,0? +a, %," = 0. (17) 
Theorem 86.] The wpentaspherical cyclide of the type 


[(1 1) 111] has two conical points, and is the envelope of the 
spheres of a general conic series. 
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A tangent sphere to our surface will have the coordinates 


Yo = (Go tA), Yr =(Gy +A), Yo = (Ug +A) 2, 
Ys = As, Yq = AM. 


For the sphere orthogonal to #, = %,= 0 we have A= 0. 
Putting Yi, = 1 0;, U= 0, 1, 2. 


Our surface is the envelope of the conic series of spheres 
tec ge Piloy ys ee 
er —Y, = Y, = y, = 90. 
ay?” iy a, 2 sts a? 5 das Ge 


Theorem 37.) Zhe pentaspherical cyclide of the type 
[(11) 111] has seven systems of circles. Sia are mutually 
residual in pairs. The circles of the seventh system all pass 
through two conical points and are characteristic circles 
of the spheres of a general conic series which envelop the 
cyclide. 


Theorem 38.] The Euclidean cyclide of the type [(11) 111] 
may be inverted into a quadric cone, not of revolution, unless 
the fundamental null sphere is planar. 

As a last type consider [(1 1) (11) 1]. Here there are two 
distinct doubly special complexes in the homothetic system ; 
the surface may be enveloped in two ways by the spheres of 
a conic series. 


Theorem 39.] The cyclide of the type [(11)(11)1] is a 
Dupin cyclide. 

The Dupin series and cyclides have only been defined in 
cartesian space, but the definitions carry over immediately. 

We have already defined as confocal two quadratic com- 
plexes whose correlatives are homothetic; the eyclides generated 
by the null spheres of confocal complexes shall be defined as 
confocal cyclides. If our original cyclide have the equation 
(9), the general form for the confocal system will be 


Loe " 
> rh Cas (ace) = 0. (18) 
Ws 


a 
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Theorem 40.] The cyclides which are irreducible and 
confocal with a general cyclide are themselves general. The 
five fundamental spheres, each counted twice, are the only 
reducible cyclides in a general confocal system. 


We mean, of course, by a general confocal system one 
composed of general cyclides. We see at once in (18) that 
if (x) be known, we have a cubic equation in A. 

If X, and A, be two roots, and we take the tangent spheres 
(a), (w’”) where 


3 (a; +A,) (4; +AQ) 


i=4 j=4 
i! x;° ee > 
= eee ee =U 
A, —A, > aU;+A, 2, +A, 


~=0 


Theorem 41.] Through each point of space will pass three 
mutually orthogonal cyclides of a general confocal system. 


The word ‘space’ here means ‘pentaspherical space’; in 
cartesian space we must restrict ourselves to the finite domain. 
We have from the Darboux-Dupin theorem : 


Theorem 42.] The lines of curvature of a general cyclide 
are its intersections with confocal cyclides. 


We get immediately from our definition, or from (18), 


Theorem 43.] Confocal cyclides have the same focal curves. 


The fact that the focal curves of a cyclide are of the same 
type as the intersections with an arbitrary sphere leads to 
some curious results.* We start with the general cyclide 


oar y = taney — 0. (9) 


* The remaining theorems in this chapter are due to Darboux, Sur une 
classe, cit., pp. 327 ff. The proofs there given are not easy to follow. 
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Let (y) be an arbitrary sphere, and consider the cyclide 


i=4 eee i=4 2 
2 2 he 
Bae Ae BS pai) i (19) 


9% +A 


This will be found to be anallagmatic in (y). The tangent 
sphere at (#) orthogonal to (y) will be (z’), where 


Uma ee i= 
Sse aes Vi > ViVi 
x,’ = a v = F CAT ] pT a 
J | it ls a; +Al. a-+Xr 
e = 10) a 
(pre 


> (0,4 )aj2= (ye!) = 0. 


i=0 


The intersection of our original cyclide with (y) will be 
a focal curve for the new cyclide. By varying A we get 
a confocal system of new cyclides, and each is tangent 
along a cyclic to a cyclide confocal with the original one. 

Theorem 44.] The cyclides having for one focal curve the 
cyclic common to a general cyclide and an arbitrary sphere 
are confocal, and each is tangent along a cyclic to a cyslide 
confocal with the original one. 

Conversely, let us take an arbitrary cyclide tangent along 
a cyclic to the general cyclide of our system, 


t=4 


2 
i > 
> A +r (en) = 0 
pita 

If we write 

1=4 

— QA 

Y;,=(a;+A)2;,, c= 23 rare 
i=o % 


we fall back on (19). 


Theorem 45,] The focal curves of all cyclides touching 
a general cyclide along a cyclic lie on cyclides confocal with 
the given one. 


Theorem 46.] If a sphere cut a general cyclide in a cyclic, 
that will be a focal curve for five cyclides each containing one 
focal curve of the original cyclide. 


—— z 
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We see, in fact, that, considered as envelopes, the focal curves 
are limiting cases of the confocal cyclides; we then apply 44]. 


Several ideas for continuing the geometry of pentaspherical 
space will occur to any one after reading the preceding 
chapter. We have made no mention of problems of con- 
struction; it would be easy to lead up to the solution of the 
problem of drawing a sphere tangent to four others exactly 
as we did to the corresponding problem in Ch. IV. It seems 
certain that some of the other cyclides deserve a more detailed 
study than we have given to any but the general and Dupin 
eyclides. The residuation theory for curves on cyclides should 
be easy and interesting. 
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CHAPTER VIII 


CIRCLE TRANSFORMATIONS 


$1. General Theory. 


WE have frequently had occasion, especially in Ch. IV, 
to draw distinction between the cartesian and the tetracyclic 
planes. There is a one to one continuous correspondence 
between their circles, but not between their points, for they 
have different connectivity. In the cartesian plane we con- 
sidered, besides the angles of circles, the positions of their 
centres and the magnitudes of their radii. In the tetracyclic 
plane we considered only those properties of circles which 
are invariant for inversion, or for quaternary orthogonal 
substitutions. No circle has an absolute invariant under 
this group, although the expression (7x) is a relative invariant. 
The cosine of the angle of two circles is, however, an absolute 
simultaneous invariant of two not null circles, and they have 
no other invariant independent of this. 

We next observe that although we have said a good deal 
about this invariant we have paid next to no attention to 
the transformations themselves, except the inversions and 
conformal collineations of the cartesian plane. It is the 
purpose of the present chapter to discuss the various types 
of circle transformations and the groups thereof.* 

Let us begin by defining as a circle transformation any 
analytic transformation that carries circles of a plane into 
circles. In circle coordinates this will be 


— Y ‘ae , / / / Qn / 
©, = @; (a,' e/a,’ as @,/), 
* For an elaborate treatment by pure geometry see Sturm, Theorie der 


geometrischen Verwandischaften, vol. iv, Leipzig, 1909. An admirable analytic 
introduction is given by Déhlemann, Geometrische Transformationen, cit. 
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where (a’) represents a circle. If, further, null circles are 
carried into null circles, 


(war) = i (ar a2’). 


Here & must be a function of the coefficients of the trans- 
formation only, as otherwise not null circles of the congruence 
k = 0 would be carried into null circles. 

Let us next assume that our transformation is algebraic 
and one to one. Such a transformation might be engendered 
as follows. The circles of the plane are in one to one corre- 
spondence with the points of a three-dimensional projective 
space ; the null circles in one to one correspondence with those 
points of the space which lie on the Absolute quadric. If we 
take the most general Cremona transformation of space 
which leaves the quadric in place, we have the required 
circle transformations, Now this Absolute ‘quadric may be 
stereographically projected on the projective plane, and the 
Cremona transformation of space in question will give 
a Cremona transformation of that plane. Conversely, let a 
Cremona transformation of the plane be given. If that be 
expressed in tetracyclic coordinates, it will be a transformation 
of projective space which leaves the Absolute quadric invariant. 
There remains, lastly, the question, could not two different 
Cremona transformations of projective space produce the same 
Cremona transformation of the Absolute quadric? If such 
were the case, the product of the one and the inverse of the 
other would be a Cremona transformation where all points 
of the quadrie were invariant. Such transformations do not, 
however, exist. For suppose we had one, 


pm, = fi (ay). my 
Putting a,’ = w,, and eliminating p, 
0; f;—2; J; =e 
We must then have 
fy — ma = (02) 


Solving these equations for f,, we find that each /; contains 
U2 


“4 
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(xx) as a factor, an absurd result, as we should naturally 
remove such a factor at the start. 


Theorem 1.] The group of all algebraic circle transforma- 
tions of the plane which carry null circles into null circles 
is simply isomorphic with that of all Cremona transformations 
of the cartesian plane.* 

An interesting sub-group of these transformations is com- 
posed of those which carry tangent circles into tangent circles. 
We shall reserve to a subsequent chapter the discussion of 
these. Let us rather note that although our transformations 
carry points into points, and circles into circles (in the tetra- 
cyclic plane), we have not yet required that they should carry 
points on a circle into points on another circle. For this we 
require the additional restriction 

. (ax) = (a 2’) if (2’'o’) =0. 

The first of these equations must be independent of the 
second, for = = const. for all values of (a’) where (x’x’) = 0, 
1.6. : Py 


x; a LNs 
a,’ — bi; +h (x x Wik” 


This equation is not homogeneous, as it should be unless 
r= VOr 
Now the most general analytic transformation of four 
homogeneous variables that carries a linear form into a linear 
form is a linear transformation, and since (a) is covariant, 
we shall always have 
(wy) = (2’y’) 


V (wx) yy) ¥ (aa) Vy'y’) 

Theorem 2.] The most general transformation of the tetra- 
cyclic plane that carries a point into a point, and the points 
of « circle into points of a circle, is an orthogonal substitution. 

We shall call such transformations circular transformations, 
and study them in detail analytically presently. For. the 


* Nothing seems ever to have been published about these general trans- 
formations. The Author’s attention was called to them by a conversation 
with his colleague Prof, C. L. Bouton. 
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moment we confine ourselves to the real cartesian plane, and 
approach the subject of circular transformations by pure 
geometry.* 

We begin by returning to the domain of Ch. I, the real 
finite cartesian domain, and inquire what will be the nature 
of a transformation which is one to one, with the exception 
of a finite number of exceptional points, and carrics points 
on a circle or line into concyclic or collinear points. Let 
such a transformation be called 7’, P, and P’, two corresponding 
points. The circles through P will go into circles through P’. 
If we precede 7' by an inversion with P as centre, and follow 
it by an inversion with P’ as centre, we have a transformation 
T’ of the same type as 7’, which carries lines into lines. It is 
clear that parallel lines will go into parallel lines, for if two 
intersecting lines were carried into parallels, the o? circles 
through the intersection would go into ? circles meeting 

. each parallel once; such circles do not exist in such numbers. 
A parallelogram will go into a parallelogram, an inscriptible 
parallelogram into an inscriptible parallelogram, i.e. a rectangle 
into a rectangle, a square into a square, since a square is the 
only rectangle with mutually perpendicular diagonal lines. 
Now a necessary and sufficient condition that a point should 
be between two others is that every line through this point 
should intersect every circle through the other two twice, and 
this is invariant under our transformation 7’. Let 7’ carry 
the square ABCD into the square A’B’C’D’. We may follow 7” 
by a rigid motion of the plane and a similarity transformation 
which carries A’B’C’D’ back into ABCD, when corresponding 
orders of letters correspond to the same sense of progress about 
the perimeters of these squares. Where the sense of progress 
is opposite, we may accomplish the desired result by first 
reflecting in a diagonal line of one square. In any case we get 
a transformation 7” of the same type as 7’, which leaves 

* The groundwork of what follows is from Mébius’s Collected Works, 
vol, ii, p. 243, Leipzig, 1886. He defines a-cireular transformation as being 
necessarily continuous, but we have avoided that assumption by following 
Darboux, ‘Sur la géométrie projective’, Math. Annalen, vol. xvii, 1880, 


and Swift, ‘On the Conditions that a Point Transformation of the Plane be 
a Projective Transformation’, Bulletin American Math. Soc., vol. x, 1904. 
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ABCD in place. Now if a square be invariant, every square 
contiguous, that is, sharing one of its sides, is invariant. 
Moreover, if a square be invariant, the four equal contiguous 
squares into which it can be divided will be invariant. Hence 
the plane is covered with an everywhere dense network of 
invariant squares of sides as small as we please, and as 
betweenness is invariant every point is invariant. Hence 
T’’ is the identical transformation, 7” is a conformal collineation, 
and-7' is the product of such a collineation and inversions. 
As a matter of fact, if 7 be not itself a conformal collineation, 
it will carry straight lines into circles meeting in only one 
point not exceptional for the transformation, i.e. into circles 
through a singular point, and may be factored into the product 
of a conformal collineation and an inversion with the singular 
point as centre. 


Theorem 3.] Every circular transformation is either a 
conformal collineation, an inversion, or the product of 
the two. 

Theorem 4.] Every circular transformation is conformal. 


We may sharpen our idea of conformal transformations by 
using the angular notation. described on p. 20. If 


x ABO =%_A’B’C’, 


4 ABO = 4_A’BO’ or X ABC =X OBA’ 


The first equality holds when the two directed angles have 
the same sense of description, the second when they have 
opposite senses. 


Suppose now that we have a conformal collineation, and 
that 


x ABO = A'BO’; 4X ABC = ADU. 
Hence ABCD are concyclic, as are A’ B’C’ D’. 
{ADC = 1 ABO’ = X ABO =X ADC. 


Here 4. ADC, 4 A’D’C" are any two equal angles; we may 
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at once extend to the case of any two commensurable angles, 
and so to any two angles, so that if 


X ABO =X. ABO, 
then xX HKL=%_ HR’. 


Such a collineation is said to be directly conformal ; if the 
sense of description be reversed in the case of one angle it 
will be for every angle, and the collineation is said to be 
inversely conformal. ‘The concepts of directly and inversely 
conformal may be extended from collineations to conformal 
transformations of any sort; in the one case the sense of every 
angle is preserved, in the second it is reversed. Since by 
I. 9] an inversion is an inversely conformal transformation, 
if we factor a circular transformation into a collineation and 
an inversion, the circular transformation will be directly 
_ (inversely) conformal if the collineation be inversely (directly) 
conformal. 


Theorem 5.] The group of all circular ‘transformations 
depends upon sia parameters, and has a six-parameter sub- 
group of all directly conformal circular transformations, 
and a six-parameter sub-assemblage of all inversely conformal 
circular transformations. 

We may find the number of parameters by counting the 
amount of freedom in conformal collineation, and in an inver- 
sion, or by the number of arbitrary points presently to be 
determined. The sub-group is called the group of direct 
circular transformations, the sub-assemblage is composed of 
the indirect ones. 

Consider a directly conformal collineation. If there be no 
fixed point it is a translation. If there be a fixed point, 
the product of this transformation and a properly chosen 
similarity transformation is a directly conformal collineation 
which keeps one, and hence all, distances invariant. Let 
the reader show that this must be a rotation or translation ; 


hence 


Theorem 6.] Every direct circular transformation may 
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be factored into an even number, and every indirect one into 
an odd number of inversions or reflections. 


We shall determine the minimum values for these numbers 
with greater precision later. Our theorem is of importance 
as showing the basal réle played by inversion in the theory 
of circular transformations; it is, in fact, the reason why 
inversion lies at the very heart of the geometry of the circle. 


Theorem 7.] very direct or indirect circular transforma- 
tion is completely determined by the fate of three points. 


We leave the proof, which is very simple, to the reader. 
The great use of the theorem is that it enables us to write 
the analytic expression for the most general circular trans- 
formation of the cartesian plane. Ifa and y be the cartesian 
rectangular coordinates of a real finite point, let us put 


2=a+ly, 7=U-wy. 
A real circle will have an equation of the type. 
eZ t+petpeZt+n= 0. 


The most general real direct circular transformation may 
then be written* 


Ory hie tee , (a5 — By) # 0. (1) 


> (xd — By) ss 0. (2) 


Let us confine ourselves for the present to direct transforma- 
tions. Suppose that the four points A, B,C, D are carried 


* For a truly admirable discussion of circular transformations starting 
with these equations see Cole, ‘Linear Functions of the Complex Variable ’, 
Annals of Mathematics, Series 1, vol. vy. Also Déhlemann, loe. cit. 
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‘into the points A’, B’, 0’, D’. For any inversion of reflection 
we have by I. 4] and 7] 


— — —_ eel 
4 OBA +4. ADC = — (f_C'B’A’+ 4. ADC"). (3) 


(AB) (CD) _ (A’B’) (C'D’) 
(AD) (CB) ~ (AD) (0B) (4) 


The first of these expressions is called the double angle of 
the four points, the second their double ratio.* 


Theorem 8.] In every direct circular transformation double 
angles and double ratios are invariant. 

It is worth while to verify this analytically. If four points 
correspond to the parameter values Z,, Z,, 2,, ,, and the trans- 
formed values are 2,’, 2’, 25, 24’, 

(2 — 25) (23 — 24) = (2 — 22) (25 — 24) 
(2-24) (23-22) (#1 — 24') (23° —22/) 


Now (2,—2,) = (AB), and by taking the absolute values 
of both sides we find the equal double ratios. Again, the 
argument of z,—2, is the angle which the line AB makes with 
the axis of x, so that 


(5) 


Z1—2q ——— > 
argument Aa A. 
Z_— 2, 


The argument of the left-hand side of the equation is thus 
x CBA+x_ ADO. 
Theorem 9.] The modulus of the cross ratio of fowr values 
of the complex variable is the double ratio of the four corre- 


sponding points in the Gauss plane; the argument is the 
double angle of these four pornts. 


Theorem 10.] A necessary and sufficient condition that 
four real points of the cartesian plane should be concyclic or 
collinear is that their double angle should be congruent to 
0, mod. zt. 


* These invariants are due to Mébius, loc. cit. 


ia, 
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Theorem 11.] A necessary and sufficient condition that 
four points should be orthocyclic is that their double ratio 
should have the value 1. 

Since harmonic points are both concyclic and orthocy clic, 
their double angle is zero and their double ratio unity. 

Let the reader show that in tetracyclic coordinates 


(t) (yz) ~~ (2, —%) (23-42) —2%,) @ 


(ay) (2t) ss (2, —2,) (23- Z,) * (2, —Z,) (2, — 


24) 
Zz 


2) 


The expression for the double ratio is thus 


ee (zt) | 
(wt) (zy) 

To find the expression for the double angle we take the 
special case where three of the points are the origin, the unit 


point of the x axis, and the infinite point (there is but one in 
the Gauss plane). We thus get 


his ajayat| 

v (wy) vet) V (at) V(y2) 

Let us find the locus of a point in space forming an ortho- 
cyclic set with three given points B,C, D, We wish to find J, 
so that 


sin double 4_ 


(XB) (CD) _, 
(XD) (CB) 
One point of the locus will be A, the harmonic conjugate of 
C with regard to Band D. When A, B, C, D are collinear, we 
see, by elementary geometry, that the locus is the sphere on AC 
as diameter. Moreover, since double ratios are invariant for 
inversion in three dimensions, the locus is always the sphere 
through B and D orthogonal to the circle BCD. More 
generally, if 
(XB) (CD) _ 
(XD) (CB) 
we see that the locus of XY is a sphere orthogonal to the 
circle BOD. 
Two circles shall be said to be in bi-involution if every sphcre 
through one be orthogonal to every sphere through the other. 
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This relation is clearly invariant for inversion in three dimen- 
sions, and if one circle be inverted into a straight line, that 
line will be the axis of the inverse of the other circle. 

Let A and C lie on a circle, B and D on another in bi- 
involution therewith. Taking a centre of inversion on the 
AC circle, 

(AB) (CD) _ (A’B’) (CD) 


(AD) (CB) ~ (AD) (OB) ~ 
since CA A Dy = (0B: 
(AB) _ (CB) 
Hence (AD) = GD)’ 


Theorem 12.] Jf two circles be in bi-involution the ratio 
of the distances of any point on one from two fixed points 
of the other depends merely on the position of the latter.* 

We write again 

(z,—2,) (2,—2,) | __ (AB) (CD) 
( > 


(2, —2,) (23 — 2a) s 


(AD) (BC) 


If our four points be on a circle, the double angle is zero 
or m. Assuming that A, C separate B, D, we see from the 
special case of points on the w axis that 


(2, —2)) (2-2) ___ (AB) (CD) _ 


(2, — 2) (23 — 22) (CB) (AD) a 


(2; —2;) (2, — 24) = (AC) (BD) == f= 
Bo aae BOMAD) 


(AC) (BD) = (AB) (CD) + (AD) (BC). 


This last equation proves Ptolemy’s theorem by a method 
that surely would have surprised Ptolemy. 

We easily see from 11] that the locus of points forming 
definitely paired orthocyclic sets with three given points and 
lying in their plane is a circle, hence 


Theorem 13.] A necessary and sufficient condition that 
a one to one transformation of the finite domain of the real 


* Mébius, loc. cit., p. 277, and Chasles, loc. cit., p. 559, 
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plane should be a circular transformation, is that double 
angles or double ratios should be invariant. 


Among circular transformations inversion enjoys the advan- 
tage of being involutory. It is, however, indirect. There is 
a direct involutory transformation which we reach as follows. 
Let us start with two conjugate coaxal systems. Each point 
P, other than the limiting points of one coaxal system, will 
determine a circle of each system, and these two shall inter- 
sect again in P’, The transformation from P to P” is clearly 
involutory, and shall be called a Mébius involution. If we 
invert one coaxal system into a pencil of radiating lines, 
we see that corresponding points are harmonically separated 
by the limiting points of one coaxal system. The inverted 
transformation is clearly a circular transformation ; hence we 
have in general a circular transformation. In the inverted case 
it is the product of the reflections in any two mutually per- 
pendicular lines of the radiating set; hence 


Theorem 14.] Every Mobius involution is the product of 
inversions in any two mutually orthogonal circles of a deter- 
minate coaxal system through two points. 


It will be convenient to extend the term ‘ Mobius involu- 
tion’ to include the limiting case of a reflection in a point, 
which is the product of reflection in two mutually perpendicular 
lines, and from now on we understand the term to be so 
extended. 


Theorem 15.] A Mobius involution may be found to inter- 
change any two pairs of points. 


If the two pairs be concyclic, the two circles orthogonal to 
the given circle through the two pairs of points will determine 
conjugate coaxal systems, or concentric circles and radiating 
lines through their centres, and so the involution required. 

Suppose that they are not concyclic, and that P and Q are 
to be interchanged with P’ and Q’ respectively. We first 
invert in such a circle of antisimilitude of the circles PP’Q, 
PP'Q, that Q passes to Q, on the circle PP’Q’, where Q, is not 
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separated from Q’ by P and PL’, then interchange Q, and Q’ 
by inverting in a circle of the coaxal system with limiting 
points P and P’. 


Theorem 16.] Every involutory direct circular trans- 
formation is a Mobius involution. 

Such a transformation is surely determined when we know 
two pairs that are interchanged, but we may find a Mobius 
involution to interchange any two pairs. 


Theorem 17.] Jf a direct circular transformation inter- 
change a single pair of points it is a Mébius involution.. 


Suppose that such a transformation carry ABCC’ into 
BAC’C”. If we follow with the Mobius involution 
BAC’C” ~ ABC” C’, 


‘the product will have three fixed points and so be the 
identical transformation. 


Theorem 18.] very direct circular transformation is the 
product of two Mobius involutions.* 

Suppose that we call our transformation 7 and determine 
it by ABC ~ A’ BC’. 

Consider the Mébius involution J which interchanges 
A and B’, A’ and B. Then under 7 


DA ten ALL C. 
Hence 77 is an involution J, or T= JJ. 


Theorem 19.] If an indirect circular transformation be 
involutory, it is either a reflection, an inversion, or the product 
of an inversion and a reflection in the centre. 

If it be a collineation, it could not be a reflection in a point, 
since this is direct. There can be no self-corresponding 


* It is instructive to compare these last theorems and 7] with theorems 
4] to 6] of ch. iv. Let the reader give the analytic reason for the similarity. 
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points, hence lines connecting corresponding points are all 
parallel, and we have a reflection in a line. 

Suppose, next, that it is not a collineation. Three non- 
concurrent and not parallel lines will go into three concurrent 
circles, since the sum of the angles of the arcual triangle must 
be 7. Any other line in the plane will go into a circle or line 
meeting each of the first three in only one point not singular 
for the transformation. Hence lines go into circles through 
a point O. If P and P’ be two corresponding points not 
collinear with O, the circle OPP’ and the line PY” are inter- 
changed. The angle from (PL) to are PP’ at P would be 
equal to the negative of the angle at P’ from the are P’P to 
(P’P). But evidently these angles are equal both in magni- 
tude and sign. Hence corresponding points are collinear with 
O. If P and P’ be not separated by O every circle through 
P and P’ is transformed into itself, and clearly we have an 
inversion. If P and P’ be separated by O it is the product of — 
an inversion and a reflection in 0. 


§ 2. Analytic Treatment. 


The majority of facts so far noted about circular transfor- 
mations have been reached by the methods of plane geometry. 
It is now time to make a more detailed study of the analytic 
aspect of these transformations. We shall take as our domain 
the real sphere, or a real tetracyclic domain such as the Gauss 
plane, the real finite cartesian plane made a perfect continuum 
by the adjunction of a single point at infinity. This may 
also be defined as that region of the general tetracyclic plane 
where a, is proportional to a pure imaginary number; each 
other @ is proportional to a real number. Since the groups of 
circular transformations of the cartesian and tetracyclic planes 
are simply isomorphic, we have made no essential alteration 
by such a choice of domain. We express our domain para- 
metrically in terms of the isotropic parameters. Recalling 
the equations of IV, > 


Ly = 1%, 2 = %, =H, hs, = ay. (6) 
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We rewrite IV (13) in non-homogeneous form: 


y= 22+ 1, 

&, = 2z—1, (7 
L, = +2, ) 
%; = —1(z—Z). 


We get the whole tetracyclic plane by removing the 
restriction that z and Z should have conjugate imaginary 
values. Real direct circular transformations will be given 
by (1) and indirect ones by (2). A direct transformation 
has the form of a complex one-dimensional projectivity, so 
that our theorems 16] to 19] might have been deduced from 
familiar theorems of projective geometry.* 

The inverse of our transformation (1) will be found by 
interchanging « and —8; a necessary and sufficient condition 
for a Mobius involution is thus 


a+6 = 0. (8) 
On the other hand, the inverse of (2) is 
- —d2+8 


iG are (9) 
The transformation (2) will thus be involutory if 
9, BS 6 ),. oy = ye 8. (10) 
All points of the circle 
c2zz+62+6z2—-b=0 (11) 


are invariant. If this be real, we have an inversion; if self- 
conjugate, imaginary, the product of an inversion and a Mobius 
involution. 
If we follow our transformation (1) by 
om a’ 2’ + p’ 
— ji 
y 2’ at 6’ 
* This point of view is emphasized by Wiener, loc. cit. Mueh of the 
following discussion is taken from an article of unusual excellence by 


Von Weber, ‘Zur Theorie der Kreisverwandtschaften in der Ebene’, 
Miinchener Berichte, xxxi, 1901. 
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the product will be 
wn _ (a+ By) z+ (O'R + B'8) 


aan (RE. 7 7 Fey" (12) 
(x+y) 2+ (fh +06) 
If (2) be followed by 
Pia, 
= Ye+e 
the product is 
gi KAF BY) 2+ (CB + B'S) | (13) 


(YA+ oy) z+(/ B+) 


Let us see what fixed or self-corresponding points there may 
be in a circular transformation. We begin with the indirect 
case. Here we must have 


yze+d2—02—B = 0, 
y2z+6%—az—B = 0. 

Here, if the equations be distinct, we have two real and 
distinct, coincident, or conjugate imaginary fixed points. If 
they be identical, i.e. if 

y=y, B=, }=—4@, 


the transformation is involutory, and we are back on a real 
inversion, or an inversion in a self-conjugate imaginary circle, 
which amounts to the product of an inversion and a Mobius 
involution. We pass to the more interesting direct case. 
Here the fixed points must be the roots of 


y22+(6-—a) z—-B =0. (14) 
The discriminant of this equation is 
(6+ a)? 4 (x5 — By). 
When this vanishes, the transformation is said to be para- 
bolic. If the single fixed point of the parabolic transformation 


correspond to the value z=, the transformation may be 
written in the canonical form 


Y= 2+Bp. (15) 
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Theorem 20.] Corresponding points in a parabolic trans- 
formation lie on tangent circles through a fixed point. 


A transformation of a non-parabolie type will have distinct 
fixed points. It may be written in the highly suggestive 
form 


(16) 


Z—2) at 
z 


—z Z— 2%, 


2 

The expression re’’ is called the invariant of the transfor- 
mation. Let the reader show that in the cartesian plane r will 
give the double angle of two corresponding points and the 
fixed points, while @ gives the corresponding double ratio. 
The point of the word ‘invariant’ is that if we carry our 
transformation into an equivalent one by means of a circular 
transformation, the invariant does not change in value. Taking 
as the fixed points those which correspond to the parameter 
values «© and 0, we get the canonical form for our non- 
parabolic transformation 

2’ = rez. (17) 

We see from this that there are three standard types of 
these transformations: 

Hyperbolic ?€=0 (mod. 7). 

Corresponding points are concyclic with the fixed points. 

Elliptic pies T, 

Corresponding points are orthocyclic with the fixed pornts. 

Notice that a Mobius involution may be classified under 
either of these types. 

Loxodromic r#1, 0#0 (mod. 7). 

This we might naturally call the general case. Corre- 
sponding points will lie on the same double spiral which 


circulates around the two fixed points and meets at a fixed 
angle all circles through them. 


Theorem 21.] The only periodic circular transformations 
are of elliptic type. 


1702 x 


a os oe or o 
~*~ uy 
xy A 
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Suppose that we have two non-parabolie direct transforma- 
tions with one common fixed point. We may take this to 
correspond to z = 0. 

2 +2,= re" (2 —%;). 


2 —2, = re® (2’ —2,). 


a” = re” (re? (2—%) + (%— 22) +22 


(2 —2,) = rr’e'@* (z—z,). 


Theorem 22.] If two non-parabolic direct transformations 
have one common fixed point, the invariant of their product 
is the product of their invariants. 


Consider a hyperbolic transformation with fixed points 
H and K which carries P into P’, Take any circle which 
has H and K as mutually inverse points, and invert. Let 
P’ be carried into P,. We can find a second circle of 
inversion interchanging H and K which carries P, into P’. 
The product of these two inversions will be a direct trans- 
formation with H and K fixed and carrying P into P’, i.e. 
our original hyperbolic transformation. Let the reader show 
similarly that an elliptic transformation may be factored 
into the product of two inversions in circles through the fixed 
points, and a parabolic transformation may be factored into 
the product of inversions in two tangent circles. Conversely, if 
we have two inversions, their product will transform into them- 
selves all circles orthogonal to the two circles of inversion. 


Theorem 23.] The hyperbolic, elliptic, and parabolic direct 
transformations, and these alone, are the product of two 
inversions. 


Theorem 24.] A necessary and sufficient condition that 
the product of three inversions should be an inversion ts 
that the three circles of inversion should be coawal, or else the 
circles of two successive inversions should be orthogonal to 
the third circle of inversion. 


Theorem 25.] The product of two inversions may be 
replaced by that of two other inversions whereof one has 
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a circle taken at random in the coanal system determined by 
the two given circles of inversion; the second inversion is 
uniquely determined by the first. 

There are certain problems in construction associated with 
direct circular transformations which should now claim our 
attention. The postulates assumed are those of Ch. IV. 


Problem 1.] Given two pairs of points corresponding in 
a Mobius involution, to find the mate of any point. 

When the two pairs are concyclic, this has already been 
done in Ch. IV, problem 8. If not, suppose that the involu- 
tion is given by the pairs PP’ and QQ’, and we wish to find 
R’ the mate of R.* 

Let the harmonic conjugate of R with regard to PP’ be R,, 
that of R, with regard to QQ’ shall be R,,; in like manner the 
harmonic conjugate of R with regard to QQ shall be R,, while 
that of R, with regard to PP’ shall be R,,. Lastly, the 
harmonic conjugate of R with regard to R,,R,, shall be &, 
while A’ is the required point. Let us first take the product 
of the two Mobius involutions with fixed points PP’ and QQ’. 
We have a direct transformation whose fixed points are those 
of the giveninvolution. If, further, we operate with a Mobius 
involution whose fixed points are RR’, these last-found fixed 
points are interchanged. Hence the product of these three 
involutions is an involution. The product of the involutions 
having the successive pairs of double points PP’, QQ’, RR, 
PP’, QQ’ is the involution with the double points RR’, but 
this involution will carry R,, into R,,. Hence & and Ff’ are 
harmonically separated by R,, and A,,, and the problem con- 
sists in finding a succession of harmonic conjugates, and was 


solved in Ch. [V. 


Problem 2.] Given a direct transformation by means of 
three sets of corresponding points, to find the mate of any 
point. 

We have but to factor our transformation into two involu- 
tions by means of 18], then apply the solution of problem 1. 


* Cf. Wiener, loc. cit., pp. 670, 671. 
x 2 
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Problem 3.] Given two pairs of points of a Mobius involu- 
tion, to find the double points. 


This is a problem of the second degree. We may, by the 
solution of problem 1], find as many pairs of corresponding 
points as we please, and so construct as many pairs of 
corresponding circles as we like, through two chosen corre- 
sponding points. These circles will cut on any circle through 
one of the latter points, two ranges of points in one to one 
reciprocal algebraic correspondence, i.e. an involution, and the 
double points of this involution must be real, since they lie 
on real self-corresponding circles of the Mobius involution. 
We may thus, by Ch. IV, problem 7, find the double points 
of the involution on the circle, and so two self-corresponding 
circles of the transformation. On one of these circles find 
two pairs of corresponding points, and through each pair pass 
a circle orthogonal to the given circle. Then either these two 
intersect in the two self-corresponding points sought, or else 
those points are the limiting points of the coaxal system 
determined by these circles. 


Problem 4.] Given two Mébius involutions, to find their 
common parr. 


We find the fixed points of each, then the fixed points of 
that Mobius involution having them as two pairs. 


Problem 5.] Given a direct circular transformation, to 
Jind the fixed points, 


We factor the transformation into two involutions, then 
apply the solution of the last problem. 

Let us now turn to the classification of indirect transforma- 
tions. We see that the square of an indirect transformation 
is a direct one. The fixed points of the direct transformation 
were either interchanged or fixed in the indirect one. We 
thus get the following types of indirect transformation, the 
points mentioned being, when distinct, those which correspond 
to the parameter values 0, 0. 


Hyperbolic e=re'zZ, #= re? 2’, (18) 
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Two real points are fixed, two conjugate imaginary ones 
interchanged. The circles through the fixed points are inter- 
changed, two being invariant; the circles orthogonal to these 
are also interchanged, but no real ones stay in place. 

Elliptic ZJ2@=re°, 22’= re (19) 

Two real points are interchanged, two conjugate imaginary 
ones invariant. Circles through the interchanging points are 
interchanged, none invariant. Circles orthogonal to these are 
interchanged, one real and one self-conjugate imaginary one 
invariant. 


Parabolic @=Z+0, Z=2+0. (20) 


No fixed proper circle. Members interchanged in each of 
two orthogonal systems of tangent circles. 

Inversion eee (21) 

Product of inversion and Mobius involution 


= — k?, : (22) 


os —- 
ZZ = 2B 


Let the reader, with the aid of 24], complete 6] as follows: 


Theorem 26.] very indirect circular transformation may 
be factored into three inversions; every direct one may be 
factored into four inversions. 

The last statement may also be proved immediately 
from 18]. 

Let us turn aside for a moment to consider the effect of 
a real circular transformation upon the imaginary points of 
our domain. Suppose that we take an imaginary point of our 
tetracyclic plane, which we shall here suppose a real sphere. 
It will have parameter values (z, 2’). On each of the isotropics 
through this point will lie one real point, namely, the points 
(22), (Z 2’). Conversely, to each pair of real points (22), (2'2’) 
will correspond two conjugate imaginary points (z2’), (22). 
The geometrical interpretation is as follows in the case of 
asphere. If two real points be given, we may draw tangent 
planes to the sphere thereat, which planes meet in a line 


ne 
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without the sphere. Conversely, if such a line be given, 
through it we may draw real tangent planes. 

Suppose, next, that we have a real indirect transformation ; 
what will be the locus of the pairs of conjugate imaginary 
points associated in this with corresponding pairs of real 
points under the transformation ? 


_» 2+ 8 , 02+6 
Cie pee a z . 
ye+s 


yer’ 4+82/—-az—B=0, y2z—-82'—az-B= 


Theorem 27.] If wu real indirect circular transformation 
be given for a real sphere, the polars with regard to that 
sphere of the lines connecting pairs of corresponding points 
will intersect two conjugate imaginary circles of the sphere. 
These circles will fall together when, and only when, the 
transformation is an inversion in a real or self-conjugate 
imaginary circle.* 

A curious figure arises when we consider the corresponding 
problem for a direct transformation : 


of = 22tB ~  e2FB 
~ yet. ; 


y22'+82/-az—B=0, y2z2'+d2/—-az—B= 0. 


We have two assemblages of points depending on two real 
parameters, but not on one complex parameter. 


Theorem 28.|] If a real direct circular transformation be 
given for a real sphere, the polars with regard to that sphere of 
the lines connecting corresponding points will meet the sphere 
in pairs of points depending on two real parameters. These 
systems are characterized by the fact that the corresponding 
cross ratios of the four isotropics of the two sets through four 
pornts are conjugate imaginary. 

It is to be noted that the real domain is a special case of 
one of these systems. 


* Von Weber, loc. cit., pp. 883 ff. See also Study, Ausgewdhlte Gegenstinde 
der Geometrie, Purt 1, Leipzig, 1911, p. 82. 
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We next turn our attention to the question of commutative 
transformations, We begin by recalling the familiar fact that 
in any group of transformations those which are commutative 
with a chosen member will form a sub-group. In fact, if 


TA=AT, . TB=BT, 
then PATA = A. TPT — RB 
and TABT-! = AB, TAB = ABT. 


Tt is also to be noted that if two transformations be commu- 
tative, each must leave invariant or permute all points which 
are invariant in the other. 

A.] Two direct transformations. If neither be involutory 
they must have the same fixed points. Conversely, we see at 
once from formulae (15) and (17) that two direct transforma- 
tions with the same fixed points are commutative. If one 
be a Mobius involution and the other not, the fixed points 
of the Mobius involution must be fixed for the other. Lastly, 
we see that harmonic pairs will determine two commuta- 
tive Mobius involutions, each interchanging the other’s tixed 
points. 


Theorem 29.] A necessary and sufficient condition that 
two direct circular transformations should be commutative 
as that they should have the same distinct or coincident fixed 
points, or that they should be two Mobius involutions whose 
fixed points separate one another harmonically. 


B.] A direct and an indirect transformation. If the indirect 
one be not involutory, the fixed points of the direct one must 
be fixed or interchanged thereby. If the indirect one be 
hyperbolic, the two fixed points might be interchanged if the 
direct one were involutory. Otherwise the fixed points and 
real fixed circles of the indirect transformation must be fixed 
for the direct one also, i.e. the direct one is hyperbolic also. 
If the indirect one were elliptic, the direct one might be 
involutory, and either keep invariant or interchange the 
interchanged points of the indirect one, or else the direct 
one might be elliptic, keeping invariant the interchanging 
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points of the indirect one. If one were parabolic, the other 
would have to be parabolic, if not involutory. On the 
other hand, it is easy to see from equations (17) to (20) that 
an inversion is commutative with any direct transformation 
whose fixed points are either invariant or interchanged, and 
these same equations show us the sufficiency of our necessary 
conditions. 


Theorem 80.] Jf a direct and an indirect circular trans- 
formation be commutative, neither being involutory, then both 
are hyperbolic or parabolic with the same fixed points, or the 
interchanging points of an elliptic indirect transformation 
are fixed in the elliptic direct one. If the direct transforma- 
tion be involutory, its fiwed points are either fixed or vnter- 
changed in the indirect one. These conditions are both 
necessary and sufficient. 


C.] Two indirect transformations. If neither be involutory, 
they will be hyperbolic, elliptic, or parabolic together, with 
the same fixed or interchanging points. If one be involutory, 
it must either keep fixed or interchange two points which 
are fixed or interchanged in the other, or transfer them to 
another pair of fixed or interchanging points. If both be 
inversions, they must either have the same circle of inversion 
(in which case they are identical) or else their circles of 
inversion intersect orthogonally. If one be an inversion and 
the other the product of an inversion and a MGbius involution, 
the circle of inversion must be invariant in the other trans- 
formation. Two transformations of this latter type cannot 
be commutative, for if two self-conjugate imaginary circles 
could intersect orthogonally, two planes conjugate with regard 
to a real sphere might both be outside of it, an impossibility. 


Theorem 81.] If two indirect circular transformations be 
commutative and neither be an inversion, they must be hyper- 
bolic, elliptic, or parabolic together with the same fixed or 
interchanging points. If one be an inversion, its fiwed vircle 


is fiwed in the other. These conditions are necessary and 
sufficient. 


4 
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If we have two indirect transformations 


yz+6 yetsd 
iin me a’ z+ B’ ~ _ X24 $f" 
w@ 7= RG i a = =? 
yz+0 yoo 


they are associated respectively with the circles 
y Z2 +8'2'—az—P = 0, 
zz +82 —0'Z— f= 0. 


The condition that these should be orthogonal is the polar 
of the condition that one should be null, i.e. the polar of 
the condition that the corresponding indirect transformation 
should be improper. We thus get 


a6 + 08’ — B’y— By’ = 0. 
6 + a0’ — B’y — By = 0. 
These equations tell us, however, that 


(TS)? = (L-4S)? = (ST)? = (S47)? = 1. 


Theorem 32.] <A necessary and sufficient condition that 
the product of an indirect transformation of a sphere and the 
inverse of a second indirect one should be an involution is that 
the conjugate imaginary circles determined by the polars with 
regard to the sphere of lines connecting corresponding points 
for each transformation should intersect’ orthogonally im 
parrs. : 

We may treat direct transformations in the same way, 
and arrive at a condition which we shall call orthogonality 
for two parameter systems of complex points. We may 
likewise solve problems in construction associated with these 
systems. To a circle known by inversion will correspond 
a two-parameter system known by the corresponding direct 
circular transformation. If two circles be known, and they 
have intersections in the domain in question, their inter- 
sections are supposed known. So here the problem of finding 
the intersections of two of our two-parameter systems is the 
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problem of finding two points which correspond in two direct 
circular transformations, i.e. the fixed points of the product 
of one and the inverse of the other. This is problem 5] 
above. 


§ 3. Continuous Groups of Transformations. 


Enough attention has now been given to individual circular 
transformations; it is time to turn our attention to groups 
of such. The study of finite groups is nothing but the study 
of finite groups of fractional linear substitutions of the linear 
complex variable. It is well known that such groups are 
simply isomorphic with the groups of the regular solids. 
We may consider such groups as sufficiently familiar; in any 
case they are of more importance to the algebraist than to 
the geometer.* In the same way the study of infinite dis- 
continuous groups would lead us into a vast field but little 
germane to our present purpose.t Let us rather turn to 
the geometrically more interesting study of continuous and 
mixed groups. The problem here is nothing but the problem 
of studying the groups of collineations of a three-dimensional 
space which leave a real quadric with imaginary generators 
in place.t Under a continuous group (corresponding to 
direct transformations) the generators of each system are 
permuted among themselves; in a mixed group there will be 
transformations where the two systems of generators are 
interchanged. What can we say about three-parameter 
groups? If such a group have an invariant two-parameter 
sub-group it is integrable, since every two-parameter group 
is integrable.§ On the other hand, if a three-parameter 
group of direct circular transformations had an invariant 
one-parameter sub-group, the two fixed points of the sub- 

* The classic discussion is, of course, in Klein’s Ikosaeder, Leipzig, 1884. 


+ Especially Klein-Fricke, Theorie der automorphen Functionen, vol. i, Leipzig, 
1897. 

¢ The following discussion is an amplification of Amaldi, ‘I gruppi reali 
di trasformazioni dello Spazio’, Memorie della R. Accademiu delle Scienze di 
Torino, Series 2, vol. lv, 1905. 

§ Cf. Lie-Scheffers, Vorlesungen ‘ber continuirliche Gruppen, Leipzig, 1893, 
p. 563. 


VIII CIRCLE TRANSFORMATIONS 331 


group would be invariant throughout the three-parameter 
group ; this is quite impossible when the points are distinct. 
If the one-parameter group consisted in parabolic transforma- 
tions, the single fixed point would be invariant throughout 
the whole non-integrable three-parameter group. We shall 
presently see that this is impossible. 

Let us begin with the study of simple three-parameter 
groups. A simple three-parameter collineation group in three 
dimensions must leave invariant either a cubic space curve, 
a conic and a point not in the plane thereof, one system of 
generators of a quadrie, or a line and all points of a second 
line skew thereto.* In the present case, where we have real 
transformations leaving a real quadric with imaginary gene- 
rators in place, all but the second case will be impossible. 
If there be a real fixed point in three dimensions, there will 
he a real or self-conjugate imaginary fixed circle in the 
tetracyclic plane. The group with a real fixed circle is 
simply isomorphic with the real binary projective group. It 
has no fixed real point, and so is simple. There will be 
two-parameter sub-groups with any chosen point of the fixed 
circle fixed, one-parameter sub-groups with two fixed points 
in the circle. These will be hyperbolic. There will be 
one-parameter elliptic sub-groups which keep invariant a 
pair of points mutually inverse in the circle ; also a parabolic 
one-parameter sub-group. When the three-parameter group 
leaves a self-conjugate imaginary circle in place, the only real 
sub-groups are one-parameter elliptic ones. There are no 
other two-parameter sub-groups in either case, for if in such 
a group both fixed points might be chosen at random on the 
circle, the transformation would be determined by its fixed 
points, which is absurd. 

If there were any four- or five-parameter groups of circular 
transformations, they would have to contain three-parameter 
groups. A five-parameter group would have to contain a three- 
parameter sub-group keeping a chosen point invariant, while 


* Of. Fano, ‘Sulle varieta algebriche con un gruppo continuo non integra- 
bile di trasformazioni in se’, Memorie della R. Accademia delle Scienze di Torino, 
Series 2, vol. xlvi, 1896, p. 209. 
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every four-parameter group has a three-parameter sub-group.* 
If our three-parameter group were contained in a four-para- 
meter group it would have to be invariant, or else have an 
invariant sub-group of its own.t The latter, however, is ruled 
out, as we are assuming for the present that the three- 
parameter group is simple. But if our three-parameter group 
were invariant, i(s fixed circle would be invariant in the four- 
parameter group, which again cannot be, as the total group 
with a circle fixed has but three parameters. If our simple 
group were in a five-parameter group, the latter, not having 
any fixed circle or point, would have to have a fixed circle 
congruence composed of the transforms of the fixed circle of 
the three-parameter group. Keeping any one circle of the 
congruence fixed, we may carry any second circle into any 
third circle thereof, as otherwise, each circle having but one 
degree of freedom, we should have four-parameter groups with 
a fixed circle. But escaping this absurdity, we fall into the 
worse one of having a congruence of circles, each two of. which 
make the same angle. Our simple three-parameter group lies 
thus neither in a four- nor a five-parameter one. 

Let us next look at integrable groups. Every such group 
has a one-parameter invariant sub-group, and the fixed points 
of the one-parameter group must be invariant throughout. But 
if the integrable group be of more than two parameters, the 
invariant one-parameter group must be parabolic. A canonical 
form for such a group will be 


= g +O. 


What two-parameter groups might include our one-para- 
meter one? The second fixed point for a transformation of 
such a group could not trace the whole plane. If a1 the 
transformation is hyperbolic, and the only curves carried into 
themselves are circles. Hence the other fixed point must lie 
on a circle through the point z=. Hence the two-para- 
meter group must either be of the type 


2’ =az+b, 


* Lie-Scheffers, loc, cit., p. 577. 
+ Ibid., p, 544. 


a 
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or else of the parabolic type 
2 = 2+. 


Now take an integrable three-parameter group. This has 
a fixed point which we may take as z=, and we have 
a three-parameter sub-group of 


2 = Az+P. 


It will have the two-parameter parabolic sub-group in- 
variant. The second fixed point for a transformation of the 
group must be free to move over the whole plane, for if it 
were restricted to a certain curve, that curve would be carried 
into itself by the transformations of the group, while the 
parabolic sub-group is transitive for the whole plane except 
its own fixed point. Now let both points be fixed. We have 
a one-parameter group of the form 


z= rez, r=1r(6), 


7(0)7(0’) = r(0+0’), 


ke 
foe. 


Here k would seem to depend on the position of the second 
fixed point. Such is not, however, the case. We see, in fact, 
that if we take two transformations with the invariants e*’e’? 
and ee”, since, by 22], the invariant of the product is the 
product of the invariants 

ko+k0=1(6+0’), 


k=k’. 


We thus get three-parameter groups of the form 


k+a0 
a = bt 4 B, 


where 6 and # are independent variables. This equation may 
be written 


af B _ etae ee ey s 
ayy perio a E oa at (23) 


and it is evident, conversely from 22], that the totality of these 
transformations will be a group. We shall call such a group 
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a Newson group.* We characterize it geometrically by 
examining’ the significance of the constant k. Taking for 
simplicity a transformation of the group with fixed points 
co and 0, we write our transformation in polar form, 
Heid wi ett gid, 
What sort of a double spiral will be carried into itself by 
this transformation? If the equation of such be 


we easily find N= k, 


This shows that & is the tangent of the angle which the 
spiral makes with a circle through the fixed points: the pitch 
of the double spiral, let us say. The Newson group is thus 
characterized by the fact that one point is fixed, and all double 
spirals carried into themselves by transformations of the group 
have a constant pitch. 

We have thus covered three-parameter groups. There are 
no five-parameter groups. A five-parameter group would have 
a three-parameter sub-group with any chosen point fixed, and 
such a group would be a Newson group. The pitch here 
must be independent of the position of the fixed point, for 
in any Newson group one fixed point can be chosen at 
random. But this leads us to another absurdity, for it is 
easy to show that if two loxodromic transformations have 
different fixed points but the same pitch, the pitch of their 
product is different. 

If there be any four-parameter groups, and we know that 
there are, they must have Newson sub-groups, as we saw two 
pages back. If the Newson group be invariant, its fixed 
point will be invariant throughout the four-parameter group, 
and, conversely, the four-parameter group will be entirely 
characterized by the invariance of this point. If the Newson 
group were not invariant the position of one fixed point for 
each transformation would have to be limited to a specific 


* Newson, ‘Groups of Cireular Transformations’, Bulletin of the American 
Math. Soc., vol. iv, 1897. 
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curve, for if the position of both fixed points were free the 
pitch would have to be constant, there being only four 
parameters, and we should run into our preceding contradiction. 
But if one fixed point lay on a certain curve, this curve must 
be invariant throughout the group, whereas the transformations 
of the Newson group are transitive. We may summarize 
as follows : 


Theorem 33.] There are no real five-parameter continuous 
groups of circular transformations. 


Theorem 34.] The only real fowr-parameter groups are 
those with one fixed point. 


Theorem 35.] The only real non-integrable three-para- 
meter growps are those with a fixed real or self-conjugate 
imaginary circle. 


Theorem 36.| The only real integrable three-parameter 
groups are the Newson groups. 


Theorem 37.] The only real two-parameter groups are 
those with two fixed points, the parabolic ones with one fined 
point, and those with a real fixed circle and real fixed point 
thereon. 


Theorem 38.] The only real one-parameter growps are the 
loxodromic, hyperbolic, elliptic, and parabolic ones. 


It is doubtful whether there be room for much further 
investigation of the subject of real circular transformations. 
On the other hand, the sort of circle transformation which is 
obtained from a Cremona transformation of the projective 
plane, and was mentioned at the beginning of the chapter, is 
still utterly unexplored, and may well contain new theorems 
of interest and importance. 


CHAPTER IX 


SPHERE TRANSFORMATIONS 
§ 1. General Theory. 


THE subject of sphere transformations presents, naturally 
enough, many analogies to that of circle transformations. It 
is not so rich, however, in interesting and easily obtainable 
results, owing to the impossibility of representing either 
cartesian or pentaspherical space parametrically by means 
of isotropics. Thus, a large part of the theory of circular 
transformations which is reached through their connexion 
with the theory of the linear function of the complex variable 
is lost, 

We shali mean by a sphere transformation any analytic 
transformation that carries spheres into spheres. In sphere 
coordinates this will be 


4! = fi; (WyX,o%3H,), 


where (x) represents a sphere. If, further, we require that 
null spheres shall be carried into null spheres, 


(ac or’) = k (ax), 


where & depends merely on the cocfticients of the transforma- 
tion. We find, exactly as in the last chapter, 


Theorem 1.] The group of all one to one algebraic trans- 
Sormations of the spheres of pentaspherical space which carry 
null spheres into null spheres is simply isomorphic with that 
of all Cremona transformations of projective three-dimensional 
space. ; 

We shall mean by a spherical transformation any analytic — 
point transformation of cartesian or pentaspherical space which — 
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carries the points of a sphere or plane into points on a sphere 
or plane. 


We have 


Theorem 2.] The most general spherical transformation of 
pentaspherical space is given by a quinary orthogonal substi- 
tution. 


In the last chapter we dealt with a real tetracyclic plane. 
In the present one we shall deal with finite real cartesian 
space, as well as a second continuum which may be called 
a real pentaspherical space. We may define this as that 
region of the general pentaspherical space where x, is propor- 
tional to a pure imaginary number, and the other penta- 
spherical coordinates to real numbers. An example of such 
a domain is afforded by a real hypersphere in four-dimensional 
projective space with Euclidean measurement. Or we may 
start with the real finite domain of cartesian space and extend 
it to a real continuum by adjoining a single real point at 
infinity. We shall also fix our attention on real spherical 
transformations of this space. 

Let us begin with a purely geometrical analysis of the 
cartesian case as before. If no finite point be singular for 
the transformation, the latter is a conformal collineation, and 
may be factored into translations, rotations, reflections in 
planes, and similarity transformations, the latter being easily 
factorable into two inversions, while the three preceding are 
factorable into reflections in planes. If one finite point be 
singular, the spheres through it being carried into planes, 
we may factor into an inversion with this point as centre, 
and a transformation of the preceding type. 


Theorem 3.] very spherical transformation of real carte- 
sian space is conformal, and may be factored into a product 
of inversions and reflections im planes. 


We see, incidentally, that a similar theorem holds in penta- 
spherical space, the word ‘inversions’ covering both types. 
We shall return to this presently ; for the moment we prefer 


1702 Y 


aoe -e 
a 4 
* 
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to prove the remarkable converse theorem which is due to 
Liouville.* 


Theorem 4.] Every conformal analytic transformation of 
cartesian space is a spherical transformation. 

The easiest proof is, perhaps, the following. Every con- 
formal transformation will carry a triply orthogonal system 
into another such system. Hence, by the Darboux-Dupin 
theorem, it will carry a line of curvature into a line of 
curvature. It will therefore carry a surface, all of whose 
curves are lines of curvature, into another such surface, i.e. 
it will carry a sphere into a sphere or plane. 


Theorem 5.] A spherical transformation is necessarily a 
circular transformation, and every analytical point trans- 
formation that carries circles into circles will be a spherical 
transformation. 

The first part of this theorem is immediate ; the second comes 
from the fact that the necessary and sufficient condition that 
two circles should be cospherical is that there should be «% 
circles meeting both twice. 

Our formula for double ratio in Ch. I (4) yields an 
invariant for inversion and reflection, and so for all spherical 
transformations. Conversely, if we have a quadrilateral | 
where the sum of the products of the opposite sides is equal 
to the product of the diagonals, we may take a centre of 
inversion at one vertex and transform the other three vertices 
into collinear points. The original four were thus concyelic. 
If, then, 

(AB) (CD) + (AD) (BC) = (AC) (BD), 
we have also 
(BA)(CD) | (AD)(BC) _ 
(GA) (BD) * (BD) (AC) ~ 


Theorem 6.] A necessary and sufficient condition that real 
one to one transformation of the real finite cartesian space 


should be a spherical transformation is that double Tako 
should be invariant. 


* See his appendix to Monge’s Applications de Vanalyse & la géométrie, Paris, 
1850, pp. 609 ff. 


IX SPHERE TRANSFORMATIONS 339 


Let the reader show that in special pentaspherical coordi- 
nates the double ratio of four points may be expressed in the 


form 
(AB) (CD) _ jee | 
(AD) (BC) NV) (at) (2y) 


(1) 


Since the expressions involved are covariants, we may 
remove the restriction that the pentaspherical coordinates 
should be special, and let them be any pentaspherical set. 
Another invariant for spherical transformations is 


0 (wy) (wz) (at) | 
(yx) 0 (yz) (yt) 
(cir) (zy) 0 (ct) 
A! | (tx) (ty) (fz) 0 
Vv (ay) V(2t) A (xt) (zy) 


] 


(2) 


In the case of coplanar points this reduces to the sine of the 
double angle. 

Let us next take up the question of direct and indirect 
spherical transformations. We start in finite real cartesian 
space, and suppose that a transformation 7’ carries a point H 
into a point H’, Let S be the translation that carries H’ back 
into H, while R is the inversion with H as centre. The 
transformation RST7'R, the operator being written to the left 
of the operand, will be a conformal collineation. Considering 
the effect of this transformation on the whole of projective 
cartesian space, we see that in the plane at infinity there will 
be two conjugate imaginary fixed points on the circle at 
infinity, and a fixed real point besides. The lines through 
this point are permuted by a collineation, two conjugate 
imaginary ones tangent to the circle at infinity are fixed, 
hence one finite real one is fixed. Our conformal collineation 
may thus be reduced to one of the following forms: 


x = 7 (cos Ox’ —sin 04’), x = 7 (cos Ow’ +sin 07’), 
y = 7 (sin 6a + cos0y’), (3) y= r(sin 6a’ —cos 07’), (3’) 


g=re +d. 2= rtd. 
Ww 


Pe 
7 
~ “ 
= ; 
\ 
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Equations (3) may be much simplified. We see that two 
mutually perpendicular planes are invariant. These may be 
taken as fundamental in the coordinate system, so that we 
may write transformations of this type in the simple form 


<< ry 5) (4) 


2=re4+d. 


II 


Such a transformation is the product of one of type (3) and 
a reflection, so that we may confine ourselves mainly to 
type (3). Here, if 7 > 0, we have the product of a translation 
parallel to the fixed axis, a rotation about that axis and a simi- 
larity transformation, that is, the product of four reflections and 
two inversions. When r < 0,if we change @ into 7+, we fall 
back on the other form. When the number of reflections and 
inversions is even, we may pass by a continuous change of 
parameters from the given transformation to the identical 
one. When the number is odd, we may pass continuously to 
a single inversion, but not to the identity. We see, in fact: 
that if we take a reflection in a plane, the sense of each 
tribhedral angle is reversed, and we cannot pass continuously 
from a transformation which alters the senses of trihedral 
angles to one that does not. As for the number of parameters 
involved, any not-null sphere may be carried into any other 
such, which uses up four degrees of freedom ; when one sphere 
is fixed we have as many free parameters left as there are in 
a circular transformation. 


Theorem 7.] The group of all spherical transformations of 
pentaspherical space depends wpon ten parameters. It has a 
ten-parameter sub-growp of direct transformations, and a ten- 
parameter sub-assemblage of indirect ones. A direct trans- 
formation may be factored into an even number of inversions 
and reflections, and may be continuously changed into the 
identical transformation ; an indirect transformation may be 
factored into an odd number of inversions and reflections, and 
may be continuously changed into a single inversion, but not 
into the identical transformation. 
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Let us look at the fixed points of a direct transformation. 
We shall confine ourselves to real transformations, and begin 
in cartesian space. First take a conformal collineation. If 
we consider the whole of cartesian space there will be one 
fixed real point in the plane at infinity, and one fixed real line 
through it; or all infinite points are fixed. Taking the cases 
in order, if all the points of the fixed line are themselves fixed, 
we have in (3)d@=0,r=1. Wehave a rotation; corresponding 
points lie on circles with the line of fixed points as axis, i.e. 
on circles in bi-involution therewith. 

Suppose, next, that but one finite point of the fixed lines is 
invariant. Here, if we take this point for the origin, d = 0. 
If 640, r #1, corresponding points lie on non-circular iso- 
gonal trajectories of the generators of cones of revolution 
whose common vertex is the origin and whose common origin 
is the z axis. If @ = 0, corresponding points are collinear with 
the origin. If 7 = 1 we fall back on the preceding case. 

‘Let us, thirdly, assume that no finite point of the fixed lines 
is fixed. Here r=1, 040. Corresponding points are on 
circular helices, i.e. isogonal not circular trajectories of the 
generators of cylinders of revolution with a common axis. 

There then remains the case where all infinite points are 
invariant. Here d= 0. If71 we have essentially the next 
to the last case; if 7 = 1 we have a translation, and corre- 
sponding points lie on lines of given direction. 

Suppose, now, that we have any direct spherical trans- 
formation 7. If it have a finite fixed point, and J be the 
inversion with this point as centre, we see that 7’ is a con- 
formal collineation which, under our spherical group, is equi- 
valent to the given transformation. The only spherical trans- 
formations not equivalent to conformal collineations under 
our spherical group are those with no finite fixed point, if any 
such exist. 

A real spherical transformation will appear in four-dimen- 
sional projective space as a real collineation, and will there 
leave at least one real point invariant in four dimensions. 
Corresponding to this point will be a real or self-conjugate 
imaginary sphere. If this sphere be real we may assume it 
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not null, as otherwise we might assume its vertex in the 
domain which amounts to the finite domain of cartesian space, 
and fall back on our previous types. The real spherical 
transformation will produce on the fixed real not null sphere 
a real circular transformation, which must be indirect, as 
otherwise there would be a real fixed point, the case we wish 
{o avoid. It must either be elliptic, or an inversion in a self- 
conjugate imaginary circle. Taking the cases in order, when 
the circular transformation is elliptic one real circle of the 
sphere is invariant, as is the circle orthogonal to the sphere 
through the interchanging points. This is equivalent to a 
transformation of cartesian space, which leaves invariant the 
z axis and the unit circle of the z plane, i.e. 


(cos 0a’ —sin Oy’) E (sin 0a’ + cos Oy’) 
== y % 5 ? — 5 ga ake ? 
a y+ 2 y ge+y +2" 


We see, in fact, that the transformation so written is the 
product of a rotation, a reflection in a plane, and an inversion, 
and so direct. It has no finite fixed point. Corresponding 
points are on the non-circular isogonal trajectories of the 
generators of cones of revolution whose common vertex is the 
origin, and whose axis is the axis of z. 

We must not forget the possibility of an inversion on our 
real sphere, This may be thrown back to the previous case 
with @=7. It is thus an inversion in a self-conjugate 
imaginary sphere. If we méan by a Mébius involution in 
three dimensions the transformation where corresponding 
points are harmonically separated by two given points, we 
see that this transformation is the product of an inversion and 
a Mobius involution, 

There remains but one possible case, that where the one real 
fixed point in four dimensions corresponds to a self-conjugate 
imaginary sphere in three dimensions. Let this sphere be 
«= 0. We get the real transformations of the sort desired 
by keeping a, invariant, and subjecting the other four coor- 
dinates to a quaternary orthogonal substitution; the direct 
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transformations will come from those transformations where 
the determinant is positive, for here, and here alone, we may 
pass continuously to the identical transformation. Each set of 
isotropics of the fixed sphere will be permuted among them- 
selves. For a real transformation there are two possibilities ; 
either two conjugate imaginary isotropics of each set are 
invariant, or all are invariant in one set, while but two of the 
other remain in place. Taking these in turn, we have the 
canonical equations for a transformation of the first sort: 

ply = Ly, 

px, = @, cos P—@, sin d, 

pt, = £,8in +2, Cos ¢, (6) 

p&3 = XL, cos O—x, sin 8, 

pi, = @,8in 8+, cos 0. 

Conversely, it is clear that this transformation fulfils all the 
requirements. No real point or sphere is invariant; corre- 
sponding points lie on the non-circular isogonal trajectories of 
the generators of the Dupin ecyclides 

fe Pie Ke, = 0, 
or of the Dupin cyclides 
0? + 0,2 +Ax,% = 0. 

Lastly, it is possible that every isotropic of one set of the 
fixed sphere is in place. Such transformation belongs to one 
of the two three-parameter invariant sub-groups of the quater- 
nary orthogonal group. It may be written admirably in 
quaternion form. Following Hamilton, we write 

fey cole == Wie =. —" I, (7) 

Our transformation will have one of the two forms 


pl, = ty, p(%, +i, 7s + kas) 
_ (a+bi+¢ +dk) 


Sa + + dP (w/ + tn,’ + jx, + ka,’), 
A" + Of + 6° +0 


(3) 
ip = Lys p(X + 1h, +j2, + he,) 4 
: ; (a+bi oe dk) 
V/ a2 + b +c? +d” 


= (ay + ta,! + jay’ + kay’) 
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We see, in fact, that these equations give invariant three- 
parameter sub-groups of the total group which leaves 7, = 0 
invariant. The groups leaving the one or the other system of 
isotropies invariant are also invariant three-parameter sub- 
groups. Hence each three-parameter sub-group in one pair 
must have invariant sub-groups of its own composed of what 
it has in common with the one or the other invariant group 
of the other pair. But the groups leaving all isotropics of one 
system invariant are merely the binary projective group 
applied to the isotropics of the other group, and have no 
invariant sub-groups. Hence the two methods of dividing 
into three-parameter sub-groups must be the same, and we 
have indeed the transformations desired. 

The transformation (8) will be involutory if : 


a= 0,” +e re* =1. 


It may also be infinitesimal. Corresponding points lie on 
cireles orthogonal to the fixed sphere intersecting the two fixed 
isotropies of that set where only two are fixed. Two of these 
circles cannot intersect, for if they intersected once they would 
do so again in the inverse of the first point with regard to 
“) = 0, and co be cospherical. But the two isotropies which 
intersect both would have to lie on this sphere ; the latter would 
meet 2, = 0 in two skew isotropics, which is quite impossible. 

Take an infinitesimal transformation of the prisent type. 
Corresponding points lie on circles meeting two chosen iso- 
tropics of the same set on & = 0, and there will be «0? such 
circles which are carried into themselves by all transforma- 
tions of the one-parameter group generated by the infinitesimal 
transformation. If we anticipate our future work to the 
extent of assuming that any two circles are cut twice ortho- 
gonally by at least one third circle, we see that any two circles 
of the present system, though not cospherieal, are cut ortho- 
gonally twice by «} circles. Two circles so related shall be 
said to be paratactic.* 


* These will correspond to paratactie or Clifford parallel lines of non- 
Euclidean space already mentioned on p. 164. The present type of spherical 
transformations will correspond to translations of elliptic space. See the 
Author's Non-Euclidean Geometry, cit., p. 99. 
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Theorem 8.] There are nine types of real direct spherical 
transformations of real pentaspherical space : 

(a) Inversions in self-conjugate imaginary spheres. A 
transformation of this sort is the product of an inversion and 
a Mobius involution whose fixed points are mutually inverse in 
the sphere of inversion. Corresponding points are concyclic 
with the fixed points of the involution. 

(6) Rotatory transformations. Corresponding points lie on 
circles in bi-involution with a real circle of fixed points. 

(¢) Loxodromic transformations. Corresponding points are 
on non-circular isogonal trajectories of the circles of curvature 
of a Dupin cyclides with given double points which are fixed. 

(d) Hyperbolic transformations. Corresponding points con- 
cyclic with two fired points. 

(e) Loxodromo- “purabole ic tra nie rnctiate These are iden- 

- tical with the loxodromic except that two conical points of the 
Dupin cyclides fall together. 

(f) Parabolic transformations. Corresponding points lie 
on tangent circles through a fixed pornt. 

(9) Semi-elliptic transformations. Corresponding points 
lie on non-circular isogonal trajectories of Dupin cyclides with 
given conical points, whereof two are real and are interchanged 
in the transformation. 

(h) Loxodromo-elliptic transformations. These are like the 
loxodromo-hyperbolic transformations, but there are no real 
fixed points or real fixed sphere. The conical point of the 
Dupin cyclides are two pairs of conjugate imaginaries. 

(i) Paratactic transformations. No real fixed spheres. 
Corresponding points on puratactic circles. 


Theorem 9.] There are infinitesimal spherical transforma- 
tions of every type but inversions and senvi-elliptic ones. 


Theorem 10.] The only involutory transformations wre of 
the hyperbolic rotatory, and paratactic types. The first are 
inversions in self-conjugate imaginary spheres, and may be 
factored into the products of inversions and Mébius involutions; 
the second are inversions in fixed circles, 
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Let us look for types of indirect transformations. Starting 
with (4) we see that if d #0 no finite point is fixed and the 
axis of z is transformed into itself. If d = 0, the origin and 
point at infinity are fixed and lines through the origin are 
interchanged, whereas in a reflection in the origin these lines 
are all invariant. 

An indirect transformation with no real fixed point but with 
a real fixed sphere is obtained from (6) by changing the sign 
of z. There are no real indirect transformations with no real 
fixed sphere. Such a transformation would be given by 
a quaternary orthogonal substitution with negative discrimi- 
nant, and permute the isotropics of the two sets on the fixed 
sphere. There would thus be two fixed conjugate imaginary 
points, and two interchanging conjugate imaginary points 
(as in the case of an indirect circular transformation). The 
transformation could be written 


wae f 
pl = X%- 


px, = x, cos p+ asin >. 

pt, = x,/sin d—~wx,' cos >. 
/ a) ~4 

p&, = ©, cop-6—ZX, sin 0. 


y _ a s 1 Vf 
px, = &, Sin 0 + @, COs 0. 


But we see at once here that two real spheres z,+Aa, = 0 
are invariant. 


Theorem 11.] There are but six types of indirect real 
spherical transformations : 

(a) Inversions. 

(6) Two real fixed points, circles through them fixed. 

(c) Two real fixed points, circles through them interchanged. 

(d) Adjacent fixed points, circles all tangent, at one point 
interchanged. 

(e) Adjacent fixed points, circles tangent at one point 
invariant. 


(f) No real fixed points, points of real circle interchanged, 
real fixed sphere. 


f 
| 
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Theorem 12.] A necessary and sufficient condition that 
two unversions should be commutative is that the spheres of 
unversion should be mutually-orthogonal. 


Theorem 13.] The product of inversions in two mutually 
orthogonal spheres is the inversion in their common circle, the 
product of three such inversions is the Mébius involution 
whose fixed points are common to the three mutually orthogonal 
spheres ; the product of fowr such inversions is the inversion in 
‘the self-conjugate imaginary sphere orthogonal to the four given 
mutually orthogonal spheres. 


Theorem 14.] The only real indirect involutory spherical 
transformations are inversions and Mébius involutions. 


Theorem 15.] Jf two points be interchanged in a spherical 

transformation, either the transformation is real and semi- 

- elliptic, the two points lying on a cirele of interchanging 
points, or else the transformation is involutory. 


Theorem 16.] A single direct spherical transformation 
may be found to carry any three points, whereof no two are on 
an isotropic, and any not null sphere through them into any 
other three points and sphere similarly arranged. 


Theorem 17.] The product of two inversions may be re- 
placed by that of two others. One of the new spheres of inversion 
may be taken at random in the coaxal system determined by 
the original two; the other is thereby uniquely determined. 


Theorem 18.] Any direct spherical transformation of 
pentaspherical space may be factored into the product of fowr 
UNVETSLONS. 


The proof of this important theorem is as follows. The 
transformation being called 7, take two corresponding spheres 
s and s. Let us find an inversion J, to interchange the 
spheres s’ ands. Then J,7 leaves s invariant. Let it carry 
three points A, B, C into three points A’, B’,C’. We next find 
an indirect circular transformation on s which carries A’, BY, C” 
into A, B, OC, and, by VIII. 26], factor into three inversions. 
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Through the circles of inversion pass spheres orthogonal to s, 
and let J,,I,, [, be the inversions in these spheres. The trans- 
formation J,J,/,1,7. will be a, direct transformation with 
a fixed sphere and three fixed points thereon, i.e. the identical 
transformation. Hence 


Pee be ee a 


Theorem 19.] Any direct spherical transformation may be 
factored into the product of two circular inversions. 

The proof comes from 13], 17], and 18], and is left to the 
reader. 


Theorem 20.] Any indirect spherical transformation of 
pentaspherical space may be factored into the product of five 
inversions. 

It would be tedious to diseuss the various cases where pairs 
of spherical transformations might be commutative. We can 
foresee the answer for the general case from what we have 
already done in the case of circular transformations. 


§ 2. Continuous Groups. 


The classification of all real continuous groups of spherical 
transformations is a long and laborious task which would 
lead us altogether too far afield. We shall therefore content 
ourselves with noting the results which others have found * 


Theorem 21.] -The group of all direct spherical transforma- 
tions depends wpon ten essential parameters, and has the 
following real sub-growps: : 

One of seven parameters. 

Three of six parameters. 

One of five parameters. 

Sia of four parameters. 

* Cf, Lie-Engel, Theorie der Transformationsgruppen, vol. iii, pp. 219 ff., 
Leipzig, 1898. In more detail Standen, Invariante Flichen und Kurven bei 
konformen Gruppen des Raumes, Dissertation, Leipzig, 1899. In the text we 
follow this enumeration, although it is not clear whether it will check up 


exactly with that of Amaldi, loc. cit.; in other words, it is not apparent 
whether Amaldi undertook to find all groups. 


Se ee 


en 


sf sia sees 


ee pe ae ree 


a se 


vo. a) pe te 


Pe ee ee ee es hae ae ee Pee i SP een 
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Eight of three parameters. 

Six of two parameters. 

Seven of one parameter. 

Let the reader note that the existence of seven one-parameter 
groups agrees with theorem 9]. 

Before leaving spherical transformations let us return to 
the pentaspherical notation, or rather, to sphere coordinates, 
and try to find a parametric representation for the general 
direct case. We shall follow the classic method of Cayley.* 
We begin with the twin equations 


j=4 j=4 
= Zs rc = = — 
a= 2 bz, v= > bz, by = d,; = d, 
j=0 j=0 


We then find at once 


We have thus, indeed, an orthogonal substitution. Solving 


for z;, 
‘ ey 


bj; | 2; a B; ae 
k= 0 
This gives our substitution in final form 
Jj =A 
| b;; |e; = > 42; 
j=0 


= 2bB,,—| b;; | |, a= 26B;,;, We ees 

ne it is not possible to express all quinary 
orthogonal substitutions in this form.t We have, however, 
ten independent parameters, so that we have a ten-parameter 
assemblage, and this contains no indirect transformations, for 


(10) 


* ¢Sur quelques propriétés des déterminants gauches’, Crelle’s Journal, 
vol. xxxii, 1846. Cf. Pascal, Die Determinanten, Tcinale: 1900, pp. 159 ff. 
+ Cf. Netto, ‘Uber aHheconale Substitutionen’, Acta Mathematica, vol. ix, 


1887, p. 295. 


a 
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we may pass continuously to the identical transformation. 
To get the real transformations of the assemblage, since a real 
point must have its first coordinate proportional to a pure 
imaginary number, and the others proportional to real num- 
bers, we must have every a;; in the first row and column of 
the matrix a pure imaginary with the exception of a,;, which, 
like the other a,,’s, must be real. In other words, every 
b;,; which has the subscript , appearing once only is pure 
imaginary ; the other 0;,’s are real. 


The theory of spherical transformations as here outlined 
is far behind that of circular transformations in completeness. 
There seems room for various interesting investigations con- 
nected therewith. A direct circular transformation has one 
invariant; how about a spherical transformation? For 
instance, there is always a fixed not null sphere. On this 
we have a circular transformation whose invariant must be 
invariant for the spherical transformation. How many of 
these invariants are there? What is their geometrical mean- 
ing? The detailed study of commutative transformations 
might be worth while. The various continuous groups must 
have interesting geometrical characteristics not yet discovered. 
The subject of spherical transformations must also have an 
important relation to certain systems of oriented circles in 
space. There is ample room for much valuable geometrical 
work on any of these questions. 


~" 


CHAPTER X 


THE ORIENTED CIRCLE 
$1. Elementary Geometrical Theory. 


WE have occasionally found, in the work done so far, that 
the concept of the angle of two circles is lacking in precision. 
For instance, we saw in I. 212] that if a variable circle cut 
two others at given angles, it will cut at either of two supple- 
mentary angles every circle coaxal or concentric with the 
‘two. To remove this ambiguity we defined the angle of two 


circles in the form 
v2 te y’2 a d? 
2 rr : iD) 


cos 6 = 


and were thus enabled to avoid the confusion as to which of 
two supplementary angles given circles made with each other. 

It is possible to reach even greater precision in handling 
the angles of circles by the interesting device of assuming 
that the radius of a real circle may be either positive or 
negative, with a similar extension for complex circles.* This 
is accomplished analytically by the introduction of a redun- 
dant coordinate. Let us, however, postpone such a method 
for a short while, and begin geometrically in the finite 
cartesian plane of elementary geometry, the word circle 
having the restricted significance allowed in Ch. I. When 
a positive or negative sign has been assigned to the radius 
of such a circle it shall be said to be orented. Let us assume, 
after the positive aspect of the plane has been chosen, that 
every circle of positive radius is described by a point moving 
about the circumference in the positive or counter-clockwise 


* The Author has the impression that this idea is due to Cayley. 
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direction, when viewed from the positive side of the plane. 
An oriented circle of negative radius shall similarly be looked 
upon as generated by a clockwise moving point. Or again, 
we shall assume that the normal to a circle of positive radius 
is oriented towards the centre, while a normal to a circle 
of negative radius is oriented outwards. 

As a circle is oriented, so a straight line may be oriented 
also. We may either assume it generated by a point moving 
in the one or the other sense, or by assuming that it divides 
the plane into a positive and a negative region, and that the 
normals to it are oriented from the negative to the positive 
region of the plane. 

The angle of two oriented circles shall be defined as that of 
their oriented normals, and a similar definition shall hold for 
the angle of two oriented lines. This form of definition in 
terms of normals has the advantage of being easily extended 
to three dimensions. The cosine of the angle of two oriented 
lines or circles is thus single valued, and agrees, in the latter 
case, with (1). 

Two oriented lines shall be said to be properly parallel 
when they have the same system of oriented normals; when 
the normals to one have the opposite orientation to those of 
the other, they are said to be improperly parallel. An oriented 
line and circle shall be said to be properly tangent when they 
touch, and have the same oriented normal at the point of 
contact. When there is still contact, but the normals have 
opposite orientation, they are said to be wmproperly tangent. 
Two oriented circles are said to be properly tangent when 
their angle is = 0 (mod. 27). They will be both properly 
tangent to the same oriented line at the same point. When 
their angle is = 7(mod. 27) they are said to be improperly 
tungent: the proper tangent to one is an improper tangent to 
the other. Let the reader show that when two oriented circles 
are properly tangent they touch internally if their radii have 
like signs, exter aally if the signs are unlike. 

The Mindantental concepts ‘developed in Ch. I were point, 
circle, power, and inversion. It is the object of the present 
chapter to show that these concepts have duals in the geometry 


— 
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of the oriented line and circle, and that a corresponding duality 
extends to a large number of theorems.* 

Suppose that we have an oriented circle ¢ of radius r and 
an oriented line 7. The centre of the circle shall be C. Let 


Fic. 30. 


P be a point of / outside of c, and 7,, 7, the points of 
contact of the oriented tangents to P from C, a, and a, being 
the angles which these oriented lines make with J. The 
line 7,7, passes through a fixed point L (the pole of /) as P 


* The idea of this duality was certainly present to the mind of that excel- 
lent geometer Laguerre. An admirable exposition is found in Epstein, ‘ Die 
dualistische Ergiinzung des Potenzbegriffes’, Zeitschrift fiir mathematischen 


Unterricht, vol. xxxvii, 1906. 


1702 Z 
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traces 1. Let the line CZ which is Ll meet CO in A and B 


so that 
4. ACT, = a) %2ACT, =i) 
(LT,)? = (CL)? +r? —2(CL)r cosa, 
OX [(CL)—r}?}—(LT,)? _ —(AL?+(LT,’) 


tan? —! — 


2 ~ —[(CL)+rP+ (LT) (BLP-(LT,) 


In the same way we have 


a,  —(AL)?+(LT,)? 


sen''2 BLY TF 
But (LT,) (LT,) = (AL) (BL). (2) 
Hence tan ©! > tan = a = GH 


Theorem 1.] Jf, from all points outside an oriented circle 
and lying on an oriented line, oriented lines be drawn 
properly tangent to the oriented circle, the product of the 
tangents of the halves of the angles which they form with the 
given oriented line 2s constant. 


This constant shall be called the power of the oriented line 
with regard to the oriented circle. It will be positive when 
the oriented line intersects the oriented circle in real points, 
negative when there is no common point. When there is 
proper contact the power is zero; improper contact produces 
an infinite power. 


Theorem 2.] Given two pairs of oriented lines concurrent 
on a given oriented line, but not concurrent or parallel with 
one another. A necessary and sufficient condition that they 
should be properly tangent to one same oriented circle is that 
the product of the tangents of the halves of the angles which 
one pair make with the fifth line should be equal to the 
corresponding product for the other pair. 


Two non-oriented circies which are non-concentric. and 
unequal in radius have two centres of similitude. Two 
oriented circles shall be defined as having at most and in 
general one centre of similitude, namely, the external centre 


ia 
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when they are non-concentrie and have unequal radii of like 
sign, the internal centre when their radii are of unlike sign. 


Theorem 3.] An oriented line having like powers with 
regard to two oriented circles of wnequal radius passes through 
their centre of similitude, and every line through this centre 
has like powers with regard to the two. When the radii are 
equal the line is parallel to the line of centres, and every such 
line has‘the same power with regard to each circle. 


We have so far established the following duality : 


Oriented line. Point. 
Oriented circle. Circle. 
Power. Power. 

Centre of similitude. Radical axis. 
Circles with common centre Coaxal circles. 


_ of similitude. 


Suppose that we have an oriented line 7; we may trans- 
form other oriented lines not parallel thereto as follows. 
Corresponding oriented lines shall be concurrent on /, and the 
product of the tangents of the halves of their angles with / shall 
be a given constant. Such a transformation shall be called 
a Laguerre inversion; let us show that it carries an oriented 
circle into another oriented circle.* 

To begin with, the transform of every oriented line not 
parallel to 7 is uniquely determined. By (1) there are «? 
oriented circles which are transformed into themselves; 
anallagmatic let us say. Every oriented line parallel to the 
line is properly tangent to «! of these circles. The remainder 
of the envelope of these oriented circles is a second oriented 
line parallel to 7 which we define as the transform of the first 
oriented line. The transformation is thus one to one for all 
oriented lines; the oriented line 7 is reversed. 

We next observe that, if we take a point on the radical 
axis of two circles and draw one tangent to each, the line 
connecting the points of contact meets the two circles at 


* Laguerre, ‘Sur la transformation par semi-droites réciproques, Nouvelles 
Annales de Math., Series 3, vol. i, 1882, pp. 542 ff. 
Z2 
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equal angles, and so passes through a centre of similitude, 
or may be parallel to the line of centres when the radii are 
equal. The tangent to one circle where it meets again the 
line connecting the points of contact is parallel to the tangent 
to the other circle. The two tangents to the first circle meet 
on the polar of the centre of similitude ; hence the product of the 
tangents of the halves of their angles therewith is constant 
Hence the product of the tangents of the halves of the angles 
which the given tangents, properly oriented, make with the 
oriented radical axis is also constant. If one circle and radical 
axis be given, the other circle may be found so that this product 
shall take any desired value. Hence in a Laguerre inversion 
an oriented circle goes into an oriented circle, / being the radical 
axis. Be it noticed that as a common proper tangent to two 
oriented circles goes into a common proper tangent to their 
transforms, the two meeting on the common radical axis of 
each circle of the first pair with its mate in the second, then 
the common proper tangential segment of two oriented circles 
is equal to that for their transforms under a Laguerre inver- 
sion. The Laguerre inversion is the simplest type of what 
we shall later study under the general name of equilong 
transformation. 


Laguerre inversion. Inversion. 
Oriented line to oriented Point to point. 
line. 
Oriented circle to oriented Cirele to cirele. 
circle. 
An oriented circle properly Circle through two mutually 


tangent to corresponding ori- inverse points anallagmatic. 
ented lines anallagmatic. 


Proper tangency of oriented Tangeney of circles in- 
circles invariant. variant. 
Common proper tangential Angle of intersection of two 


segment of two oriented circles invariant. 
circles invariant. 

Corresponding circles have Corresponding circles have 
the fundamental line as the fundamental point as 
radical axis. centre of similitude. 


7 n 
aS ee” os ee) ee 
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There are a number of simple theorems concerning oriented 
lines which are duals to the point theorems, I. 149-63]. The 
algebraic proofs are, however, so much simpler than the 
geometric ones that we postpone these for the moment. We 
make an exception in favour of the following. 

Let us start with four oriented lines J,, 1,, 1,,1,, which we 
Suppose so related that no two are parallel. We shall mean 
by the bisector of the angle of two intersecting oriented lines 
the locus of the centres of circles properly tangent to one and 
improperly tangent to the other. The bisector of the angle 
of J; with the opposite to 1; shall be 1;;, which is the locus of 
the centres of circles properly tangent to J; and L;, Let C; 
be the centre of the cirele properly tangent to Liddy. Let 
C;, C;, be on the same side of C;, Cy, and let 


—— ——> 
4.0,.0;.C; 0: 4. 0;C,C; > 0, 


4 — — > —_——> 
a—3(414,4+4£0,h) = 4CC; iH or a—%_C,0,C;, 
: — —s eae —_——> 
m3 [44 1,4+41,4] =£C;C,C, or s-4C;0,C. 
Subtracting 
é — — — 
0= 3 (4454444440504 004) 
=£.0;0,0,-1.0,0,0,, or 
=. GG +4 GGiiae. 


We see in a special case that the first hypothesis is right, 
and so, by continuity, it is always right. 


Theorem 4.] The centres of the oriented circles each properly 
tangent to three out of four given oriented lines, whereof no 
two are parallel, are concyclic. 


§ 2. Analytic Treatment. 


It is now time to take up the analytic treatment of 
oriented lines and circles, as thus, naturally, we shall obtain 
a far greater wealth of results than from purely geometric 
methods. The domain shall be the complex cartesian plane, 
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including the line at infinity. We shall slightly alter the 
traditional form for the equation of a circle, writing 
Wy (0? +?) +, (2at) +, (2yt) +a, (20) = 0. , (3) 
—2 0%, +02 +057 +07 = 0. (4) 
The radius will have the value 


ra. (5) 
XH 
We see thus that we have for every oriented circle five 
homogeneous coordinates (x) connected by the identity (4). 
Conversely, we shall define as an oriented circle every locus 
which satisfies the equations (3) and (4). We have the 
following types: 


1) Proper oriented circles a,x, 4 0. 

2) Non-linear null circles #,=0, 2% #0. 

3) Oriented lines vO. 

4) Minimal lines Gp 

The line at infinity is included in this latter class. This 
may also be looked upon as the elass of all oriented lines 
which are identical with their opposites. If we have two 
proper oriented circles («) and (y), the length of their proper 
common tangential segment will be 


Ohm (i ue (= XY, — BYo + Le Yo + L3Yg + 4 Ya) (6) 
a Xo Yo 
For their common angle we have the expression 
= XoY1 — 21 Yo F Xo Yo + L3Y3 + La Ya | 
2 4Y4 


By continuity this formula will hold even when a,y, = 0. 
The condition of proper tangency will be 


meee) 
sin? — = 
eo 


(7) 


YL Yo FXQYq F L3Yy+ X,Y, = 0. (8) 


The point of contact may be a circular point at infinity ; 
the radii are then equal and the centres on a minimal:line. 
It must be specially noted that this is the identity polarized. 


stillet Meal A 
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A point in the tetracyclic plane has four homogeneous 
coordinates connected by a quadratic identity; the same is 
true for an oriented line** Fundamentally important, how- 
ever, is this difference, that whereas the discriminant of the 
quadratic identity for tetracyclic coordinates does not vanish, 
the oriented line identity has a vanishing discriminant. The 
two may not therefore be put into a one to one analytic 
correspondence. Still, the circle has a linear equation in 
tetracyclic coordinates; so, too, a linear relation among the 
coordinates of an oriented line will usually give us the proper 
tangents to a circle. Let us begin by writing 


— Ay XL, + AyL,+ A,X, + A,X, = 0. (9) 
When a, #0 we see that (x) is properly tangent to the 
oriented circle 


a2 +a, +a, 
(a Sd eet 4): 
> 2 ay 29 39 4 
When a, = 0, a,2+a,” 4 0 the slope will be 


,, 2 2 2 

Wy _ Mgtg tid, Va, +a," +a7 
2 z 
Ie Ag? + Oy 


The oriented line makes a fixed angle with a fixed oriented 
line. An equation of the first degree will give either the 
oriented lines properly tangent to a fixed circle or two distinct 
or coincident pencils of parallels. ‘The power of the oriented 
line (x) with regard to the oriented circle (y) will be 


= UY oF LeYo + L3Yg t+ Css | (10) 
Ly Yo — Le Yo — Ugg t+ LY 
If (a) be a fixed non-minimal oriented line, and (#) an 
arbitrary oriented line, let us write the following trans- 
formation : 
tf = (2 — 4,2) w,—2 (yh, +Ag%yt OX) O;, VF 4, 


(11) 


Og! = (0? — ig?) By — 2 (ig Wy + Ug My + XyXq) Oy. 


* The comparison of the two is well brought out by Miller, ‘ Die Geometrio 
orientierter Kugeln’, Monatshefte fiir Math., vol. ix, 1898, pp. 288 ff. 


360 THE ORIENTED CIRCLE 


Here, regardless of the value of the parameter a,, we have 
(10g? + aig’? + toy?) = (tg? + eg? + O14")? (Weg? + Wy! + H4")- 


The oriented lines (x) and (a’) are concurrent on the line (a), 
the product of the tangents of half their angles therewith is 
Oy — Wy 
a, ae 
a Laguerre inversion, and every Laguerre inversion may be 
thrown into this form. In the limiting case where a, = a; = 0, 
we replace each oriented line by its opposite moved through 
a fixed distance. 

It seems almost axiomatic that there must be a number of ~ 
interesting theorems about oriented lines arising from the 
adaptation of the Frobenius identity. The present Author 
has been somewhat disappointed in the results obtained in 
this fashion. There is one interesting theorem which is 
perhaps more easily proved in this way than in any other. 
Let us take four proper oriented circles ce), c®), c@), ec, whereof 
each is properly tangent to the preceding and the succeeding 
in the natural cyclic order. The common proper oriented 
tangents shall be 2), 7@*), 7@4), 74D, We write the identity 


We have thus, in general, i.e. when eis 


640) e402) 0 ©, 0 ~6,2 =e, 0, 6 ¢,% 0 
e42) ¢,@ e® cg® e420 ~e,% —c® cg) ¢,@ ¢,@ 0 
0 b(t) (2) bee i) 0 —¢,°) —¢,° ¢,") c,) c,®) 0 
0 1,2 7,2 22 1,20 | *~ | et —e, egt#) eg 4 0 | : 
0 2,04 1,69 1,09 1,84 0 Uy Ya" Ue” Ss. ee 
0 1,40 1,40 1,40 1,40 0 1 Oo” 0 0. ea 


Here (y) is supposed to be properly tangent to Z(%), 22°), 7@4), 
Divide each of the first two rows of the first determinant by 
its first member ; divide each of the first five rows of the second 
determinant by its second member. Multiply the two deter- 
minants together by rows. For simplicity write 7'(ab) for 


half the square of the common tangential segment of the 
circles (a) and (b), 


it ay as 
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0 ELP(AeE®) 5 0 T (cy) 1 
0 0 0 Fee) T (c®@y) 1 
0 0 a B 0 0 
y 0 0 3 0 al ae 
€ ¢ 0 0 0 0 
0 n 0 0 A 0 
Now T (cy) = T (cy). 


Taking a constant multiple of the members of the last 
column from the corresponding ones of the next to the last, 
we find the product of two factors is equal to zero. The 
second factor is found not to vanish in a special case, the 
first is 

2 ae LON Yy + LE yg + 1g yg + L,Y yy ; 
Yo 


Theorem 5.] Jf fowr proper oriented circles be so arranged 
in cyclic order that each is properly tangent to its two next 
neighbours, then the four common proper tangents to pairs 
of successive circles are properly tangent to a fifth oriented 
circle or are properly parallel in pairs.* 


Since the two tangential segments to two circles from 
a point on their radical axis are equal, we may construct 
a circle tangent to each at its point of contact with one of 
the given circles. 


Theorem 6.] From each of two points on the radical axis 
of two non-concentric oriented circles two oriented proper 
tangents are drawn to each circle. Take two of the tangents 
to each circle, not intersecting on the radical axis. These 
four lines, if not properly parallel in pairs, may be so 
oriented as to be properly tangent to an oriented circle. 


A number of interesting theorems follow from the fact that 
the condition for proper contact between an oriented line and 
circle is linear. For example 


* Miiller, ‘Einige Gruppen von Sitze, &c.’, Jahresbericht der deutschen Mathe- 
matiker-Vereinigung, vol. Xx, 1911, p. 181. 
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Theorem 7.] If four proper oriented circles meet a fined 
oriented line at a fixed angle, and if a common proper 


tangent be drawn to each two, then, of no two of these tangents" 


be parallel, four new oriented circles may be found, each 
properly tangent to three of these tangents which do not touch 
one particular circle. These four new oriented circles will 
also meet a fixed oriented line at a fixed angle,* or be the 
limiting form of fowr such circles. 


The proof is as follows. If an oriented circle meet a fixed 
line at a fixed angle we see by (7) that all of the coordinates 
but the second are connected by a linear relation, and con- 
versely, if such a relation exist, the circle will usually meet 
a fixed line at a fixed angle. The exceptions to this last 
statement are easily noted. Secondly, if three oriented lines 
be given, all of the coefficients but the second of the oriented 
circle properly tangent to them are given by the three rowed 
determinants of the matrix formed by the coordinates of the 
given oriented lines, the first coefficient having the reverse 
of the natural sign. These facts premised, let our oriented 
circles be c, c®, c®, ce, the common tangents JY) as before. 
Finding all the coordinates but the second of the oriented 
circles each tangent properly to three of these lines which 
lack a common index, the statement that these new oriented 
circles meet a fixed oriented line at a fixed angle will lead to 
the equations 

| a 124 142) 128) | = 0, 
| a 14) UD 70% | = 0, 
| a U4) YAY 708) | = 0, 
| a 22) UH JO) |) = 0, 


Eliminating (a) 


0 | 224) 42) [028 US) | | JE) 742) U8) 702) | 
| 24) 249) Ja2) 429) | | ZH Jen) 702) JEL | 0 =O 
| £024) Zc41) Z018) 7129) | 0 | 2084) Ze Jas) JA2) | 

* Tbid., p. 183, 


ee 
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This last equation will be unaltered if we replace each \“) 
by the complementary /*, which has the effect of replacing 
each of our new circles by the corresponding old circle. By 
hypothesis, the four original circles met a fixed oriented line 
at a fixed angle. Hence the four new ones will do the same, 
or at least be the limits of four circles doing so. 

Suppose that we have three oriented circles ¢), c®, ¢@) 
properly tangent to an oriented line 7. The remaining common 
proper tangents shall be /\), © shall be an arbitrary proper 
tangent to c, and the oriented circle properly tangent to 
1, 19), 1%) shall be &). Consider the one-parameter family 
of quadratic oriented line envelopes given by the equation 


Ac® Z@ + uc ZG) = 0. 


All of these will share the proper tangents 7, 1, 14%), 108) 
with c, We may therefore so choose \/u that this envelope 
shall touch another proper tangent to c), i.e. include c®) as 
part of itself. The remainder of the envelope will be another 
oriented circle which is properly tangent to 1, 1, 2@), It 
will then be identical with é), which latter must touch the 
remaining proper common tangent to ¢™ and ¢“), 


Theorem 8.] Jf three oriented circles be properly tangent 
to an oriented line, and an arbitrary proper tangent be 
drawn to each, then the three oriented circles, each properly 
tangent to two of these arbitrary tangents and to the remain- 
ing common proper tangent of the corresponding original 
circles, are themselves properly tangent to one oriented line 
or are the limit of such circles. 


This theorem is dual to our fundamental I. 149]. It may 
be somewhat generalized by a contact transformation of circles, 
as the previous one was generalized by inversion. The result is, 
however, rather involved ; it is better to draw corollaries from 
the proposition as it stands. As a first, let the reader show 


Theorem 9.] If four oriented tangents to an oriented circle 
be taken in cyclic order, and four oriented circles be drawn 
each properly tangent to two successive oriented tangents, then 
the remaining common proper tangents to successive oriented 
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circles of the sequence are themselves tangent to an oriented 
circle or are properly parallel in pavrs.* 

The number of simple results which can be deduced from 
this is almost absurd. We first get a precise wording for 
a well-known theorem due to Pliicker.t 


Theorem 10.] From two points, one on each common 
proper tangent to two oriented circles, the remaining proper 
tangents to these circles are drawn. The two tangents to one 
circle and the opposites to those to the other touch a cirele 
or are properly parallel in pairs. 


Theorem 11.] Yhree oriented circles cM, c®, c® are. so 
arranged that one common proper tangent toc) and e and 
one to c) and c®) are concurrent on an improper common 
tangent to c® and c®); then the remaining common proper 
tangents of e, c®) and c, c®) are concurrent on the remain-_ 
ing improper tangent of c®, c®) or are parallel thereto. 


Theorem 12.] Four oriented concurrent lines are arranged 
in cyclic order and an oriented circle drawn properly tangent 
to each two successive lines. Then the remaining common 
proper tangents to successive circles are properly tangent to 
one oriented circle or are properly parallel in pairs. 


Theorem 13.] Given two oriented non-parallel lines and 
four oriented circles, the first properly tangent to both, the 
second properly tangent to the first and improperly tangent 
to the second, the third improperly tangent to both, and the 
fourth improperly tangent to the first and properly tangent to 
the second. The remaining common proper tangents of succes- 
sive circles are properly tangent to an oriented circle or are 
properly parallel in pairs. 

We get a special case of this when the first and second 


circles differ only in the sign of the radius from the third 
and fourth. 


Theorem 14.] Given two non-concentric circles and the 


* Thid., p. 173. The five following are from the same source. 


+ ‘ Analytisch-geometrische Aphorismen ’, Crelle’s Journal, vol. xi, 1834, 
Deili 
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two common direct or transverse common tangents. Then, if 
any crrcle be taken touching these two tangents, but not with 
us centre collinear with those of the given circles, its remaining 


common tangents with these circles are tangent to another 
circle. 


Theorem 15.] Let four oriented lines be drawn properly 
tangent to an oriented circle, and sia oriented circles be 
drawn each properly tangent to two of these oriented lines. 
These six may be arranged in three sequences of four, each 
sequence determining a new oriented circle by Theorem 9]. 
The three new oriented circles are properly tangent to the 
same two oriented lines. 


The proof is entirely analogous to II. 22] though demanding 
a little more care. We leave the details to the reader and 
continue the process of drawing corollaries from 8] even as 
we drew some from I. 149]. 


Theorem 16.] Given four oriented circles properly tangent 
to an oriented line. If four other oriented circles can 
be found, each properly tangent to the three remaining 
common proper tangents to three pairs of the given circles, 
these four new oriented circles are also properly tangent to 
a common line. 


Theorem 17.] Given five oriented circles properly tangent 
to a common line. With each set of four we may, by 16}, 
associate another oriented line, and. these five oriented lines 
are properly tangent to an oriented circle. 


The proof is entirely analogous to that of I. 160]. We 
leave the details to the reader, as well as the task of proving 
the following, which is dual to I. 162]. 


Theorem 18.] Given n oriented circles properly tangent to 
an oriented line. If n be odd we may associate therewith an 
oriented circle, if n be even an oriented line, in such a way 
that the circle (line) is properly tangent to the n oriented 
lines (circles) associated with the n sets of oriented circles 
obtained by omitting each of the original ones in turn. 
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In the same way we have the dual to I. 163]. 


Theorem 19.] Given n oriented circles properly tangent to 
one oriented line, and an oriented tangent common to each 
and to a given oriented circle. If n be odd we may associate 
therewith an oriented line, and if it be even an oriented circle, 
in such a way that the line (circle) is properly tangent to the 
oriented circles (lines) associated with the n sets of (n—1) 
oriented circles obtained by omitting each of the original 
circles in turn. 


It is to be noted that in 17] to 19] lines properly tangent 
to an oriented circle will, if two be properly parallel, be 
replaced by lines of given direction. 


§ 8. Laguerre Transformations. 


In our development of the analogy between the geometry 
of the oriented line and elementary circle geometry we have 
pointed out the three following analogies : 


Oriented line. Point. 
Oriented circle. Circle. 
Tangential segment of two Angle of two circles. 


oriented circles. 


We are immediately led to the idea that there must be 
a whole theory of transformations which carry oriented lines 
into oriented lines, and oriented circles into oriented circles. 
An example of such a transformation was the Laguerre 
inversion, under which the common tangential segment of 
two oriented circles is invariant. The question arises 
immediately, Is this segment invariant under every trans- 
formation that carries an oriented line into an oriented line, 
and the oriented lines properly tangent to an oriented circle 
into proper tangents to another circle? The answer to this 
question is ‘No’. At the same time the total group of. such 
transformations has an important sub-group where tangential 
segments do retain their size. This group presents interesting 
analogies to the conformal group of circular transformations, 
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and we find invariants analogous to the double angle and 
double ratio. Before attacking this group directly, let us 
give a space representation of our oriented lines and circles 
which is of capital importance in our subsequent work with 
them.* 


We begin with the equations 


IT? = pay, 

5 (X?+ Y?+4 2?) = pay, 
—XT = px, (12) 

—YT = pa,, 

—ZT = px. 


Here (XYZT) are supposed to indicate homogeneous rect- 
angular cartesian coordinates. The null sphere with centre 
(XYZT) will have the equation 


(Tx— Xt)? + (Ty — Yt)? +(Tz—Zty = 0. 


It will meet the plane z = 0 in the circle 


My (H+?) + ay (2at) + a5 (2yt) +a, (217) = 0. (3) 
—2%,%,+02+7,7+2, = 0. (4) 
This is the oriented circle with centre (XY YT’) and radius 
iy _ a. 
Boot ar 


If now we make our three-dimensional space a perfect 
pentaspherical continuum by adjoining improper points, as in 
Ch. VII, the improper point 

fy = 07 +2,' +27 = 0, 
being interpreted as the minimal plane 
LyL+ L,Y +X,Z+0,t = 0, 
we see that the latter cuts our plane z= 0 in the oriented line 
L,L+2,Y +0,t = 0. 

This transformation shall be called a minimal projection. 

* Cf. Klein, Héhere Geometric, Gottingen, 1898, vol. i, pp. 473 ff.; Lie- 
Scheffers, Beriihrungstransformationen, Leipzig, 1896, pp. 428 ff.; Scheffers, 


‘ Bestimmung aller Berithrungstransformationen des Kreises in der Ebene’, 
Leipziger Berichte, vol. li, 1899, p. 145. 
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Theorem 20.] Jf finite cartesian space be made a perfect 
pentaspherical continuwm by adjoining a single point at 
infinity, and the totality of minimal planes as improper points, 
there is a perfect one to one correspondence between the points 
of such a space and the oriented circles of the plane. In this 
correspondence each proper point corresponds to that proper 
oriented circle whose centre is the orthogonal projection of the 
given point on the plane, and whose radius is the algebraic 
distance from the point to the plane multiplied by —4, 
a definite square root of —1; each improper point is repre- 
sented by the line where the corresponding minimal plane 
meets the given plane, with an orientation rationally depen- 
dent wpon the coordinates of the improper point. 

If (XYZT) and (X’Y’Z’T’) be two proper points, their 
distance will be 


(XT’ — TX’)? +(YT’—TY’)? + (ZT —TZ’)? 
Re tee 


=) ee (13) 
: — XoYo 


Theorem 21.] Ina minimal projection the distance between - 


two proper points is equal to the common tangential segment 
of the corresponding proper oriented circles. 

This last theorem is also simply proved by elementary 
geometry. Two proper points whose distance is null deter- 
mine an isotropic, the locus of points at a null distance from 
both. Ifa proper point lie in a minimal plane, there is one 
isotropic through the point lying in the plane. Parallel 
minimal planes determine one tangent to the circle at infinity. 
Our correspondence is as follows : 


Plane 7. Pentaspherical space &. 
Oriented circle. Point. 

Proper oriented circle. Proper point. 

Non-linear null cirele. Point of plane 7. 

Oriented line. Minimal plane. 

Minimal line. Minimal plane parallel to 


normals to 7. 


4 
‘ 
i 
, 
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Common tangential seg- Distance of proper points. 
ment of properoriented circles. 
Pencil of properly tangent Isotropic in finite domain. 


oriented circles.* 

Pencil of properly parallel Pencil of parallel minimal 
oriented lines. planes. 

‘Transformation carrying Conformal collineation. 
oriented line into oriented 
line, and proper tangents to 
oriented circle into proper 
tangents to oriented circle. 


Theorem 22.] The group of transformations which carry 
oriented lines into oriented lines, and the proper tangents to 
an oriented circle into those of another circle, depends wpon 
seven parameters. Every transformation of the growp will 
multiply the common tangential segment of two proper 
oriented circles by some constant. There is a sia-parameter 
sub-group that keeps such tangential segments invariant. 

Seven-parameter group of Seven-parameter group of 
oriented lines and circles as conformal collineations. 
envelopes of such. 


Theorem 23.] The six-parameter group which carries 
oriented lines into oriented lines, oriented circles which are 
the envelopes of such lines into other such circles, and keeps 
ywariant the common tangential segment of two proper 
mriented circles, is mixed. It has a sia-parameter continuous 
sub-group, and a six-parameter continuous sub-assemblage. 


Six-parameter group keep- Six-parameter congruent 
ng tangential segments in- group. 
variant. 

Six-parameter continuous Six-parameter group of 
sub-group. motions. 

Six-parameter sub-assem- Six-parameter assemblage 
lage. of symmetry transformations. 


* Proper circles of equal radii whose centres lie on a minimal line must be 
onsidered as properly tangent. 
1702 A a 
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The mixed six-parameter group for the oriented line shall 
be called the group of Laguerre transformations, or the 
Laguerre group. We may reach this group from another 
point of view which possesses the highest interest. Let us 
define as equilong any analytic transformation of the oriented 
lines of a plane which keeps invariant the distance between 
the points of contact of each line with any two oriented 
envelopes properly tangent to it.* This is the natural dual 
to a conformal transformation. Even as in determining the 
most general conformal transformation of the Gauss plane we 
express each point by means of a single complex coordinate, 
so here we shall introduce complex coordinates of another sort 
for an oriented line.t We begin by writiug 


CS=éite, C= f-e, @=0, 

(14) 
Uy + ex, 
Ly + Ws 


¢ 


Every oriented line not passing through a specified circular 
point at infinity will thus have a complex coordinate ¢. 
When #,+%7#,=0 ¢€= 0, and a whole parallel pencil of 
isotropics correspond to the single value «. Conversely, 
suppose that we have given (= €+«y, we may write 


p& = 2n, p&, =(1—€"), pa,= —i(1+&), pa, = 26, (15) 


and thus find a determinate oriented line corresponding to 
our complex value ¢ Suppose now that we have an equilong 
transformation, It will give rise to equations of the type 


& =! (&), 1! =! (En). 


If an oriented line touch an envelope at infinity, the same 
will hold for the transformed line and envelope, hence in- 


* Cf. Scheffers, ‘Isogonalkurven, Equitangentialkurven, und complexe 
Zahlen’, Math. Annalen, vol. 1x, 1905. 

+ First done by Scheffers, ibid., p. 528. We follow the treatment of 
Blaschke, ‘Untersuchungen iiber die Geometrie der Speere in der Eukli- 
dischen Ebene’, Monatshefte fiir Math., vol. xxi, 1910, We shall lean heavily 
on this excellent article in the present chapter. See also Griinwald, ‘ Duale 
Zahlen in der Geometrie’, ibid., vol. xvii, 1906. 


1 
1 
v 
7 
4 


x THE ORIENTED CIRCLE 371 


finitely near parallel lines go into other such lines, i.e. £’ is 
a function only of & The invariance of the distance of the 
intersections of a line with two others infinitely near requires 
that the expression 
dn s€—d Edn 2 
[ aEdE | 


shall be invariant. The corresponding expression for £7 
will give the value 
dn sf —d £1! 
dese 
ee 859 Ks 3k On ay Nee ae’ 
Bett 5, dn) (sz a+ > bn) — e ie bn) (sedé+ 5, a1) 
>) &’ ; P,) & oe’ e of 
(se dé+ 35 dn) cS 6E€+ ye én) 


= 

dn / (dnd —d E6n) 
aed BE 
Gy. 


= 


On the other hand, if we have either function of the 
complex variable, 


(E+ en’) =f (E+ an), (6 + en’) =f (E—a), 
the differential equations corresponding to the Cauchy-Riemann 
equations for the usual complex variable are 


ue oe 3e" 
aes — 16 
Ciaaar vé on °: ae) 


and these give an equilong transformation above. Con- 
versely, when these equations are satisfied ¢’ is an analytic 
function of ¢ or of ¢ 


Theorem 24.] The most general equilong transformation 
of the plane is obtained by taking ¢' as an analytic function 
of ¢ or of ¢ and, conversely, every such function will give an 

Aa2d 


372 THE ORIENTED CIRCLE Cre 


equilong transformation. The group of all equilong trans- 
formations is mined, having a sub-growp which is continuous 
and depends upon an arbitrary function, and also a con- 
tinuous sub-assemblage depending on an arbitrary function. 


Every equilong transformation of the sub-group shall be 
called direct, those of the sub-assemblage indirect, Every 
indirect transformation is the product of a direct transforma- 
tion, and of the indirect one 


which reverses the orientation of every line. We may pass 
continuously from any direct transformation to the identical 
one; not so for an indirect transformation. 

The Laguerre transformation is a special case of the 
equilong. The analytical expressions for the direct and 
indirect transformations are 


ps (a+ €0’) (Eten) + (B+ 68) 
(y + ey’) (E+en) + 6+ 0’) 


&+en (17) 


(a+ ea’) (Een) +(B +68’). 


aa Naam pares T (ee a 


(18) 


The Laguerre inversion is an indirect transformation, for it 
is involutory and keeps invariant all circles which meet an 
oriented line at a fixed angle, and so corresponds to an involu- 
tory congruent transformation of space with all points of 
a plane invariant, i.e. a reflection in a plane. 


Plane 7. Space >. 
Laguerre inversion. Reflection in a plane. 


Four oriented lines will have an absolute complex invariant 
under the group of direct Laguerre transformations, namely 


(G26) Gon 
Gy a ) (G —- G) 
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An indirect transformation will carry this into its con- 
jugate. The part independent of 7 is seen at once to be 


cantatas Wiss 
> «a2 > 2a, 
(€,—&) (&— ae I} FED 


aety—<,) f= . fet: 
> 2a 2 a,°),2) 

_ sing46,,sin 54 0.4 19 

= sing46,,sini4_0,,. (1° 


This is the cross ratio of the points of contact with a fixed 
oriented proper circle of proper tangents properly parallel 
to the given oriented lines. The coefficient of « is more 
complicated: it may be written 
p= 4 
2 £1: (G—&) (&— (&-§) 
ey —i| x," v,) 2) 0,4] ; 


foe ae ee i=4 
(€, —&4)? (€3 — &)? 9 Bee Og, (4) ya (3) gy (2) 


4=2 i) 


ie ratio between the two invariants is a third invariant 


—i| ae Clg Bae 4) | 


i= v=4 i=4 i=4 7 
3 aa) aa, 5 > 2a i > «Pa 
2 i ie 


2 


(20) 


= 2 


We get the meaning as follows. Let the four oriented 
ines be arranged in cyclic order, and four oriented circles be 
aken, each properly tangent to two successive lines of the 
system. ‘The difference between the sum of the first and 
hird sides of the oriented (perhaps re-entrant) quadrilateral 
letermined by the given lines in order, and the sum of the 
cond and fourth sides, is equal to the corresponding expres- 
ion among the common tangential segments of the four 
ircles, each circle corresponding to the vertex of the quadri- 
ateral which is the intersection of the two oriented lines 
vhich it touches. This expression among the common 
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tangential segments is an invariant for a Laguerre trans- 
formation; hence the difference between the sums of pairs 
of opposite sides of the quadrilateral is also invariant. 
Reverting to our expression (2), let us take for our oriented 
lines (a,, 2, @3,%,) (0,1,0,¢) (0,a,b,7 Va? + 6”) (0, 0, 1,2), as any 
four may be reduced to these by a suitable Laguerre trans- 
formation. The quadrilateral has for its sides three sides of 
a right triangle and an infinitesimal side passing through 
the vertex of the right angle. The invariant is thus the 
difference between the sum of the two legs and the hypo- 
tenuse. But our expression (26) reduces to 


a, (a+b— /a? +b?) 
2 /n,+ ia, /x, + 10,/a— Jatt bi Jb Vay 2 
ay 
Ly + ly + Wy 


_ & (%, + # = 224) 
2XyXy 


which is one-half the difference in question. 


Theorem 25.] The conplex invariant of four oriented lines 
in chosen order is made up of two parts. The first part is the 
corresponding cross ratio of the points of contact with any 
proper oriented circle of four oriented proper tangents, 
properly parallel to the given lines; the ratio of the two parts 
is one-half the difference between the sums of the pairs of 
opposite sides of the quadrilateral determined by the given 
lines in the given order.* 


The invariants of.a Laguerre transformation and the sim- 
plification of figure by these transformations lead us to certain 
properties which might not suggest themselves: naturally. 
Let us say that three pairs of oriented lines belong to an 
involution when this is true of the points of contact with 
a fixed proper oriented circle of proper tangents properly 


* Blaschke, loc. cit., p. 17, confuses the second part of the invariant with 


the ratio of the two parts. He courteously acknowledged the mistake when 
it was shown to him, 


— es, ee 


= 
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parallel to them. This condition is invariant for a Laguerre 
transformation.* We thus get 


Theorem 26.] If three proper oriented circles have each 


a pair of proper common tangents, these will be three pairs 
of an involution. 


We see, in fact, that there is a motion of our three-dimen- 
sional space = which will bring any three proper points to lie 
in a plane ||7; hence there is a Laguerre transformation of 7 
which will carry three proper circles into three others all 
of equal radius. The common tangents to these latter are 
improperly parallel in pairs, and so clearly are pairs of an 
involution. 

Suppose that we have /,1,’, 1,U,/, 1,/,’, three pairs of a non- 
parabolic involution, ae we may find a motion of = to 
bring any two non-isotropic lines to be parallel to the plane 
m™, So we may find a Laguerre transformation carrying 1,1,/ 
and J,/,’ into two pairs of parallel lines, and owing to the 
existence of the involution /./,’ become a third pair of parallel 
lines also. Let the triangle whose side-lines are /,l,l, be 
marked according to the standard notation of Ch. I, A; being 
opposite to /;. Let /;/ meet Lily in points whose ipianee 
from A; are 7;4;, 7,4. Under these circumstances it is an 
easy matter to fcateribals the lengths of the common tangential 
segments of the oriented circles properly tangent to the 
triads of oriented lines; then, exercising great care as to 
signs, we apply Casey’s criterion, I. 47]. We thus reach an 
admirable theorem due to Bricard.+ 


Theorem 27.] Jf 1,1,/, l,ly', lsl,’ be three pairs of oriented 
lines in involution, the four oriented circles properly tangent 
respectively to the triads blab; , bya bs/ sly lols, by lal, wre properly 
tangent to a fifth oriented circle. 

Numerous corollaries follow immediately. The side-lines 
of a triangle and those of the middle point triangle, when 


* This definition is due to Laguerre, Collected Works, vol. ii, p. 597. 
+ ‘Sur le probleme d’Apollonius’, Nowvelles Annales de Math., Series 4, 
vol, vii, 1907, p. 503. 
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properly oriented, are pairs of an involution. The four 
circles in this case are the inscribed circle (or an escribed 
circle) and the middle points of the sides. We thus get 
Feuerbach’s theorem, I. 49]. Again, consider the circle 
inscribed in a triangle and the tangent thereto anti-parallel 
to one side-line. We see that the line connecting the points 
of contact of: the anti-parallel tangents is parallel to the 
bisector of the corresponding angle of the triangle. But if 
through each point of contact with a side of the triangle we 
draw a parallel to the bisector of the opposite angle, we have 
three concurrent lines, as we see by applying Ceva’s theorem 
to the triangle whose vertices are the points of contact. We 
thus find 


Theorem 28.] The side-lines of a triangle and three anti- 
parallel transversals when properly oriented are pairs of an 
involution, 

Since the tangents to the circumscribed circle at the 
vertices are respectively anti-parallel to the corresponding 
side-lines, we have 


Theorem 29.] The inscribed circle to a triangle and three 
circles escribed to the triangles, each having as side-lines a 
side-line of the gwen triangle and the tangents to the circwm- 
scribed circle at the corresponding vertices, are tangent to 
a fifth circle.* 

We return to the Laguerre group.t There are three types 
of involutory transformation, corresponding to the involutory 
congruent collineations of &. 


Plane 7. Space =. 
Laguerre inversion. Reflection in plane. 
Corresponding __ oriented Reflection in line. 


lines properly tangent to the 
same oriented circle which 
touches properly two fixed 


* ‘Sur le probléme d’Apollonius’, Nouvelles Annales de Math., Series 4, 
vol. vii, 1907, p. 505, 


t Cp. Bricard, ‘Sur la géométrie de direction’, Nowvelles Annales de Mathé- 
matiques, Series 4, vol. vi, 1906. 
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oriented lines, while the points 
of contact make two harmonic 
pairs. 
Each oriented line is re- Reflection in a point. 
flected in the properly parallel 
tangent to a fixed oriented 
circle, 


Every direct Laguerre transformation corresponds to a 
motion in =; every motion is either a rotation, a translation 
or a screw, or a limiting case of these. The first and third of 
these leave just two minimal planes invariant; the translation 
leaves invariant all minimal planes parallel to a given line. 


Theorem 30.] In a direct Lagquerre transformation there 
will be invariant either two distinct oriented lines, or else 
all oriented lines making a fixed angle with a given line will 
be invariant. 

Let us look at this analytically. We see from (17) that the 
invariant lines correspond to roots of the equations 


yO + (6—A)e—B = f + 2yEnt (8 —’) €+ (8—a) B—A' = 0. 

If (6-a) =Bp=y= 0, 
these equations are satisfied regardless of ». Our indirect 
transformation (18) will be involutory if 

f=—7y =—0,0+0=0 —o =0, 

or Bay = 06-0 = 0 +0" = "0. 

It will be the first of these which gives the Laguerre inver- 
sion, as the special Laguerre inversion 


is included therein. 

It is clear that a direct and close analogy exists between 
a considerable number of theorems concerning circular trans- 
formations which were developed in Ch. VIII and theorems 
concerning Laguerre transformations. One reason for this 
may be seen in the fact that the circular group is that of 
congruent transformations of three-dimensional non-Euclidean 


CH. 
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space, while the Laguerre group is that of congruent Euclidean 
transformations. In order to exhibit as clearly as possible 
this analogy, we shall give in parallel columns the corre- 
sponding theorems, appending to the theorem on circular 
transformations the number which it had in Ch. VII]. We 
start with the well-known fact that every motion of = can 


be factored into four plane reflections. 


Laguerre group. 
Theorem 31.] Every direct 
Laguerre transformation can 
be factored into four Laguerre 
inversions. 


Theorem 32.] very direct 
Laguerre transformation is 
conupletely determined by the 
Jate of three oriented lines. 


Circular group. 
Theorem 26.] Every direct 
circular transformation can 
be factored into four iwver- 
sions. 


Theorem 7.] Every direct 
circular transformation is 
completely determined by the 
Fate of three points. 


In (17), if there be a single pair of values ¢ and ¢” which 


are interchanged, 


(a+ a’) = 


— (540). 


Every pair of corresponding values are changed in an 


involutory manner. 


Theorem 33.] If a direct 
Laguerre transformation in- 
terchange a single pair of 
oriented lines it is involutory. 


Theorem 17.] Jf a direct 
circulartransformationinter- 
change a single parr of pornts 
it is involutory. 


There is a fundamental theorem due to Wiener whereby 
every motion can be factored into the product of the reflection 


in two lines.* 


Theorem 34,] Hvery direct 
Laguerre transformation is 
the product of two involutory 
transformations. 


* «Zur Theorie der Umwendungen’ 


Theorem 18.] very direct 
circular transformation is the 
product of two Mobius in- 
volutions. 


, Leipziger Berichte, vol. xlii, 1890, p, 20. 
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Every real motion of = is a translation, a rotation, or 
a screwing about a real axis. Unfortunately, the real motions 
of = will not usually give real Laguerre transformations in 7 
and vice versa. Among the imaginary congruent transforma- 
tions of = there are those where the only fixed point is on the 
circle at infinity. These will correspond to parabolic Laguerre 
transformations where the fixed oriented lines form a parallel 
pencil. Moreover, such transformations can be real, as we see 
if we replace ix, by 2,, and the denominator of ¢ by 7,—2. 
A real oriented line will then have real coordinates € and 7, 
and it is easy to find a real parabolic transformation. 

A proper choice of our (old) complex coordinates will 
enable us to write any parabolic transformation in the form 


ae ¢ 
Oe ee 
(y+ey) C41 
Let the reader show that under this transformation every 
circle 
i: —yt,+k (x,—ta,) + ya, = 0 
is Invariant. 


Theorem 35.] Correspond- Theorem 20.] Correspond- 
ing oriented lines in a para- ing points im a parabolic 
bolic Laguerretransformation circular transformation le 
touch properly the same on tangent circles through 
oriented circle of a properly a fixed point. 
tangent pencil. 


A Laguerre transformation which corresponds to a screw 
in S shall be called lozodromic. The indefinite repetition 
of an infinitesimal transformation of this sort will carry into 
itself a one-parameter family of oriented envelopes. There is 
also a one-parameter invariant family of oriented circles (not 
a one-parameter family of invariant circles) properly tangent 
to the two oriented lines which are fixed in the transforma- 
tion, and these are permuted by the given transformation. 
If an envelope be carried into itself it will be repeatedly so 
transformed when the transformation is indefinitely repeated. 
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Every screw motion is a member of a continuous one-para- 
meter group of screw motions all carrying into themselves the 
same systems of curves. We may then inquire what sort of 


an envelope will be carried into itself by a one-parameter. 


family of loxodromic Laguerre transformations. When we 
remember that a Laguerre transformation is equilong, we see 
that all such envelopes must be equitangential of this system 
of circles, i.e. each envelope determines a common tangential 
segment of constant length with each circle of the system. 
Lastly, this tangential length will be the same for all the 
equitangentials, for each transformation of the loxodromic 


group will be seen to be commutative with every Laguerre 


transformation having the same two fixed oriented lines. 
Thus let Z’ be our loxodromie transformation, S a Laguerre 
transformation with the same fixed oriented lines, k an equi- 
tangential envelope of 7’, 
Let Si oe 
USE tee 
Neos teresa ee 


k= S65 
Ue tome tes 
LRM fe 


and k’ is an equitangential of our group. All these equi- 
tangentials will thus correspond to the same fixed length. 
We characterize our group analytically as follows. We write 
the transformation 


For a one-parameter group 
q=S(P)3 | 
following with a second such transformation we have 
py +p =S(ep); 
F(R) + PT (Pp) =F (pp’), 
I (p) = klog p. 
The fixed tangential segment will thus be a function of k. 
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The Laguerre transformation corresponding to a rotation 
of space shall be called hyperbolic if the fixed oriented lines be 
real, elliptic if they be conjugate imaginary. The Laguerre 
transformation corresponding to a translation of space shall 


be called a parallel transformation. 


All oriented lines of two 


distinet or coincident parallel pencils are invariant. 


Real Laguerre transforma- 
tions. 


Loxodromic. Two types. 


Corresponding oriented lines — 


touch the same equitangen- 
tial of a system of oriented 
circles properly tangent to two 
real or conjugate imaginary 
oriented lines. 

Hyperbolic. Corresponding 
oriented lines touch properly 
the same oriented circle 
properly tangent to two real 
lines. 

Elliptic. Corresponding 
oriented lines touch properly 
the same oriented circle pro- 
perly tangent to conjugate 
imaginary lines. 

Parabolic. Corresponding 
oriented lines touch properly 
the same oriented circle touch- 
ing properly a fixed oriented 
circle at a fixed point. 

Parallel. Three cases. 
Corresponding oriented lines 
are properly parallel. Two 
real and distinct coincident 
or conjugate imaginary pen- 
cils of parallel invariant lines. 


Real circular transforma- 
tions. 


Loxodromic. Correspond- 
ing points lie on the same 
isogonal trajectory of asystem 
of circles through two real 
points. 


Hyperbolic. Corresponding 
points are concyclice with two 
real points. 


Elliptic. Corresponding 
points are concyclic with two 
conjugate imaginary points, 
and orthocyclic with two real 
points. 

Parabolic. Corresponding 
points are on the same circle 
touching a fixed circle at 
a, fixed point. 
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Theorem 36. | Hvery periodic 
direct Laguerre transforma- 
tion ws elluptic. 
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Theorem 21.] Lvery periodic 
direct circular transforma- 
tion is elliptic. 


If we write a non-parabolic Laguerre transformation in the 


form 


(=¢ 


is 


2 


¢— G, 
= Cs 


the expression (p+ eq) is called the invariant of the trans- 


formation. 
any two corresponding lines. 


Theorem 37.] If two direct 
non-parabolic Laquerretrans- 
formations have a common 
fixed oriented line, the in- 
variant of their product is the 
product of thevr invariants. 


It is the complex invariant of the fixed lines and 


Theorem 22.] If two direct 
non-parabolic circular trans- 
formations have a common 


fixed point, the invariant of ~ 


their product is the product 
of their invariants. 


The product of the reflection in two planes may never be 
a screw motion, but may be any of the other kinds of motion. 


Theorem 38.] The hyper- 
bolic, elliptic, parabolic, and 
parallel Laguerre transfor- 
mations, and these alone, are 
the products of two inversions. 
The necessary and sufficient 
condition that two inversions 
should be commutative is that 
the system of oriented circles 
invariant in the one should 
bean invariant system in the 
other. 


Theorem 23.] The hyper- 
bolic, elliptic, and parabolic 
circular transformations, and 
these alone, are the product 
of two inversions. When the 
circles of inversion are mu- 
twally orthogonal the two 
inversions are commutative. 


Let us return for a moment to the indirect Laguerre trans- 


formation. 


The square of an indirect transformation is a 
direct one, with the same fixed elements. 


We see also that 


this square cannot be a loxodromic transformation. 


—- naa 


‘ 
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Theorem 39.] very in- 
direct Laguerre transforma- 
tion may be factored into three 
imversions, every direct one 
into four iiwersions. 
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Theorem 26.] Every in- 
direct circular transforma- 
tion may be factored into three 
inversions, every direct one 
into four inversions. 


§ 4. Continuous Groups. 


The problem of finding real continuous groups of Laguerre 
transformations may be handled like the similar problem for 
circular transformations. We have the advantage of starting 
from familiar facts concerning Euclidean motions, but, as 
already remarked, the question of reality requires delicate 
handling, for real motions do not usually give real direct 
_ Laguerre transformations. Our Laguerre group is simply 
isomorphic with the six-parameter group, which leaves in- 
variant one real non-degenerate conic. We begin with three- 
parameter groups, and find that our previous reasoning holds 
in the matter of integrable and non-integrable groups. 


Theorem 40.] The only real 
non-integrable  three-para- 
meter groups of Laguerre 
transformations are those 
with one real fixed oriented 
circle. 


Theorem 35.] The only real 
non-integrable three- para- 
meter groups of circular trans- 
formations are those with one 
real or self-conjugate imagi- 
nary fixed circle. 


It should be noticed at this point that whereas a real tetra- 
cyclic equation will cive a real or self-conjugate imaginary 
circle, the latter type of circle having a real centre but a pure 
imaginary radius will correspond to a real point in =. The 
group in = will be that of a real fixed point, and will not carry 
into one another those points whose distances from 7 are pure 
imaginary, i.e. will not give a real Laguerre group. 

An integrable three-parameter group of Laguerre trans- 
formations might have as its invariant sub-group a two- 
parameter group of parallel transformations. In = there are 
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two such integrable groups, corresponding to screw motions 
of fixed pitch about axes of given directions and the group 
of translations.* The first of these will correspond to a 
three-parameter Laguerre group with fixed direction for the 
invariant lines, and a fixed segment for the invariant equi- 
tangentials. The second will give the parallel Laguerre 
group. We have also the Newson group with fixed real line 
and fixed tangential segment. 

With regard to four- and five-parameter groups we may 
pursue our previous reasoning whereby these must contain 
three-parameter sub-groups. As before, we see that there are 
no five-parameter groups. Four-parameter groups will fall 
into two classes—those with one fixed real oriented line, and 
those with fixed directions for the fixed lines. The two- 
parameter groups are composed of those with two real and 
distinct or conjugate imaginary invariant oriented lines, 
and those composed of parallel transformations. We see, 
in fact, that every two-parameter group is integrable. If 
the one-parameter invariant sub-group have two distinct 
fixed oriented lines, these will be invariant throughout the 
whole two-parameter group. On the other hand, if the one- 
parameter group be a parallel group, there are oo! invariant 
parallel oriented lines which must be permuted by every 
transformation of the two-parameter group ; hence every such 
transformation must be a parallel or parabolic one. Let us 
exhibit in parallel columns the corresponding groups in the 
two systems. 


Real Laguerre transforma- Real circular transforma- 
tions. tions. 


Five-parameters. 


None. None. 


* Cf. Study, ‘Von den Bewegungen und Umlegungen’, Math. Annalen, 
vol. xxxix, 1891, pp. 485 ff. Our enumeration of groups of Laguerre trans- 
formations differs from his for motions precisely in this, that the real domains 
are not in correspondence. 


rene ae Se | eee 
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Four-parameters. 


Real fixed oriented line. 

Fixed lines have two real 
and distinct, coincident, or 
conjugate imaginary direc- 
tions. 


Real fixed point. 


Three-parameters, 


Fixed real oriented circle. 


Newson. 

Constant real or conjugate 
imaginary directions for fixed 
lines, and fixed tangential 
lengths for invariant equitan- 
gential curves. 


Fixed real or self-conjugate 
imaginary circle. 
Newson. 


Two-parameters. 


Two real fixed oriented 
lines. 

Conjugate imaginary fixed 
lines. 

Lines of one direction fixed. 

Fixed real tangent to fixed 


real circle. 


Two real fixed points. 


Coincident real fixed points. 
Fixed real point on fixed 
real circle. 


One-parameter. 


Loxodromic, with real or Loxodromie. 
conjugate imaginary fixed 
lines. 
Hyperbolic. Hyperbolic. 
Elliptic. Elliptic. 
Parabolic. Parabolic. 
Parallel. 
§ 5. Hypercyclics. 


We have now studied sufficiently the simplest oriented 


envelope, the oriented circle. 


It is time to pass on to oriented 


envelopes of a more complicated sort. 


1702 


Bb 
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Let us define as a hypercyclic* every oriented envelope 
having an equation of the type 
i,j=4 
Pe, yj H,0; = 0, M+ 0, +0," = 0. (21) 
‘jal 
We may, without restriction, assume that the discriminant 
of the first of these quadratic forms is different from zero. 
Let us seek to reduce our equations to a canonical form under 
the Laguerre group. A transformation of the coordinates of 
a circle will be of the form 


Yo = Coo¥os 
Yo = Cop Yo + Coo Yo + Cog Ys + Cog Yas 
Ya. = Cy Yo F Cs0 Yo t Cog Yg F Cya Yas 
Ya = Cg Yo + Crs Yo + C13 Yat Cas Ya 
The coefficients c;;, 7 # 0, j#%.0 have the form of a 


ternary orthogonal substitution. Reverting to our previous 
hypercyclic, we write the equation 


Crs Pas Oo 
zo Ugg—P zg | = 92” 
Gig, “Mas. a4 


Let us suppose that this has three distinct roots. We may 
in this case perform such an orthogonal substitution on the 
coordinates «,, 7, , that the transformed equation lacks 
the terms %,%,, @,%,, @,”,. We still have the parameters 
Coos Coo» C30, C4o free, and we make use of them to destroy 
the terms @,%,, %,%3, «,@,. Our hypercyclic has thus the 
canonical equations 


(a0) ==." wet <= 0) (22) 


We mean by a general hypercyclic one where this reduction 
is possible, and where the envelope is not transformed .into 


* The more usual name is hypercycle. See Laguerre, Collected Works, vol. ii, 
and Blaschke, loc. cit. The word is here modified to accentuate the com- 
parison with the cyclic, 


—— 
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itself by reversing the orientation of every line. We have 
the following correspondence. 


Plane 7. Space 3. 
Hypercyclie. Focal developable of quad- 
ric. 
General hypercyclic. Focal developable of cen- 


tral quadric. 


Theorem 41.] The general hypercyclic is transformed into 
itself by a group of eight involutory transformations includ- 
ing the identical one. Three others are Laguerre inversions, 
and three are direct transformations. 


These transformations will, of course, correspond to the 
reflections of various sorts which carry a central quadric into 
itself. 

_ If an oriented envelope be anallagmatic in a given Laguerre 

inversion, the anallagmatic circle of that inversion which 
touches the envelope at any point will also have proper 
contact at another point. The envelope will thus be generated 
by a one-parameter family of anallagmatic oriented circles. 
These circles will correspond to the points of a focal curve 
of the corresponding focal developable. In the case of the 
hypercyclic, this focal curve is a conic, whose orthogonal 
projection on the plane z is another conic, the deferent of the 
corresponding generation of the hypercyclic. 


Theorem 42.] The general hypercyclic may be generated in 
three ways by an oriented circle which meets a fined oriented 
line at w fixed angle, while its centre traces a central conic. 

Remembering the fundamental property of the focal conics 
of a central quadric, VI. 31], 


Theorem 43.] Jf two fixed oriented circles be taken in one 
generation of a general hypercyclic, the swm or difference of 
their common tangential segments with all proper circles of 
a second generation is constant. 

Since every oriented circle having double proper contact 

Bb2 
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with a general hypercyclic will correspond to a focal point of 
the corresponding quadric, 


Theorem 44.] The only oriented circles having double 
proper contact with a general hypercyclic are generating 
circles of one system or another, 


Reverting to the oriented circles of one generation of 
a hypercyclic, we see that the oriented tangents at the points 
of contact meet on the fundamental line of the corresponding 
Laguerre inversion, so that this fundamental line passes 
through the centre of similitude of two successive generating 
circles. If the angles which these tangents make with the 
fundamental line be a, and a,, 


tai Stan 2 = k 


Now let 6 be the angle which a normal to the deferent 
makes with a line perpendicular to the fundamental line, 
while 6’ is the angle which it makes with a normal to the 
hypercyclic, i.e. the line connecting corresponding points 
of deferent and hypercyclic, 

Oy +X 
ain 0, \t Ghaaee Meel ee 
Bin O =  5 Oy nL. 
cos 


Theorem 45.] The general hypercyclic is an anticaustic by 
refraction of the deferent of each generation, the incident rays 
being supposed to come in a direction orthogonal to the 
fundamental line of the corresponding inversion. 


In the last equation we may not have k(k+1)=0. The 
first would not give a Laguerre inversion at all, the second 
would give an inversion which merely replaced each oriented 
line by its opposite, excluded by the definition of the general 
hypercyclic. 

There are two tangents to the deferent sarniatareaten to 
each real or imaginary direction that is unaltered by the 


inversion. These will meet the fundamental line in points — 


ee Se A 


Ee 


ie 
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where the hypercyclic has four-point contact with the gene- 
rating circle. They will correspond in = to the points where 
the focal conic intersects the quadric. The hypercyclie will 
meet the fundamental line at these four points, and at the 
two intersections with the deferent, which are double points 
with distinct tangents, since the radius of a generating circle 
and the distance of its centre from the fundamental line are 
infinitesimals of the same order. The hypercyclie will have 
no other intersections with the fundamental line. 


Theorem 46.] The general hypercyclic meets the funda- 
mental line of each Laguerre inversion in two double points, 
in four points where the corresponding generating circle has 
jour-point contact, and in no other points. 

The condition of passing through a fixed point is linear 
in the coordinates of an oriented line, hence 


Theorem 47.] The general hypercyclic is a curve of the 
eighth order and fourth class. 

The extremities of the asymptotes of a deferent will not 
usually correspond to self-corresponding directions for the 
Laguerre inversion, so that each asymptote of the deferent 
gives two distinct asymptotes of the hypercyclic. Conversely, 
each asymptote of the hypercyclic must correspond to one of 
the deferent in each generation, unless the point of contact 
happen to be a circular point at infinity. Remembering that 
the hypercyclic must meet the line at infinity eight times, 
we have 


Theorem 48.] The general hypercyclic has each circular 
point at infinity as a double point. 


Theorem 49.] The general hypercyclic has fowr double foce 
which are also the foci of the four deferents, 

The proof for this last is identical with that given for the 
analogous theorem for the cyclic, IV. 15]. 

Suppose that we know one generation of a hypercyclic, we 
pass to another as follows. First of all we know all the 
asymptotes and double foci. The other fundamental lines are 


vt a oe ee 
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the remaining diagonals of the complete quadrilateral of the 
asymptotes. The asymptotes of the deferents bisect the angles 
of the asymptotes of the hypercyclic. The deferents are all 
known because we know their foci and asymptotes, the funda- 
mental lines are known, and the asymptotes determine the 
constants of the Laguerre inversions. It is to be noted that 
we have here taken no account of the difference between real 
and imaginary. 

The tangents to the general hypercyclic are in one to one 
correspondence with the planes of the focal developable of 
a central quadric, which is a developable elliptic. Thus, 
since the points and tangents of any curve are in one to one 
correspondence, the hypercyclic must be an elliptic curve. 
This fact, combined with its order and class, will enable us to 
find all of its Pliickerian characteristics. 


~ 


a 
* 


Theorem 50.] The general hypercyclic is of order eight, | 


class four, and deficiency one. It has eight nodes, twelve 
cusps, two double tangents, and no inflexions. 


Suppose that we have a Laguerre inversion characterized 
by the equation 


LA ERE Oa 
tan > tan > =-h.. 


Let us transform it by inversion with the same fundamental 
line, and the equation 
cha et 1 
tan — tan —— = ——- 
2 2 iWvk 
The result will be the inversion 
aX / 


BEN Es | 


tan 1 tan ; 
which merely has the effect of reversing every oriented line. 
A hypercyclic which is anallagmatic under this new inversion 
must be a conic counted twice. 


Theorem 51.] There are six Laguerre inversions which 
carry a general hypercyclic into a non-oriented conic. 
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Four oriented lines shall be said to form a harmonic set 
when their complex invariant has the value —1. Under 
these circumstances they touch one oriented circle and, if 
the latter be proper, their points of contact form a harmonic 
set. A given oriented line will have a single harmonic 
conjugate with regard to two given oriented lines. If these 
two be opposite lines, the other pair of the harmonic set are 
the reflections of one another therein. If we reflect all the 
tangents to a conic in a straight line» we get tangents to 
another conic, hence 


Theorem 52.] The oriented envelope of the harmonic con- 
jugates of a given non-minimal oriented line with regard to 
the pairs of oriented tangents to a general hypercyclic which 
correspond in one Laguerre inversion, is a second hypercyclic 
anallagmatic in the same inversion. 


The theorems so far developed for the hypercyclic corre- 
spond very closely to theorems developed in Ch. IV for the 
eyclic. The reader would do well to turn back and compare 
one by one. The correspondence may be brought into an 
even stronger light as follows. The general hypercyclic may 
be written 


2 2 op 2 2 2 2 2 
hy Uy" + Uy Ly” + A305” +040," = 1+ H,°+ 0° = 0. 
A general cyclic may be written 


(b, — by) a4? + (bs — by) #57 + (b,—0,) 0,2 = 0° +2? +07 + %,? = 0. 


Theorem 53.] There is a perfect one to one correspondence 
‘between the points of a general cyclic and the oriented tangents 
to a general hypercyclic. Concyclic points of the first will 
correspond to oriented tangents to the other, which either towch 
one oriented circle or meet a fixed oriented line at a fixed 
angle. 

This theorem may be used to verify the calculation of the 


Pliickerian characteristics of the hypercyclic given in 50]. 
Suppose that we have four oriented circles properly tangent 
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to two oriented lines. Every oriented circle tangent to these 
lines will have coordinates of the form 


(Naty + ey”, @y, Gel mate”, Aw, +ym,”, Am +pay’), 
where («’) and (#”) are two oriented circles of the system. 
The cross ratio of the centres of four such will be 

| Ap’ | . | Ap | 
| rw” | P | nN i 


an absolute invariant for every Laguerre transformation. We 
thus get from IV. 21] 


Theorem 54.] The centres of four oriented circles properly 
tangent to a general hypercyclic and to two fixed oriented 
tangents thereto, have a cross ratio which is independent of the 
choice of the oriented tangents, and is an invariant of the 
hypercyclic for every Laguerre transformation. 


Theorem 55.] Jf three generating circles be properly 
tangent to a general hypercyclic at the same point, the dis- 
tances from the centre of the first to those of the second and 
third have a fixed ratio which is an invariant of the hyper- 
cycle. 


The general cyclic is anallagmatic in four inversions and 
has four systems of generating circles. These will correspond 
to the three systems of generating circles of the hypercyclic 
and to a one-parameter family of pencils of parallel lines, 
two members of each pencil being properly tangent to the 
hypercyclic and being the reflections of one another in the 
properly parallel proper tangent to a fixed proper circle. 
They correspond in the remaining involutory transformation 
which carries the hypercyclic into itself. The circles of 
four-point contact with the cyclic will correspond to the 
generating circles which have four-point contact and to 
the asymptotes. ? 

It is at once apparent that our various residuation theorems, 
IV. 27-34], have exact duals in the ease of the hypercyelic. 
We give some of the most interesting. 
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Theorem 56.] Jf a, b, c,d be the four proper tangents 
which a hypercyclic shares with a circle, a second oriented 
circle touches the proper tangents to the hypercyclic a, b, c,, d,, 
a third touches the proper tangents a,, b,, c, d, then the four 
oriented lines a, b,, ¢,, d, touch a circle or make a fied 
angle with a fixed oriented line. 


Theorem 57.] The envelope of pairs of oriented lines each 
touching a common oriented circle with each of three given 
pairs of oriented lines is a hypercyclic. 

_ There are many special cases of this which we shall not 
investigate further. 


Theorem 58.] The osculating oriented circles to a hypercyclic 
corresponding to the oriented tangents which the hypercyclic 
shares with a given oriented circle, will each determine with 
the hypercyclic one other common proper tangent, and these 
will also be properly tangent to an oriented circle or meet 
a fived line at a fixed angle. 


Theorem 59.] Jf three of the proper tangents common to 
a general hypercyclic and an oriented circle correspond to 
generating circles having four-point contact, the same is 
true of the fourth common tangent, or else the latter is an 
asym~ptote.* 


Theorem 60.] If three oriented circles of one generation of 
a general hypercyclic share with the curve the pairs of proper 
tangents aa’, bb’, and ce’ respectively, and if a, b,c, d touch one 
oriented circle, while a’, b’,c’,d’ touch another, then dd’ will be 
a pair of corresponding proper tangents vn this generation. 


§ 6. The Oriented Circle treated directly. 


We have so far, in the present chapter, treated the oriented 
circle almost exclusively as an envelope of oriented lines. 


* Of. Blaschke, loc. cit., p.59. Much of what we have given in the present 
chapter, both in connexion with the Laguerre group and the hypercyclic, is 
from this excellent memoir, 
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Let us now change our point of view, and examine the oriented 
circle directly. We repeat the previous analogies. 


Plane 7. Space >. 
Proper oriented circle. Proper point. 
Common tangential seg- Distance. 
ment. 
Ten-parameter group of Ten-parameter group of 


contact transformations of spherical transformations. 
oriented circles. 


This last truly admirable correspondence is due to Lie.* 
It is proved by noticing the isomorphism of the conformal 
group of Ch. IX with the collineation group in S,, that leaves 
invariant the quadratic form 


— 20), +0, +0? + 2,7 +2,7 = 0. 


A one-parameter system of oriented circles, that is, a system 
whose coordinates are proportional to analytic functions of 
one independent variable whose ratios are not all constants, 
shall be called a sertes, A system whose coordinates are pro- 
portional to analytic functions of two independent variables, 
the ratios being not all constants, nor functions of one same 
variable, shall be a congruence. Among congruences the 
simplest are the linear ones, determined by equations of 
the type 

— Ay Hy — Uy + Ay%, + A,%,+4,0, = 0. (23) 


They have the following interpretations with the aid of 
(7) and (6): 


a) —2a)d,+4,? +a," $ 0, 


2 Sea 
2/2 dy A, — Mg? — Ag2X, 


=5| Cs | 
: V2 diy dy — A? — 4,2 


* ‘Ueber diejenige Theorie des Raumes’, ete., Géttingische Nachrichten, 1871. 
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The circles of the congruence meet an oriented circle at 
a fixed angle which will be null if 


—2a.a,+4,?+a,?+4,? = 0, 


When this last equation holds the congruence is said to 
be special, even when the inequality above does not hold. 
Tt consists in the oriented circles properly tangent to one 
oriented circle. 

b) dy F 0. 

9 = +a," + a,’) 
—24a, 


Uy — Ay @y + Ag hy + Ag ®, + aya, | 


UpX 
2 2 2 
be |e nah Mee — %). 
2 
21) Q 


The circles have a fixed common tangential segment with 
a fixed oriented circle. 


c) —2da)d,+47%+a,2=0, a =0. 

Circles invariantly related to a minimal line. 

One or two special cases deserve notice. 

d) 522 0; 0, +a." = 0. 

Circles meet an oriented line at a fixed angle. 

é) p= Ga 00. 

Circles have a given radius which is null if a, = 0. 
Ay = Ay = Ag = A = 9. 


Congruence of all line circles. 

If the coordinates of an oriented circle be connected by 
a linear relation, it will thus in the general case, where all 
of our inequalities hold, meet one circle at a fixed angle, and 
have a fixed tangential segment in common with another. 
If we mean by ‘in general’ that these inequalities shall be in 
force, we see 


Theorem 61.] The assemblage of all oriented circles whose 
common tangential segments with two proper circles bear 


Pe a ee 
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a fived ratio, will meet at a fiwed angle an oriented circle 
coaxal with the given two, or be the limit of such an assem- 
blage.* i 


Theorem 62.] The ratio of the common tangential segments 
of all circles of a coaxal system with any two of the conjugate 
coaxal system is constant. 


Theorem 63.] The assemblage of all oriented circles common 
to two linear congruences is that of all oriented circles properly 
tangent to two oriented circles, or to a given oriented circle at 
a given point. | 

The proof is immediate and left to the reader. We pass to 
the general consideration of two linear congruences. These 
will have an invariant under the contact group of oriented 
circles, namely 

— Ab, — Ady + Gab, + gb, + Od, =¥ ; 

VJ = 200, +2 +052 +02 / —2b,b, + b,2 +b? +b, =I. (24) | 
Let us restrict ourselves to the general case where 

(—2a,a, +07 + 0,7 + a4”) (— 2b, + b,? + ,? + b,2) # 0. 


Under these circumstances, if ¢, and ¢, be the angles 
associated with the definition of the congruences, and @ the 
angle of their fundamental circles, 


COS P, COS f.— COS O 
SF et ee ee ee ee is 
sin , sin dy 
Two linear congruences shall be said to be in involution 
when J vanishes, i.e. 
— 0,6, — a,b) + a,b, + 3b, + a,b, = 0. 


If one of the complexes be special, its fundamental circle 
is a member of the other congruence; if both be special, their 
fundamental circles are tangent. 


* This theorem and the next are from rather a poor article by Sobotka, 
‘Kine Aufgabe aus der Geometrie der Bewegung’, Monatshefte fiir Math., vol. vii 
1896, p. 347. 


i 
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Plane zr. Space =. 
Linear congruence. Sphere. 
Invariant of two linear Cosine of angle of spheres. 
congruences. 
Congruences in involution. Orthogonal spheres. 


This analogy of linear congruence with sphere leads us to 
consider that oriented circle transformation which corresponds 
to an inversion in = and which contains the Laguerre trans- 
formation as a special case.* We start with a non-special 
linear congruence (a,@,@,43,0,), and define as an inversion 
therein the following transformation, which is seen at once 
to correspond to inversion in space. 

Df = (04? — 0,2) @;— 2 (— 4%) — A) %, + Ay, + OgXy +0424) A,;, TF 4, 

eae , (25) 
Uy =(X,?—a1,") 2; — 2(— A,X) — AX, + My Xy + Ay Ly + X45) My, 

—2a,a,+4,7%+4,+a2 = 0, 


(— 2a, ay! + 2! + 5 * + %,'”) 
= (a,?— a2)" (—24 0, +07 +24? + @,”). 


When a, = 0 we fall back upon the Laguerre inversion (11). 
The oriented circles (x) and (x’) are coaxal with the circle 
(a). The product of the tangents of the halves of their angles 


therewith is 
/ a,-a 
tan — tan — = —*——* = tan? 
2 2 Uta 


a 

2 

where @ is the fundamental angle associated with the linear 
congruence. 


Theorem 64.] If a general linear congruence consist in 
oriented circles meeting a fixed oriented circle at a fixed 
angle not zero, then two oriented circles are mutually inverse 
in the congruence when, and only when, they are coaxal with 
the fixed circle, and the product of the tangents of half their 


* This transformation seems to be due to Smith, ‘On a Transformation of 
Laguerre’, Annals of Math., Series 2, vol. i, 1900, and ‘ On Surfaces enveloped 
by spheres belonging to a linear Complex’, Transactions American Math. Soc., 
vol. i, 1900. 
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angles therewith is equal to the square of the tangent of half 
the angle associated with the congruence. 

_ We shall not enter into the special or limiting cases of this 
transformation. Let the reader prove the five following 
theorems : . 

Theorem 65.] When the angl2 associated with a linear 


. ’ es . . 
congruence of ortented circles is a? Uwersion im the congruence 


is circular inversion. 


Theorem 66.] Inversion in the linear congruence of all 
mull circles is the reversal of the sign of the radius of each 
oriented circle. 


Theorem 67.| Inversion in the congruence of all oriented 
circles of given radius will change each oriented circle into 
a concentric one whose radius differs from the negative of that 
of the given circle by a constant. 


Theorem 68.] A necessary and sufficient condition that 
the product of the inversions in two linear congruences should 
be commutative is that the congruences should be im in- 
volution. 


Theorem 69,] very contact transformation of oriented 
circles can be factored into the product of five or less tiwersions 
in linear congruences. 

Before making any further study of series or congruences 
of oriented circles it will be wise to make a slight alteration 
of notation. This amounts essentially to determining each 
circle by the special pentaspherical coordinates of the repre- 
senting point in %, that is, in (12) we replace the homogeneous 
cartesian coordinates X, Y, Z, 7’ by special pentaspherical 
ones. We write, therefore, 


— /2a = p(X,+2X)), 
/2m, = p(X,—iX;); 
X= pX,, (26) 
@, =pX,, 
, = pX,. 
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An oriented circle has thus five homogeneous coordinates 
(X) connected by the relation 


‘So ary (27) 


The condition of proper contact of two oriented circles (X) 
and (Y) is 
(XY) =. (28) 


In Ch. VI we passed from special to general pentaspherical 
coordinates which were related to five mutually orthogonal 
spheres. Let five congruences in involution be 


(A), (A), (A), 


the angle associated with the congruence (A) shall be ¢,, 
the angle at which an arbitrary circle cuts the fundamental 
circle of (A) shall be 6;. Let us then write 


cosd;—cosé; (AMX) 


a = — 29 
a sin ¢; eG /(AM AM) ( ) 
| A, A,® A,® A, A,@ 0 |? = 0, 
A) AO) 0 0 0 0 (AMX) 
0 (AMA) 0 0 0 (AMX) 
0 0 (A®A®) 0 0 (AMX) 
0 0 0 (A®A®) 0 (A®X) 
0 0 0 0 (AMAM) (AMX) 


(AMX) (AMX) (A@X) (AMX) (AMX) 0 


eee es Oe Olen OU a 
emt One a0. 
Oo OnE 0k, Or Xx," ne 
De a ae ie oe. 
(eee 0) “Ove in X 


(X’X") = 0. (30) 
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Theorem 70.] If Je linear congruences in involution of 
oriented circles consist in the circles meeting five fundamental 
oriented circles at five fundamental angles, then we may 
take for the coordinates of every proper oriented circle five 
quantities each proportional to the quotient of the difference 
of the cosine of a fundamental angle and the cosine of the 
angle made with the corresponding fundamental circle, 
divided by the sign of that fundamental angle. The swum 
of the squares of these coordinates will in every case be zero. 


Four oriented circles have an absolute invariant for all 
contact transformations. 
(XY) (ZF) sin? 44. XY sin?34-Z7 (31) 
(XT) (ZY) — sin? 2X_ XT sin? 415285 
We pass to the general study of systems of oriented circles. 
A general congruence may be expressed in the form* 


F (Xo ++. X4) = 0. (32) 


Or else in the form 
X; =X; (uv). (33) 


Let us look for series of oriented circles in the congruence 
which osculate their envelopes. If (X) and (X+dX) make 
an angle which is infinitesimal to higher order we have 


See 1 ——— 
Py) 


— dudv+ (= 


dv? =0. (34) 


The solutions of this differential equation give the two 
one-parameter families of osculating series; an arbitrary circle 
will usually belong to two different series; they coalesce if 


Ne = aX OX aX IX\? 
ou seal PY wie ie = g 


(35) 

* The following study of congruences and series of circles is based on two 
interesting but highly unreliable articles by Snyder, ‘Geometry of some 
Differential Expressions in Hexaspherical Coordinates’, Bulletin American 
Math. Soc., vol. iv, 1897, and ‘On the Geometry of the Circle’, ibid., vol. vi, 
1899. On p. 464 the author corrects several misstatements in the preceding 
paper; certain erroneous results appearing in the earlier paper have not, 
apparently, ever been corrected. 
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Again, if the adjacent circles (X) and (X +dX) be tangent 
to one another, 
(XX) = (XdX) = (dXdX) = 0, 


(X+dX) belongs to the properly tangent pencil determined 
by the mutually tangent circles (X) and (dX). These two 
both belong to the linear congruences 


(XX’) = Be x’) = 0, 


To find the special linear congruences linearly dependent 
on these we must solve the quadratic equation 


m) of oa 
worse eden =o a 
Assuming first 
OF oF 
ag Ee tas 


the only solutions of the quadratic are «= 0. The series 
determined by the two linear equations consist in oriented 
circles properly tangent to (X) at either of two given points, 
its points of contact with its envelopes in the osculating 
series. We next assume 
BEY 
ae oe a) 
Here the state of affairs is entirely different. Let us first 
ussume that the congruence is algebraic, i.e. f is a homo- 
yeneous polynomial.* Representing our oriented circles by 
means of points in a projective four-dimensional space we 


of o : 4 2 , 
ee that, as in this case, ee 25) vanishes identically with 


AX) and (x 5 En) we may apply Nother’s fundamental 


heorem and write 


Of wo x? f 
IX OX. 2S a 
* Of. Klein, ‘ Ueber einige in der Liniengeometrie auftretenden Differential- 
leichungen’, Math. Annalen, vol. v, 1872, p. 288. 
1702 cece 
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ij=4 


ea et a 
f (XA Sy Bela ae SY GLY. Ful oe 
t=4 
ie tee afy W 
20x, oX,9X; ~ = (XX) 5 Sy aX; 
of 


ig 
nh eth be AS of %¢ 
2 3, 305 Og a = (£X) (Sy 5¥ 


7 (x35) (3% >) +antorny (oe oe en 


It appears thus that the first term in the above expansion 


Oly (x +X =t vanishes. We may continue thus and show 


that every term vanishes, i.e. every circle properly tangent to 
the properly tangent circles (X) and (= belongs to the 


congruence. The latter must consist in the circles tangent to 
one curve. Conversely, suppose that we have a congruence 
of circles properly tangent to an oriented envelope. The 
osculating circle being (Z) we may write 


ie = 4; (u)+vZ,/ (u), 
(22) = (Ae =o yee) ee 


(ts) = @s¥) = Gast) = Gaap=° 


a | T; Ly, Zi ee '; 


Psy = 


of af) 
oY oy, 


When the equation of the congruence is not algebraic we 
may express it approximately as closely as we please by 
a development in Taylor’s series, the theorem holding for 
each approximation, Hence, it is universally true that (37) 


eas 
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expresses the necessary and sufficient condition for a con- 
gruence of oriented circles properly tangent to an envelope. 
Suppose that we have two algebraic congruences 


a Onn r= Oy 
The oriented circle (X ) and its immediate neighbours belong 
to the linear congruences 


2F x)= (2% x) =0, 


The special linear congruences linearly dependent upon 
them will be given by the roots of the quadratic equation 


of of of % 0 (2 Py) _ 
sx ax) t?(Syax) t#Grax)=* @8) 
When the roots of this equation are identically equal, ice. 


-wh of oa dp 0 of o 
‘Se (<¥ =n) oS sy) (53 st) = 


we have a series of osculating circles, by II. 25]. 
Reverting to our congruence (32), that series for which 


of of 
Tu5%) ey) 


is said to be composed of singular circles. The infinitely near 
circles tangent to (X) touch it where it touches the oriented 


circle ae! That part of the envelope of the singular series 


which comes from this point of contact is called the singular 


curve. 
This hazy talk about neighbouring or infinitely near circles 


attains a clear meaning when we consider our minimal pro- 


jection. 
Plane z. Space >. 
Congruence of oriented Surface. 
circles. 
Congruence of oriented lines Isotropic ruled surface. 
properly tangent to one en- 
velope. 


ce 2 


a a 
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Pencils determined by ad- Isotropic directions in sur- _ 

jacent circles properly tangent face. 

to given circle. 

Singular circle. Parabolic point. 

Series of osculating circles. Minimal curve. - 


Let us apply these general principles to the study of the 5 
quadratic congruence, that is, the congruence given by equa- 


tions 
i,j=4 


4,j=0 
We shall mean by a general quadratic congruence one for 
which the equation 


Ayo P Ay Doe Ao Qos 
Ay Gi—p Ape Ay yg 
Ao Qe, Agg—p Ags Gog me 
Aso Qs) Ase AUsg—p Ag4 
Ugo Uy Ugo, 4g,  Aga—P 


has distinct roots. 


Plane 7. Space >, 
Quadratic congruence. Cyclide. 
General quadratic con- General cyclide. 


gruence. 


We may, as we well know, find a contact circle transforma- 
tion to carry the equations of the general quadratic congruence 
to the canonical form 


(aX?) = (XX) = 0. (41) 

Theorem 71.] The general quadratic congruence is carried 
into self by an inversion in any one of five linear congruences 
in involution. 


Let the condition for a null circle. in our present coor- 
dinates be é 

(UA) = 0, 
while that for a line circle is 


(VX) =0. 


a al iat 
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Theorem 72.] The nuil circles of a general quadratic con- 
gruence generate a cyclic, its line circles a hypercyclic. 


Let us look for the singular circles of the congruence 
(aX*)'= (a7 X*) — (XX) =.6. 


If (Z) be the point of contact with the singular curve, i.e. 
the null circle whose vertex is there, while (Z’) is the oriented 
tangent, 

Z,= (Gj, 4A) X,, Zf= Gtr) XY. 


i=4 i=4 i=4 i=4 


The first pair of equations are a cubic in A and its derivative. 
The elimination of X amounts to setting the discriminant 
.to zero, and is a quartic in Z;2; another such quartic will 
come from the other pair of equations. If we combine with 


eee (44) (42) — 9) (V2) = (V2) = (22) = 0, 
we get sixteen solutions. 


Theorem 73.] The singular curve of a general quadratic 
congruence is of the sixteenth order and class with a multi- 
plicity eight at each circular point at infinity.* 

This curve may be generated in various ways as an envelope 
of circles. We see, in fact, that a properly tangent oriented 
circle belonging to one fundamental linear congruence is 
doubly tangent. 


Plane 7. Space 2. 
Five generations of singular Five focal eyclics of cyclide. 
curve of general quadratic 
congruence. 


The centre of one of the generating circles will be the 
orthogonal projection on = of a focus of the cyclide; we 


thus see 
.* Blaschke, loc, cit., p. 55. 


a ree ie 
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Theorem 74.] The singular curve of a general quadratic 
congruence of oriented circles may be generated in five ways 
by an oriented circle which meets a fixed oriented circle at 
a ficed angle, while its centre traces a binodal quartic. It 
will have a node at each finite intersection of one of these 
quartics with the corresponding fired circle. 


The deficiency of this curve, being that of a cyclic, is unity. 
We have thus a sufficient number of facts to enable us to 
calculate the Pliickerian characteristics of the curve; we find 


Theorem 75.| The singular curve of a general quadratic 
congruence has the equivalent of 88 nodes and double tangents, 
16 inflexions and cusps. 


The singular circles which satisfy all the relations 
(2X) =X") =e) a Te (42) 


are said to be singular of the second sort. Every oriented 
circle of the system 
AX, + pa; X; 


will belong to the congruence. Our correspondence is 


Plane 7. Space 3. 


Sixteen singular circles of Sixteen isotropies of general 
the, second sort of general cyclide. 
quadratic circle congruence. 


The one-parameter family of quadratic congruences 


% 4 


ee he 
eure 


0 (43) 


are said to be cosingular. They have, in fact, the same 
singular curve. We have 
Plane 7. Space >, 


Cosingular quadratic cirele Confocal eyclides. 
congruences, 
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Long as has been our present chapter, it is clear that we 
have by no means exhausted the subject of the oriented circle. 
We began with the study of these circles by means of 
elementary geometry, and there is no doubt that we merely 
scratched the surface. The analogy between the geometry of 
inversion and the geometry of direction could be pushed much 
further. Our next task was to study the Laguerre group, and, 
though we carried this far, yet much remains to bring it to an 
equality with the group of circular transformations. . Thirdly, 
be it noticed that we have made no mention of any of the 
special forms of quadratic circle congruence. Several of these 
must be of importance, especially those which correspond to 
two-horned and Dupin cyclides. Lastly, it would seem as if 
the coordinates of the oriented circle offered an ideal method 
_ of studying Hart systems. The Author must confess that his 
success in this last line has been disappointing, yet he has not 
lost his conviction that much might be done. 


CHAPTER XI 
THE ORIENTED SPHERE 
§1. Elementary Geometrical Theorems. 


WE saw in the last chapter what a profound change was 
introduced into the geometry of the circle in the plane, or, for 
that matter, the circle on the sphere, by giving a sign to the 
radius. Exactly similar changes occur in the geometry of 
the sphere when a like orientation is introduced. 


We start, as before, with the real finite cartesian domain, 3 


the domain of Euclidean geometry. The radius of a sphere 
shall be considered as positive when each normal is oriented 
inwards; outwardly oriented normals shall correspond to 
a negative radius. The angle of intersection of two spheres 
shall be defined as that of their oriented normals at a point 
of intersection ; its cosine will be 


cos 9 = ——__, —- (1) 


When this expression is equal to unity the spheres are said 
to be properly tangent ; when it is equal to —1, improperly 
tangent. Every plane (we are in the real domain) may be 
oriented by requiring all of its normals to point from one 
of the two regions into which the plane divides space to the 
other. Two planes shall be properly parallel when they have 
the same system of oriented normals; when the normals to 
one are opposite to those to the other they are said to be 
improperly parallel. The angle between two intersecting 
planes shall be defined as that of their oriented normals at 
a point of intersection, and this definition shall be extended 
to include the angle of any two oriented surfaces. If at any 
non-singular point they have the same oriented normal, they 
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are said to be properly tangent; when the normal to one is 
opposite to that to the other, improperly tangent. 

A number of simple theorems about oriented spheres may - 
be obtained immediately from the elementary theorems about 
oriented circles. Let the reader prove: 


Theorem 1.] Jf, through all lines of an oriented plane 
which lie outside of an oriented sphere, pairs of properly 
tangent planes be drawn to the sphere, the product of the 
tangents of half the angles which they make with the given 
oriented plane is constant. 

This constant shall be called the power of the oriented plane 
with regard to the oriented sphere. It may take any value 
between —oo and o according to the position of the plane. 
Let us note that two oriented spheres, like two oriented 
circles, have but one centre of similitude ; we have then 


Theorem 2.] All oriented planes having equal powers with 
regard to two non-concentric oriented spheres of unequal 
radit pass through the centre of similitude ; when the spheres 
have equal radu, these planes are parallel to the line of 
centres. 

We get at once from the Laguerre inversion in the plane 


Theorem 3.] Jf oriented planes be transformed in such 
a way that corresponding ones are coaxal with a fundamental 
oriented plane, while the product of the tangents of the halves 
of the angles which they form therewith is constant, then an 
oriented sphere is transformed into an oriented sphere, and 
corresponding oriented spheres have the given fundamental 
plane as their radical plane. The common tangential segment 
of two oriented spheres will be invariant under this trans- 
formation. 

We mean, of course, by the ‘common tangential segment’ 
of two oriented spheres the distance of the points of contact 
with any properly tangent oriented plane. Our transforma- 
tion shall be called a Laguerre inversion. It is a special 
ease of the general equilong transformation, to be studied 


later. — 
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§2. Analytic Treatment. 


It is hardly worth while to delay any longer on the elemen- 
tary geometry of the oriented plane and sphere, as much 
more interesting material lies beyond. We pass, therefore, to 
cartesian space rendered a perfect complex continuum by the 
adjunction of the plane at infinity, and write the equations 


My (0? + Y? +27) +a, (Qat) + a, (2yt) + @,(22t) +a, (20) = 05 (2) 
2% 0, +07 + 02+ OP +2," = 0. @) 


Every oriented surface corresponding to these two equations 
shall be called an oriented sphere. When the first coefficient 
does not vanish, we shall define as its radius the expression 


n= Ss. (4) 


We have the following types of oriented sphere : 

a) Proper oriented spheres 2%; 0. 

b) Non-planar null spheres 2 #0, @; = 0. 

c) Non-minimal oriented planes «2, =0, «; #0. 


=r Os 


d) Minimal oriented planes x, = @; 


The plane at infinity is included in the latter category. 
The common tangential segment of two non-planar spheres 
() and (y) will be 


xe (ene —ByYot@sYz + UY t+ HYet Ys) (gy 
— XyYo 


For the angle of intersection of two not null spheres we 
have 
pane ee oF 21 Yo F LoYo + LyY3 + LsYg + UeYs (6) 
< 2255 


We shall leave till a later stage of the present chapter the 
further direct discussion of the oriented sphere, and take up 


eal 
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for the present a detailed study of the oriented plane, This 
has five homogeneous coordinates (x) where 


LoL+ UY +H,2+2,t = 0, 


(7) 


es + 5" +a,2 +2," = 0. 


Suppose that these coordinates are limited by a single 
linear equation 


Uy, + nM, + 1%, + A,X, +A;0, = 0. (8) 


If a,0 the plane is properly tangent to the oriented 
sphere . 


(a Ae +4327 +402 +4," Sarpy « 
0? = 1g» 439" As s)° 
— 2a, 


If a, = 0 we see that the extremities of the normals to the 
planes will trace in the plane at infinity a conic having double 
or four-point contact with the circle at infinity, i.e. the oriented 
planes make a fixed angle with a fixed oriented line or is 


- invariantly related to an isotropic. Every oriented sphere 


has a linear equation in oriented plane coordinates; every 
such equation will represent either an oriented sphere, or the 
planes making a fixed angle with an oriented line, or in- 
variantly related to a minimal line. This latter corresponds 
to the case 
a, = 6,7 +0,/+a2%= 
The power of the oriented plane («) with regard to the 
proper oriented sphere (y) is 
YoU + Yas FY 33 FY 4X4 + YsUs 
YoU — YyX — Yo, — Ygls — Ys Xs + Y5 U5 
The formula for a Laguerre inversion in the oriented plane 
will be 


ty’ = (0,2 — a3") & — 2 (Aq %y + Og, + OU, +X5%5)A;, VFS, 


Wg, = (Og? — As”) Ws — 2 (Ay ®y + Ags + MyGy + X55) Xs. 


The geometry of the oriented sphere furnishes simple duals 
to various residuation theorems, which we found in our sphere 
geometry. We start with V. 37]. Suppose that we have four 
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oriented spheres s,, 8, 8, 8, properly tangent to a plane zm. 
Let 7; be the other oriented plane properly tangent to the 
three spheres 8;5 81,5 8, While 7,; 1s an arbitrary oriented plane 
properly tangent to s, and s;. The oriented sphere properly 


tangent to 7;, 74;, 74, 741 Shall be s. We write the equation 


, 
A8, 8, +188, +7838; = 0. 


This oriented envelope will determine with an arbitrary 
proper oriented sphere a developable of the fourth order ; the 
points of contact will trace a cyclic. The terms of this 
equation are linearly independent, the planes of the system 
properly tangent to s, would seem to determine thereon a two- 
parameter family of cyclics through the seven points of con- 
tact with 7, 7, 7%, 73) T2) 73: T+ Through these points 
there will pass but a one-parameter family of cyclics. Hence 
we may choose A, p, v so that s, itself shall be part of the | 
envelope. The rest will be a second oriented sphere which 
will share with s,’ the proper tangent planes 7, 74, To4, Tg4- 
The points of contact are not concyclic in the general case, . 
hence this sphere must be identical with s,’; the latter must 
touch the remaining common proper tangent plane to s,’, 89’, 83’. 


Theorem 4.] Jf fowr oriented spheres be given, all properly 
tangent to the same oriented plane, but no three properly 
tangent to three oriented planes, and if the remaining common 
proper tangent planes be taken to each set of three, as well 
as one arbitrary plane properly tangent to each two, then 
the four oriented spheres each properly tangent to a plane 
touching three of the original ones and to the three arbitrary 
planes each tangent to two of these three spheres are themselves 
properly tangent to one oriented plane. 

This theorem may be somewhat generalized by a contact 
transformation of spheres; the statement, which is certainly 
bad enough at present, becomes altogether too involved to be 
worth while. Let the reader prove by methods ee to 
those which were used in the case of VI. 11]. 


Theorem 5.] Given five oriented spheres properly tengene 
to an oriented plane, no three properly tangent to more than 
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two oriented planes, and all arranged in cyclic order, Let 
the common proper tangent plane be constructed to each set 
of three successive spheres. And let five oriented spheres be 
constructed each properly tangent to three successive oriented 
planes just found. Then the remaining common proper 
tangent planes to the five sets of three successive spheres in the 
new sequence will themselves touch a sphere, or make a fixed 
angle with a fixed line, or be invariantly related to a minimal 
line. 


It is intuitively clear that the geometry of the oriented 
sphere may be treated by a minimal projection exactly as 
was that of the oriented circle. We begin with the funda- 
mental equations 


T? = p&, 

3 (X?4+ Y?4+ 774+ W*) = px, 
—XT = px, (9) 

—YT= pas, 

—ZT = p%,, 

— WT = pa;. 


The finite point in four-dimensional space 2, with the homo- 
geneous rectangular cartesian coordinates (X:Y:2:W:7) 
will be the centre of a null hypersphere which will cut the 
hyperplane W = 0 in the sphere 


iy (a? + ¥? + 2°) + &y (22) +H, (2) +H, (22) +H5(21) = 0. (2) 


The radius of this sphere will be 


— ia =— iG (10) 

We shall make our 3, a perfect continuum by adjoining 
a single point at infinity with the coordinates x, = 1, x; = 0, 
and o* other improper points whose coordinates satisfy the 


equations 
Ce tof + e+e, = 0. (11) 
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We shall define such points as the minimal hyperplanes 
“X+0,Y+a,2+«,W+2,T = 0, 
which cut the hyperplane =, in the oriented planes 


Ly C+ UY +H,Z+H,t = 0, 


Theorem 6.]: If a four-dimensional cartesian space of 
Euclidean measurement be made a perfect hexaspherical con- 
tinwum by the adjunction of a single point at infinity, and 
the totality of minimal hyperplanes as improper points, there 
is a perfect one to one correspondence between the points of 
such a space and the oriented spheres of a three-dimensional 
cartesian space. The correspondence may be effected by letting 
each proper point of =, correspond to the sphere in 3, whose 
centre is the foot of the perpendicular on = from the given 
point, while the radius is —7i times the algebraic distance 
from that centre to the given point. Each improper point 
as represented by the. plane where =, neets the corresponding 
minimal hyperplane of 2,4, with an orientation rationally 
determined by the coordinates of the wmproper point. The 
distance of two proper points will be the tangential distance 
of the corresponding oriented spheres. 


ie oie 

Oriented sphere. Point. 

Proper oriented sphere. Proper point. 

Non-planar null sphere. Point of &,. 

Non-minimal plane. Minimal hyperplane whose 


point of contact with the 
sphere at infinity is not in 3,. 


Minimal plane. Minimal hyperplane whose 
point of contact is in 3,. 
Common tangential seg- Distance of two proper — 
ment of proper spheres. points. / 
Pencil of properly tangent Isotropic line. | 
spheres. 
Pencil of properly parallel Pencil of parallel minimal 


planes. hyperplanes. 
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Transformation carrying Conformal collineation. 
oriented planes properly tan- 
gent to an oriented sphere 
into oriented planes also tan- 
gent to a sphere. 


Theorem 7.] There is an eleven-parameter group of 
transformations which carry oriented planes into oriented 
planes, and those tangent to an oriented sphere into others 
tangent to another sphere. Every transformation of the 
group will multiply the common tangential segments of two 
proper spheres by a constant, characteristic of the transforma- 
tion. 


Die , ae 
_Eleven-parameter group of Eleven-parameter group of 
oriented planes and spheres. conformal collineations. 


If we use temporarily x,, 7,, 7,, x, for rectangular cartesian 


: ; y) : : 
coordinates in =,, and put p; for = » the Lie symbol for this 
eleven-parameter group is * : 


b= 4 


Lp; CP; — 2; Di; > epi 


t= 


The transformations of this group which multiply tangential 
segments by the factor +1 shall be called Laguerre trans- 
formations. 


Theorem 8.] The Laguerre group in space is a ten-para- 
meter mixed group, with a ten-parameter continuous sub- 
group, and a ten-parameter continuous sub-assemblage. 


The Laguerre transformations of the sub-group shall be 


* Of. Page, ‘On the Primitive Groups of Transformations in a Space of Four 
Dimensions’, American Journal of Math., vol. x, 1888, p. 345. 
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called direct, those of the sub-assemblage indirect. The Lie 
symbol for the continuous group is 


[pi Us Pp — Pi): 


a, S 
Laguerre group. Congruent group. 
Continuous direct sub- Group of motions. 
group. 
Sub-assemblage of indirect Sub-assemblage of sym- 
transformations. metry transformations. 
Laguerre inversion. Reflection in hyperplane. 


It would be natural to assume that this ten-parameter 
group was simply isomorphic with that of all conformal trans- 
formations of three-dimensional space. Such is not, however,. 
the case. The conformal group appears in four dimensions as 
a collineation group keeping invariant a hyperquadric of non- 
vanishing discriminant; the Laguerre group is a sub-group 
of the eleven-parameter group which leaves in place, not 
a hyperquadric, but a quadric surface. 

Before resolving our Laguerre transformations into factors, 
it is well to approach the subject from another point of view, 
exactly as we did in the plane. Let us define as equilong 
any analytic transformation of oriented planes which keeps 
invariant the distance of the points of contact of an arbitrary 
oriented plane with any two envelopes. We seek the general 
analytic expression for such a transformation. We first 
write our oriented plane 

ax + by +cz = p. (12) 


Here a, 6, c are supposed to be the direction cosines of the 
directed normal to the plane. We may write this same 
equation also in Bonnet coordinates * 

Wty Oi ae w—ti1 w 


C+4 Sa gs € 
w+ avd eed se ue) 


* Cf. Darboux, Théorie générale des surfaces, vol. i, Paris, 1887, pp. 248 ff, 
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Let the reader establish the relations between these and 
our previous oriented plane coordinates, namely 


px, = —-U, Ly — 1s 
or aera 
pr, = U+U, XL, + i, 
A XL, +40 
px, =i(u—v), y= 2 —_3, (14) 
Hy +X, 
r= uw-—-ti1 
p 4 ? a L, : 
px, = 1 (wv+1), y+ ia,’ 


w and v are the isotropic parameters of the spherical repre- 
sentation of the plane. In an equilong transformation 
parallel planes must go into parallel planes, exactly as in the 
case of the plane equilong transformation, hence 


i (vy VV (uw, 2). 


Moreover, two planes which intersect in a minimal line, 
whereon all distances are null, must correspond to two other 
such planes, hence 


either =U (uy, VV (2); 
or else = tl (ay, 5 Vee V (at): 

Evidently, if we prove that we have transformations of 
both types, the first of these will be direct and the second 
indirect. In order that the transformation be real we must 
have 2 

iin Vee Ue 

Let us now look at the triangle in the plane (wu, v, w) 

formed by the adjacent planes 


(w+du, v+dv, w+dw), (ut+d'u, v+d'v, w+d'w), 
(u+d’u, v+d"v, w+d’w). 


Since our equilong transformation is to carry this into an 
equal triangle (the sides of one are, by definition, equal to 
those of the other), its area must be invariant, at least if 
we disregard the sign. Conversely, suppose that we have 
1 transformation of oriented planes which is conformal for 
their spherical representations and leaves the areas of such 
pd 


1702 
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triangles invariant. Every such triangle is carried inet 
a similar and equivalent triangle, i.e. into an equal one, and 
the transformation is equilong. Reverting to the first form — 
for the equation of the plane (12), we find the area of a_ 
triangle from the volume of a tetrahedron, and the distance 
from a vertex to the opposite face-plane. Thus the square — 
root of the area of the triangle in question will differ by — 
a constant factor from 


Guinn - if. B 
da db de dp 
Va db de a’ > 
ad’a db de d”’p 


G=.b6° ¢ a9 0 € ob ~~ 
da db de’ d’a d’b d’e | da db de 
N| da d/b dc | N| da db de \ | da db d’c | 


In expanding in terms of the first row the coefficient of 24 
vanishes, since 


(ada + bdb + cde) = (ad’a + ba’b + ed’e) = (ada + bd”b + ede) = 0. } 


da. dbode |= 
da d’b de 


ed a / (da? + db? + de?) (dad’a + dbd’b + ded’c) 
NT 


dad’a + dbd’b + ded’e) (d’a? + d’b? + dc?) 


ie sk i (dud’v—dvd'u) 


o 


(uv + 1) 
dij dw w(udv+rdu) 
P~w+ti (wv+1)2 —~ 


Our invariant expression thus becomes, except for a con- 
stant factor, 
du dv dw 
du dv dw 
d’w d”’v d’w . 
Vv +(dud'v—dud’u) J + (ud’v—d'vd’u) V +( “udu — a welaln 
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To carry through the direct transformation we put this 
equal to the corresponding form, remembering that 


OW aW ow, 
Wn du+ se dv + dw. 


dU = U'du, dv = Vdv, dW= = 
ow 


Our expression above thus becomes equal to 


< du dv dw 
a U’V’| du dv dw 
ad’ d’v d’w 


V8 V+ (dud’v—dud'u) V + (dud’v—d"ud’v) V + (d”udv—dvdu) 


We thus get the fundamental equations for direct and 
ndirect equilong transformations,* 


U=U(u), V= Viv), W= wV 4 UV 4+ Fu, v), 
(15) 
T=U(v), V=V(u), W= wv 4UV'+F (u,v). 


Let us now see what form these various functions take if 
he oriented planes properly tangent to an oriented sphere go 
nto other such tangents. The equation of an oriented sphere 


* The fact that these transformations depend upon arbitrary functions was 
rst suggested by Study, ‘ Ueber mehrere Probleme der Geometrie, welche der 
onformen Abbildung analog sind’, Sitzwngsberichte der niederrheinischen Gesell- 
haft fiir Natur- und Heilkunde, December 5, 1904. The formulae with the upper 
ign were first published by the Author, ‘The Equilong Transformations of 
pace’, Transactions American Math. Soc., vol. ix, 1908. The complete form 
iven above was published independently a year or two later by Blaschke, 
Ueber einige unendliche Gruppen yon Transformationen orientierter 
benen im Euklidischen Raume’, Grunerts Archiv, Series 3, vol. xvi, 1910. 
etween these two articles appeared the dissertation of Lihrl, Ueber konforme 
nd dquilonge Transformationen im Raume, Wiirzburg, 1910, Here we find no 
ach formulae. On the contrary, the author’s object is to establish the 
»rrespondence between the conformal and equilong groups. In consequence 
1e whole dissertation rests upon the erroneous idea (p. 27) that the equilong 
roup depends upon ten parameters. The proof which he offers for this 
correct theorem is geometrical, and contains an obvious error. 


pd 2 


a a es 
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is linear in the quantities w, v, ww—1. Hence U and V 
must be linear functions, W must be a fraction whose 
denominator is the product of the denominators of U and V, 
while its numerator is linear in wu, v, w,(uv—1). Our direct 
Laguerre transformation will thus have the form 


iy = CU vo 


yh” Se Or 
yee Clee Dickie MAE NES C ENS 
if, (yw +d) (7/v+2) | 
The general indirect one will be 
if hy ee 
yut+s ywt+s 
N 7 3/ Ta 2 f cal se ; 
w =X £(08 By) (LO — By) w+ puvtqutrvts (17) 


(/w+8) (yu +8) 


The ten independent parameters are well set in evidence 
in these equations. Four oriented planes will have an abso- 
lute invariant under the Laguerre group 


(Uy — Ug) (Ug — Uy). 
(Uy — Ug) (Ug — Us) 


Recalling theorem 9] and equation (5) of Ch. VIII, we see 
that the modulus and argument of this complex expression will 
give the double ratio and double angle of the stereographic 
projection of the points of contact of the four oriented planes 
with' their common proper tangent sphere. We find a more 
direct interpretation for the modulus as follows. Consider 
the real oriented planes (w,%,W,) (U,@%,W,). 


5 


2 a) 0°) = —2(uy— Ug) (i, — Uy). 


i 


a Lae 
a 
e ad 
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a (us—u,) [(G,—%,) @,—4,) 
(U1 — U4) (Wz — Ug) (U, — 4) (3 — Uy) 
a, 2) > ar (3) a0,(4) 
=+ [33 = 


ae > «8x2 


t=2 bo? 


_ sin$¥_12sin3X_ 34 3 
—~ sind X_14sin3 4 32- (?) 


This invariant will take the value unity when the points 
of contact form an orthocyclic set. Another absolute in- 
variant is 


1 2 
0 Dain QS 2%2 > «Px 
i= ae er 
4=5 4=5 4=5 
a) a0) 0 ax?) ap) 2H 2) gp (4) 
4% i=2 
ar a0) Sa 2) gp 2) 0 a2) ar 
i= 2, t= 2 ee) 
t=5 (eA t= 
> 2a Dd e222 Dd 22 0 
(er) (ME t= 2 
(s ia 7=5 izad 
> 2; Ye, > eAPa4 > a2 > 2a? 
(4 b= 2 42 (pews 


sin +X_12sini X 344+sin34_13sin3¥ 42+sin$¥ 14 sin $4 23) 
sin? 2 X_12sin?i xX 34sin*44 14 sin? 44 32 


. (19) 


This vanishes when the points of contact are concyclic. 
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A real indirect transformation will be involutory if it have 
the form 


_ avtb _ xw+b 
~ C—o&  Cu—O 
Ve —(aa+ be) w+luv+putpvtn 
a (cu—&) (cw— a) : 
b=b,c=6,l=1 n=7n, —Wlt+patpatuc=0. 


Let us consider the real Laguerre group a little more 
closely. Instead of minimal projection, let us consider the 
analog of Fiedler’s cyclographic method developed in Ch. IV. 
If the centre of a real sphere be «yz, and its radius 7, we 
represent it by the point xyzr of four-dimensional space. 
- We define as the distance of two points in this space the 
expression 


Thé Laguerre group is simply isomorphic with the group 
in our four-dimensional space S,, leaving invariant a real 
quadric with imaginary generators in the hyperplane at 
infinity, i.e. the Lorenz group of the modern theory of rela- 
tivity.* The hyperplane at infinity shall be called S,, the 
quadric 8,2, The group in S, is that of Ch. VIII. As we 
may pass continuously from a direct transformation to the 
identical transformation, we have in S, a collineation per- 
muting among themselves the generators of each set of S,?. 
We have the following types of fixed elements in S,: 


1) Two real and two conjugate imaginary fixed points of S,?, 
no other fixed point in 8. - 


2) One real line of fixed points, and two real or conjugate 
imaginary fixed points where its polar intersects S,?. 


* Cf. Wilson and Lewis, ‘The Space-Time Manifold of Relativity *, Pro- 
ceedings American Academy of Arts and Sciences, vol. xlviii, 1912. The nature of 
the group of relativity was, of course, known from the first ; its geometric 
exposition is nowhere more elaborately discussed than in this article. 


ae eee 


d 
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3) Limiting cases of 1) and 2), where pairs of real fixed 
points tend to fall together. 
4) All points of S, fixed. 


In a transformation of type 1) there will be two real fixed 
lines in S,, mutually polar in 8,2. The totality of planes 
through each will be a two-dimensional projective manifold 
which is subject to a real collineation. Two fixed planes are 
the tangent ones to S,? through the given line; there will be 
a third not in S;. We thus get two real fixed planes not 
lying in a real space, and so intersecting in a finite fixed 
point. Each of the fixed planes through this point is the 
locus of non-Euclidean perpendiculars to the other thereat 
(lines conjugate with regard to S,%). The transformation of 
S, is the product of successive rotations about these two 
planes, and each rotation can be factored into the product 
of reflections in two hyperplanes. 

2) In a transformation of this type, if there were a finite 
fixed point there would be a pencil of fixed lines through 
it to the fixed points in S,, the transformation would have 
to be a non-Euclidean rotation about the plane of the pencil, 
and so the product of two reflections. If there were no finite 
fixed point, but a finite fixed plane as before, we should have 
a screwing about this plane which, again, could be factored 
into four reflections in hyperplanes. 

3) Since these transformations are limiting cases of the 
previous, they also can be factored into four reflections, for 
every limiting form of a hyperplane reflection which is not 
a degenerate transformation is still a reflection. 

4) There can be no finite fixed point, for then every point 
would be fixed; we must have a translation. 


Theorem 9.] very direct Laguerre transformation can 
be factored into four Laguerre inversions, every indirect one 
into five iwwersions. 

The Laguerre inversion is not the only type of involutory 
Laguerre transformation. We have transformations which 
correspond to reflections in planes, lines, and hyperplanes. 
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The nature of these is seen by choosing the simplest case, and 
noticing the behaviour of the invariants.* We thus get 


Zags Zins 
Laguerre inversion. Reflection in hyperplane. 
Corresponding oriented Reflection in plane. 


planes touch properly + 
oriented spheres properly tan- 
gent to two fixed oriented 
planes, the points of contact 
being in every case a har- 
monic set. 
Corresponding oriented Reflection in line. 
planes properly tangent to 
same oriented sphere which 
touches properly o! fixed 
oriented planes; points of 
contact with corresponding 
planes inverse in circle of 
contact with fixed planes. 
Corresponding oriented Reflection in a point. 
planes reflections of one 
another in oriented plane 
properly parallel to them, and 
properly tangent to fixed 
proper oriented sphere. 


It should be noticed that the second and fourth of these 
transformations are direct, while the first and third are 
indirect. 


§ 3. The Hypercyclide. 


Let us next take up the oriented surface which corresponds 
in three dimensions to the plane hypercyclic. We shall define 


* First studied by Laguerre, Collected Works, vol. ii, pp. 432 ff. See also — 
Smith, On a Transformation, cit., p. 165 ; Blaschke, Geometrie der Speere, cit., 
p.55; Miller, ‘Geometrie orientierter Kugeln’, cit., pp. 295 ff. ; Bricard, ‘Sur 
la géométrie de direction dans espace’, Nowvelles Annales de Math., Series 4, 
vol. vi, 1906, 
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as a hypercyclide every oriented envelope given by oriented 
plane equations of the form 


i,9=5 
>, Ajj; L;0,= 0, @+0,7+0,2+o0,2 = 0. (20) 
Ch fe ae 
D> > 
; 3° “40 
Hypercyclide. Focal hyperdevelopable of 
hyperquadric. 


Theorem 10.] The hypercyclide is an oriented envelope of 
the fourth class. 

Suppose that our hypercyclide is of such structure that the 
following equation has four distinct roots, 


| Gog—P Mag Cog es 
Ose, Use Pax nee Oh 0 
a7) Us, Ugg—P Uys mY 
Aso Us Gs, Us5—Pp 


and that it is not transformed into itself by a reversal of the 
orientation of every plane, it shall be called a general hyper- 
eyclide. 
Of) — 2 +o, £0, oe, — 0, (21) 
ae oA 
General hypercyclide. Focal hyperdevelopable of 
central hyperquadric. 


Theorem 11.] The general hypercyclide is anallagmatic in 
four Laguerre inversions and carried into itself by a group of 
ten involutory Laguerre transformations, including the iden- 
tical transformation. 

In each hyperplane of symmetry of a central hyperquadric 
of 3, will lie a focal central quadric, a double surface of the 
focal hyperdevelopable. The orthogonal projection of this is 
also a central quadric; hence 


Theorem 12.] Zhe general hypercyclide may be generated 
in four ways by an oriented sphere whose centre traces a central 
quadric, while it meets a fixed oriented plane at a fixed angle. 
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Theorem 13.] The general hypercyclide is an anticwustic 
by refraction of each of its deferents, the rays of light being 
supposed to come in a direction perpendicular to the funda- 
mental plane of the corresponding Laguerre inversion. 

The proof of this is identical with that for the corresponding 
theorem about the hypercyclic, and so is omitted. We pass 
to the determination of the order of the general hypercyclide. 
We see, first of all, that the intersection of the fundamental 


plane of each Laguerre inversion, with the corresponding — 


deferent, is a double curve of the hypercyclide (cf. Ch. X, 
theorem 46). It will also meet this plane simply along a curve 
which is the envelope of lines through which pass tangent 
planes to the deferent which are perpendicular to anallagmatic 
planes through the same lines. This curve is the intersection 
of the fundamental plane with the developable which touches 
the deferent and a conic in the plane at infinity which has 
double contact with the circle at infinity. The order of the 
curve is eight, for it is of the fourth class with deficiency one, 
and has two double tangents. (It is dual to the cone from an 
arbitrary point to the curve of intersection of two quadrics.) 


Theorem 14.] The general hypercyclide is of the twelfth 
order. It meets the fundamental plane of each Laguerre 
inversion when the plane is finite, in a double conic, the 
intersection with the corresponding deferent, and in a simple 
curve of the eighth order and fourth class which is a line of 
curvature of the surface. 


The truth of the last statement is evident from the fact 
that the tangent generating spheres have stationary contact. 
Kach infinite point of the deferent in general position will 
give two distinct asymptotic planes of the hypercyclide. 
Conversely, each asymptotically tangent plane to the hyper- 
cyclide whose point of contact is not on the circle at infinity 
will give an asymptotically tangent plane to the deferent. 
How about the circle at infinity, is that also on the hyper- 
cyclide? If we take a line in a fundamental plane tangent 
to the focal developable of the corresponding deferent, one 
tangent plane to the deferent is minimal, hence one tangent 


_ 
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plane to the hypercyelide touches it on the circle at infinity, 
but in no other case will a finite line in the plane give 
a point of the hypercyclide on the circle at infinity. Through 
each point of the infinite line of a fundamental plane will pass 
four tangent planes to the focal developable of the corre- 
sponding deferent, but only two tangents to the circle 
at infinity; the latter must be a double curve of the 
hypercyclide. 


Theorem 15.] The general hypercyclide has the circle at 
infinity as a double conic, it has no proper foci, its double 
foct are those of the deferents. 

It is easy to see that in four dimensions there are two 
hyperplane reflections which carry any non-minimal hyper- 
plane into any other not parallel to it. When they are 


parallel there is but one. 


Theorem 16.] Jf no fundamental plane for a Laguerre 
inversion in which a general hypercyclide is anallagmatic lie 
at infinity, there are eight Laguerre inversions which will 
carry it into a central quadric counted doubly. 


Since every transformation of the Laguerre group is a 
contact transformation of oriented spheres, it will carry strips 
of curvature of a surface into other such strips. We thus get 
from the familiar properties of the lines of curvature of 
a central quadric 


Theorem 17.] The lines of cwrvature of a general hyper- 
ceyclide are algebraic, and are determined by the common 
generating spheres of one system which it shares with a 
one-parameter family of hypercyclides, all anallagmatic in 
the same set of Laguerre inversions. 


Theorem 18.] The oriented tangent planes to a general 
hypercyclide may be put into one to one correspondence with 
the points of a general cyclide in such a way that the planes 
properly tangent to an oriented sphere, or making a fixed 
angle with a fixed oriented line, or invariantly related to 
a fixed minimal line, will correspond to points on a sphere. 


LS Le 
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The common oriented developable of a general hypercyclide 
and oriented sphere will touch the latter at the points of 
a cyclic. The cyclic degenerates into two circles in the case 
of a generating sphere of one system or another, and in that 
case alone, for there are no other spheres with double proper 
contact. The common developable becomes in this case two 
cones of revolution. Two such cones circumscribed to the 
hypercyclide and to the same oriented sphere are said to be 
residual; two cones residual to the same cone are coresidual. 


Theorem 19.] If two cones of revolution properly cirewm- 
scribed to the same general hypercyclide be coresidual, every 
such cone residual to the one is residual to the other, 


The vertex of a properly circumscribed cone of revolution, 
being the centre of a generating null sphere, is on a focal 
conic of the deferents, hence 


Theorem 20.] The cones of revolution properly cvrewm- 
scribed to a general hypercyclide fall into four systems, each 
containing two series. The cones of each system are anallag- 
matic in one of the fundamental Laguerre inversions, their 
vertices trace the corresponding double conic, each point of the 
conic being the vertex of a cone of each series belonging to 
the system. Two cones of the same series are coresidual, two 
of the same system but different series residual. 


§ 4. The Oriented Sphere Treated Directly. 


We turn now from the consideration of oriented planes and 
their envelopes to the direct discussion of oriented spheres; in 
other words, we pass from the Laguerre group to the fifteen- 
parameter contact group of oriented spheres. A system of 
such spheres whose coordinates are analytic functions of three 
parameters, their ratios not being all functions of a lesser 
number of parameters, shall be called a complex. The simplest 
complex is the linear one composed of spheres whose coor- 
dinates satisfy a linear equation of the type 


— AL) — AL, + Ae%,+,0,+0,0,+0,0, = 0. (22) 


The ain of the special cases is exactly Pilecots to 
that carried out in the last chapter : 


—20,0,+47+4,%+42 # 0. 


— 2 — Uy) L, + Ugh, + O,%, +44, + /2a,0,—a2—07—a20, 
2 2 2 
2 /20,0,—a,?—a,? a0, 


a; | . (23) 


Al Ei z 2 
M2. OiyGy — Aq? — Ois* — Oy 


The oriented spheres of the complex meet a fixed oriented 
sphere at a fixed angle. If we have 


—24,0,+4/7+4, +47 +0, = 0, (24) 


our oriented spheres are properly tangent to a fixed oriented 


sphere, and the complex shall be said to be special. 


a, # 9. 


2 +f +4744," 


2a Ly — Ugh, + AL, + Ag hs + 0, + ase, 
iced 


— %% 
_ 2] a gt ee i 
—hy - 2a," 
The oriented spheres have a fixed common tangential seg- 
ment with a given sphere. 
—24,4,+6,7 +47 +47 = a, (07+4,2+424+4;") = 0. 
Oriented spheres invariantly related to a fixed minimal 


plane. 
a=0, a,?+a,?+a,7 # 0. 


Oriented spheres meeting a fixed plane at a fixed angle. 
a, =4,=4,=U&= 0. 


Complex or oriented spheres of given radius, which is null 


if a,= 0. 
hy = Og = 4,=> 4 = 45> 9. 


Complex of all oriented planes. 
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Theorem 21.] The assemblage of all oriented spheres whose 
common tangential segments with two fixed oriented spheres 
bear to one another a fixed ratio is, in general, that of all 
oriented spheres meeting at a fixed angle a fixed oriented 
sphere coaxal with the given spheres. 

Two linear complexes (a) and (b), neither of which is special, 
have an absolute invariant under the fifteen-parameter group, 
namely 

— yb, — Oy by + hg bg + Mab, + 4b, + a,b; =I. (25) 
J — 20,0, +02 +42 +42 +02 /—2bd, +2 +62 +6246 — 


In the general case where the complexes consist in oriented 
spheres meeting fixed spheres at the angles ¢, and ¢, respec- 
tively, while 6 is the angle of these fixed spheres, we have 


Cos o, C08 $,—COS@ _ | (26) 
sing,sing,  — 


When the numerator of this expression vanishes, the com- 
plexes are said to be in involution. 


Theorem 22.] Two linear complexes of oriented spheres, 
which consist in the assemblages of all spheres meeting two 
fixed oriented spheres at fixed angles, will be in involution 
when, and only when, the product of the cosines of these fixed 
angles is equal to the cosine of the angle of the fixed spheres. 


Theorem 23,] A special linear complex is in involution 
with every linear complex which includes its fundamental 
sphere. 


Theorem 24.] Jf a linear complex consisting in oriented 
spheres meeting a fied sphere at a fixed angle be in involution 


with that of all wull spheres, the angle is > 
Theorem 25.] If the fixed sphere of a linear complex be 


planar, the complex is in involution with that of all oriented 
planes. 


The transformation of inversion in a linear complex is 


te 
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analogous to the corresponding transformation in the plane. 
The analytical expression will be 


arf = (02-2) «; 
— 2 (—G,%)— My, + Mg, + Ags + Oy%, +0525) 0;, 195. 
Ws) = (A;?— a”) x; 
— 2 (— a ©) — 4, %y + hy, + UyXy + UyX, + MsX,) 5. (27) 
— 2090, + Ay? + As? + a2 +a," = 0. 
(= 2.8% ay! + 9)? + m5? + 4’? + @,/?) 


= (a,’—a,")? (— 200, +a +02+ 02+ 0,2). 


Theorem 26.] Two oriented spheres are mutually inverse 
in a linear complex consisting in the totality of oriented 
spheres which meet a fixed sphere at a fixed angle, if they be 
coaxal with the fixed sphere, and the product of the tangents 
of the halves of their angles therewith is equal to the square of 
the tangent of half the fixed angle.* 


Theorem 27.] When the fixed angle of a linear complea 
as 5 inversion in that complex is inversion in its funda- 
mental sphere. 


Theorem 28.] Inversion in a linear complex of oriented 
spheres of given radius is a dilatation. 


Theorem 29.] Inversion in the linear complex of all null 
spheres reverses the orientation of every sphere. 


‘We may easily find such a linear complex, called temporarily 
the inverting complex, that inversion therein will carry the 
eomplex of all null spheres into any other non-spacial linear 
complex. We see also that our geometrical definition for 
inversion in a linear complex breaks down in the case of null 


* Cf. Smith, Transformation of Laguerre, cit., On the surfaces enveloped, cit., and 
‘Geometry within a Linear Spherical Complex’, Transactions American Math. 
Soc., vol. ii, 1901. 
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spheres. In this inversion corresponding spheres are coaxal 
with the fixed sphere, and the oriented spheres of the inverting 
complex properly tangent to the one are properly tangent 
to the other. The points of the fundamental sphere of 
the complex transform into themselves. The points of a 
minimal line will be transformed into a pencil of properly 
tangent oriented spheres whose point of contact is on the 
fundamental sphere. 


Theorem 30.] ach oriented sphere of a linear complex 
is properly tangent to a pencil of spheres of the complex at 
each point of a circle. 


A surface considered as a point locus will transform into 
a congruence of oriented spheres in a linear complex. The 
spheres tangent to a point surface at a given non-singular 
point will fall into two pencils, according to their orientation, 
and will be transformed into two pencils of properly tangent 
oriented spheres to the oriented envelope of the spheres of the 
congruence. When the point of contact in the first place is 
on the fundamental sphere of the inverting complex, the 
points of contact of the two transformed pencils fall together. 


Theorem 81.] Jf a point surface be inverted in a linear 
complex with a fundamental sphere, the curve of intersection 
with this fundamental sphere will be a double curve of the 
envelope of the oriented spheres which correspond to the points 
of the surface. 


Lines of curvature of the point surface will correspond to 
strips of curvature of the corresponding envelope, the curve 
of contact with the focal developable will correspond to a strip 
of contact along a line of curvature of the envelope which lies 
on the fundamental sphere of the inverting complex, and con- 
focal surfaces will correspond to surfaces with the same strip 
of curvature along such a curve.* 


* These ideas are developed in detail by Smith, Geometry within a Complex, 
cit., pp. 238 ff. He finds interesting analogues to various classical theorems, 
such as those of Joachimsthal and Darboux-Dupin. 
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We revert to the minimal projection 
Se 3 

Linear complex. Hypersphere. 

Complexes in involution. Orthogonal hyperspheres, 

Special linear complex. Null hypersphere. 

Fifteen parameter group Fifteen parameter group 
of contact transformations of of hyperspherical transforma- 
oriented spheres. tions. 


Every hyperspherical transformation of =, may be carried, 
by an inversion in a hypersphere, into a conformal collinea- 
tion, and this will be accomplished by any inversion with 
a fixed finite point of the hyperspherical transformation as 
centre. We speak loosely here about hyperspherical inver- 
sions and collineation of 3,, leaving to the reader the simple 
task of defining these analytically according to the analogy 
of what was done in two and three dimensions. The ratio of 
similitude in this transformation will not be independent of 
the radius of the hypersphere of inversion; hence we may 
choose this radius so that the ratio of similitude shall have 
the value +1. Our conformal collineation is thus a congruent 
one; we ha ve from 9]: 


Theorem 32.] very contact transformation of oriented 
spheres may be factored into the product of inversions in six 
or seven linear complexes.* 

When we come to the study of complexes of oriented spheres 
of a more complete structure there is advantage in changing 
lightly the form of our coordinates, exactly as we did in the 
sase of the oriented circle. Let us write 


— V2 a, = p (X,+4X,), 
V2, = p(X,—1X)), 


Ly = pX,.- (28) 
%, = pXzy 
of pA 4; 
C= pre. 


* Smith, Surfaces Enveloped, cit., p. 380. 
1702 He 


~ a Or 
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We have a one to one correspondence between our oriented 
spheres, and systems of coordinates (X) connected by the — 


identical relation 
(Axio, (29) 


The condition for proper contact of two oriented spheres 
X) and (Y) will be 
(A) =. (30) 


More generally, if we have six linear non-special complexes 
in involution, where ¢; is the fundamental angle of the 2th 
complex, and 0; is the angle which a given sphere makes with 
the fundamental sphere of that complex, then we may take as 
the homogeneous coordinates of that sphere the six quantities 


ceynes cos p;— Cos 4; 
i sin 6; 


Equations (29) and (30) will subsist and retain their mean- 
ings for this more general system of coordinates. 


> 


§ 5. The Line-sphere Transformation. 


The system of oriented sphere coordinates just explained 
lead in the most natural way to one of the most beautiful 
transformations in the whole field of geometry, the line-sphere 
transformation of Sophus Lie.* We begin by taking two 
points of complete cartesian (projective) three-dimensional 
space with the homogeneous coordinates (£) and (ny). Their 
line has the Pliicker coordinates 


Py = Eins — En 
The condition of intersection of two lines is 


2 Pi Ma = 9; (t—k) (1-1) (y—&) (y—1) $ 0. 


* There are innumerable accounts of this transformation. It was first 
published by Lie in his article, ‘Ueber Complexe, insbesondere Linien und 
Kugelecomplexe’, Math. Annalen, vol. v, 1872. 


- 
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From these we pass to what are sometimes called the Klein 
coordinates, as follows : 


Pu = X,+tXs, Po = X,—tX;, 
Poa = X,+1X,, Px = X,—1X,, 
Pos = X,41X,, Pig = X,—1X,. 
(XX) = 0. (29) 


The condition for the intersection of the lines (X) and (Y) 
will be : 


Cad =O (30) 
Let us further call the linear complex 
A, = 0 


the notable complex, while the line with the coordinates 
(1, 7, 0, 0, 0, 0) shall be the notable line. We have, then, the 
following correspondence.* 


Sphere space. Line space. 

Oriented sphere. Line. 

Properly tangent oriented Intersecting lines. 
spheres. 

Null spheres. Lines of notable complex. 

Spheres differing only in Polar lines in notable com- 
orientation. plex. 

Plane at infinity. Notable line. 

Oriented planes. Lines intersecting notable 

line. 
Minimal planes. Lines of notable complex 


intersecting notable line. 
Pencil of properly tangent Pencil of lines. 
oriented spheres. 
Oriented surface element. Surface element. 


There is one special case of the last correspondence which 
should be mentioned. Two spheres of equal radius whose 


* The form here given is that followed by the Author, ‘Metrical Aspect of 
the Line-sphere Transformation’, Transactions American Math. Soc., vol. xii, 
1911. Cf. also Snyder, Ueber die linearen Complexe der Lieschen Kugelgeometrie, 
Dissertation, Gottingen, 1895, 

Ee2 
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centres are on the same minimal line fulfil the analytic 
requirements of contact and will correspond to intersecting 
lines; a pencil of lines may thus correspond to a system of 
spheres of given radius whose centres lie on a minimal line. 
The surface element here is at infinity at the end of the 
minimal line ; the tangent plane is the corresponding minimal 
plane. But the point of contact and tangent plane are 
independent of the magnitude of the constant radius assigned 
to all the spheres, so that the correspondence of surface 
elements in the natural sense is not one to one for such cases. 
When we speak of a surface element as in general position 
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we shall mean that this case does not arise.* 


Points of minimal line. 


Pencil of properly parallel 
planes. 


Pencil of parallel minimal 
planes. 

Spheres containing minimal 
line. 


Group 9,51; of all contact 
transformations of oriented 


spheres. 
Group g,,; of all contact 
transformations —_ factorable 


into an even number of in- 
versions. 
Inversion in linear complex. 
Linear complexes in involu- 
tion. 
Oriented spheres properly 
tangent to oriented spheres. 
Dupin series. 


Pencil of lines of notable 
complex meeting notable line. 

Pencil of lines meeting 
notable line, but not belonging 
to notable complex. 

Pencil of lines of notable 
complex meeting notable line. 

Point and polar plane in 
null system of notable com- 
plex. 

Group g,;/,, of all collinea- 
tions and correlations. 


Group g,; of all collinea- 
tions. 


Polarization in null system. 

Linear complexes in involu- 
tion. 

Linear congruence 
distinct directrix lines. 

Regulus. . 


with 


* The Author’s attention was first called to this exceptional case by a con- 


versation with Professor Study, 
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Not null circle. 

Involutory transformation 
where corresponding members 
are properly tangent to same 
two members of two conjugate 
Dupin series. 

Six linear complexes in 
involution, 

Group of thirty-two invo- 
lutory transformations inter- 
changing these. 
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Regulus in notable complex. 
Polarization in quadriec of 
non-vanishing discriminant. 


Six linear complexes in 
involution. 

Group of sixteen collinea- 
tions and correlations inter- 
changing these. 


It is clear that the properties of six linear line complexes in 
involution will lead to a number of simple theorems about 
six linear oriented sphere complexes in involution. It would 
be tedious to carry through the results, in the case of the line 
complexes, as they are familiar enough ;* we have but to trans- 
late into sphere geometry, as follows: 


Theorem 33.] Six linear complexes in involution deter- 
mine, by fours, fifteen pairs of oriented spheres, and, by threes, 
twenty Dupin series, forming ten pairs of conjugate series. 
Each pair of spheres determined by four complexes belongs to 
four Dupin series ; each such series contains three of the fifteen 
pairs of spheres. If a pair of spheres do not belong to a Dupin 
serves or its conjugate, they correspond in the wmvolutory 
transformation determined by the series. Each of the thirty 
spheres is properly tangent to sia others constituting three 
pairs. 

We shall define as a series of spheres a system whose coor- 
dinates are proportional to analytic functions of a single 
variable, the ratios being not all constants. A congruence, 
likewise, shall be a system whose coordinates are proportional 
to analytic functions of two independent variables, the ratios 
not being all functions of one variable. The envelope of 
a series of spheres is an annular surface, in the general case. 
If, however, adjacent spheres tend towards contact, i.e. the 


* Cf. Koenigs, La Géométrie réglée, Paris, 1895, pp. 99-125. 


ve Sa: ee 
a 
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difference between the radii of any two spheres of the series is 
equal to the negative of the corresponding are of the deferent, 
the spheres trace two isotropic ruled surfaces. Conversely, 
if an isotropic ruled non-developable surface be given, adjacent 
generators determine a sphere. A one-parameter family of 
spheres is thus determined, part of whose envelope is the 
given surface. The remainder will be another surface of the 
same sort, which we shall speak of as cowpled with the first.* 


Coupled isotropic ruled sur- Developable and its polar 
faces. in notable complex. 


Let us now show that not only do surface elements corre- 
spond to surface elements, but surfaces to surfaces; in other 
words, we have a contact transformation. Consider a con- 
tinuously oriented non-developable surface in sphere space, 
i.e. a non-developable surface where the orientation of the 
normal is analytically determined—the envelope of «0? oriented 
planes. The surface elements can be assembled in two ways 
into a one-parameter family of curvature strips, each element 
belonging to two strips, and the point will have two usually 
distinct lines of advance in the plane, so that the plane is 
tangent to the locus of the point. Corresponding to these we 
shall have o? surface elements which can be assembled in two 
ways into oo1 developable strips, each element belonging to 
two strips, and once more the point has two lines of advance 
in the plane. Hence again the envelope of the planes is the 
locus of the point. 


Minimal developable. Developable in notable 
complex. 
Oriented surface not mini- Non-developable surface. 
mal developable. 
Congruence, Congruence. 
Envelope of oriented spheres Focal surface of congruence. 


of congruence. 


* The Author has been told that this idea of coupling ruled minimal 


surfaces dates back to Monge; he has not, however, been able to verify the 
statement. 


| 
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This correspondence of surface element to surface element 
1s subject to the ‘in general’ restriction mentioned on 


p. 436. 


Theorem 34.] Ina general 
congruence of oriented spheres, 
the strip of contact with the 
envelope of those whose surface 
elements of contact fall to- 
gether is a strip of curvature. 


Theorem 35.] The spheres 
of cwrvature of one system of 
a surface have no other en- 


In a general line con- 
gruence the strip of contact 
with the focal surface of those 
lines whose focal points and 
planes. fall together is an 
asymptotic strip. 


The asymptotic lines of one 
system of a surface are tangent 
to no other surface. 


velope. 


The two theorems on the right are familiar enough in 
differential line geometry, arising from the fact that the 
developable surfaces of a line congruence determine two 
conjugate systems of curves on the two nappes of the focal 
surface; the theorems on the left come from those on the right 
by our transformation. 

The focal surface of a line congruence of the second order 
and class is the Kummer quartic surface with sixteen conical 
points and sixteen planes of conical contact.* Since every 
such congruence is contained in a linear complex, let us 
assume that we have a congruence in our notable linear 
complex. It will be the total intersection of this complex 
and a quadratic one, and correspond under our transforma- 
tion to the points of a cyclide. Now, by VII. 42], the lines 
of curvature of a cyclide are its complete intersection with 
the confocal cyclides, and are space curves of the eighth 


order. 


Theorem 36.] The Kummer quartic surface has algebraic 
asymptotic lines of the sixteenth order, being curves of contact 
with doubly enveloping ruled surfaces of the eighth order. 


* Cf, Jessop, Treatise on the Line Complex, Cambridge, 1903, pp. 101 and 296. 
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§ 6. Complexes of Oriented Spheres. 


The general complex of oriented spheres shall be indicated 
by an equation 
rs 7(%,.. X= 0, (31) 
or else in the parametric form 
X,= X;(u, v, wv). (32) 


If a sphere adjacent to (X) in the complex be properly 
tangent thereto, 
(XX) = (XdX) = (dXAX) = 0. 
The oriented spheres (X) and (dX) belong to the linear 
complexes 


Ao Sw 
(iets X’) =0. 
To find the special linear complexes linearly dependent on 
these, we must solve the quadratic equation 


2/Y 9, of 2 
2 (XX) + 2A (x =) +p? (4 =) =105 (33) 
of oa 
Assuming first Ee 5) # 0, 


the only solutions of the quadratic are 4 = 0; hence 


Theorem 87.] The oriented spheres of a complex infinitely 
near and properly tangent to an arbitrary sphere thereof, 
touch it in the points of a cirele.* 

We next assume that 

af af 
aX oX 

We may repeat exactly our reasoning in the last chapter 
and show that the spheres of the complex are properly tangent 
to an oriented surface or curve. The converse is better proved 
as follows. Consider the corresponding question for a line 
complex. Equation (33) in line space means that the lines of 


==. 0, 


* Lie, ‘Ueber Complexe’, cit., p. 207. 
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a complex infinitely near one line thereof and intersecting 
it will usually belong to a linear congruence with one directax 
line, i.e. those wich meet it at any point lie in a plane 
connected with that point by a process called a normal corre- 
lation. When, however, the identity is satisfied, the lines of 
the complex infinitely near (X) pass through a fixed point, 
or lie in a fixed plane.* It is this, and not the other, which 
must happen for a complex of tangents; hence the identity 
must be satisfied, and it will likewise be satisfied for a complex 
of oriented spheres properly tangent to a surface. 
Suppose, thirdly, that the identity is not satisfied, but (X) 

is such a sphere that 

eg, 

5x x)=? 


It is then said to be a singular sphere of the complex. 
» Py) 
The oriented spheres (X) and 5) are properly tangent. The 


envelope of their surface element is called the singular surface. 
_ The point of the name is seen as follows. If(Y) be an oriented 


sphere through an isotropic common to (X) and 2). so that 


(ey) = ei ee 

then in finding the oriented spheres of the tangent pencil 
A (Y)+p(X) which belong to the complex, we see that two 
members fall together in (X), the series of spheres through 
this isotropic, and in the complex will have (X) as a double 
member. Conversely, suppose that (X) belongs to the complex, 
and there is such an isotropic thereon that (X) counts as 
a double member of the series through this isotropic and in 
the complex. If (Y) and (Z) be any two oriented spheres 
through this isotropic, they touch (X) and one another. 


(XY) =(X2Z) =(¥Z)=(2 a oe ce Z) = (24 X)=0. 


* Koenigs, loc. cit., p. 36. 
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The linear complex: (“4 x’) = 0 having three mutually 


tangent members, not linearly dependent, must be special, and 
our equation is satisfied.* 


Let us next consider a congruence 
f=o=0. 
The spheres of the congruence infinitely near an arbitrary 
sphere and tangent to it are given by the equations 


ax) =(4x)=($¥)=0 


There are but two special linear complexes linearly depen- 
dent on those given by these equations; they fall together if 


of Sb) (GE 8) - (2) =0 


This equation will be identically satisfied when, and only 
when, the spheres of the congruence are properly tangent to 
but one surface or curve. Next take a series 


fab=y=0. 
The spheres of the series infinitely near (X) belong to the 
linear complexes 


wx) = (Sh) = (Cex) =Chx)=0 


These equations have usually two distinct solutions. They 
fall together if 


of of 2 
(5% sk) (oe sx) Ge oe) 
6a oe) (5¥ sy) (<f st aoe (35) 


P) Lb ow 
(st ax) Gk sx) Ge ox 


* The matter of singular elements is more luminous when regarded from 
the point of view of line space. Transforming our reasoning above about 
isotropics, we see that a singular line of a complex is a double line of the 
cone of the complex whose vertex is any point of the line. 
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and this equation is identically verified when, and only when, 
the envelope is not an annular surface, but two coupled 
isotropic ruled surfaces. 

Let us apply these general methods to the particular case of 
the quadratic complex. This will be defined by the equations 


> a;,X;X, = (XX) =0. (36) 


We shall limit ourselves to the study of the general quadratic 
complex, that giving distinct roots to the equation * 


| Ay—P Ay, Ayo pe lng Qos 
Ayo Gy—p Ay A13 O44 ais 
ne) Ay Agg—Pp Ang Qos A95 —o 
Aso a3) Aso Us3—P — Aa4 Ass ae. 
Ago Uy) Ayo By, Myg—P Us 
Aso as) As9 Ass G54 Us5—Pp 


We may find a contact transformation of oriented spheres 
to reduce the equation of such a general complex to the 
canonical forms 


(aX?) = (XX) =0. (37) 


Theorem 38.] The general quadratic complex of oriented 
spheres is anallagmatic in sia linear complexes in involution. 


Theorem 39.] The null spheres of a quadratic complex 
generate a cyclide, its planar spheres a hypercyclide. 

The singular spheres of the general quadratic complex have 
the equations 
(a? X*) = (aX?) = (XX) = 0. (38) 

The condition that an oriented sphere shall be either null or 
planar is linear in our present coordinate system. If 7 be 


* For an elaborate discussion of the various types of quadratic complex, 
see Moore, ‘Classification of the Surfaces of Singularities of the Quadratic 
Spherical Complex’, American Journal of Math., vol, xxii, 1905. 
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either the point or plane of contact of a singular sphere with 
the singular surface, we have 


Z, = (4; +7) X;. 


Of these last two equations, the first is quartic in 7, the 
second its derivative. The result of eliminating 7 will be to 
equate to zero the discriminant of the quartic, an expres- 
sion of the sixth degree in Z*%. Considered with the first 
equation in Z and three linear equations, we get twenty-four 
solutions. 


Theorem 40.] Zhe singular surface of the general quad- 
ratic complex of oriented spheres is of the twenty-fourth order 
and class with the circle at infinity as a curve of the twelfth 
order. There are sia spheres which meet it in a double cyclic 
and a line of curvature of the sixteenth order. It is the 
envelope of six quadratic congruences of oriented spheres, each 
contained in one linear complex with regard to which the 
given quadratic complex is anallagmatic.* 


We may also reach this surface from the focal surface 
of the general quadratic line complex, the Kummer surface 
with sixteen conical points and sixteen planes of conical 
contact.t 


Sphere space. Line space. 
General quadratic complex. General quadratic complex. 
Singular surface. Kummer surface. 


We next turn to the lines of curvature of the singular 
surface. They are connected with the singular spheres of 
the second order determined by the equations 


(XX) = (aX?) = (2X2) = (a2.X%) = 0. - (39) 
* Smith, Surfaces Enveloped, &e., p. 387, and Blaschke, Geometrie der Speere, 


cit., p. 59, incorrectly by Snyder, Some Differential Expressions, cit., p. 150. 
+ Jessop, Line Complex, cit., pp. 97 ff. 
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The easiest proof comes from considering the correspond- 
ing question in line space. Here every line of the pencil 
A (X;)+a,X; belongs to the complex, and this pencil consists 
of tangents to the Kummer surface which is the singular 
surface of quadratic line complex. The line connecting the 
centres of two infinitely near pencils of this sort is tangent to 
the singular surface, and belongs to both pencils. Hence, as 
the centre of such a pencil proceeds along the surface, its plane 
rolls about the tangent to the curve, and we are following an 
asymptotic direction which corresponds to a direction of 
curvature of the singular surface of the sphere complex. Thus 
one line of curvature is given by the singular spheres of the 
second order. More generally, consider the quadratic complex 
ae /2 

he 
(X’X’) = > — ra Canale (40) 


‘= 0 a 


L= 5 


Let us write further 
(a; +X) x; —— Ad 


Then, if (X) be a singular sphere of the complex (37), (X’) 
is a singular sphere of the complex (40), and, since (X’) belongs 
to the tangent pencil determined by (X) and a;X;,, the two 
quadratic complexes have the same singular surfaces. We get 
other lines of curvature of our surface from the series 


= ae — age 
Sak” = G: oy = 2 Gti 7 


L=5 t=5 


Since the lines of curvature are algebraic, and the two sets 
are not rationally separable, we get all of our lines of curvature 
in this way. To find the order of one such line or the class of 
the enveloping developable, let (7’) be the point of contact, or 
the properly tangent plane 


4=5 


Z; U = 
(ZZ) = (a2?) = 2 (a; +p) — aj +p)? — 10 


We may eliminate p exactly as in previous cases, and find 
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Theorem 41.] The lines of curvature of the singular surface 
of the general quadratic complex of oriented spheres wre of the 
thirty-second order; the tangent developable along such a line 
is of the thirty-second class.* 


We saw in 40] that the singular surface can be generated 
in six ways by an oriented sphere belonging to a linear 
complex. Such a sphere will usually meet a fixed sphere at 
a fixed angle. These generating spheres are the minimal 
projections of one focal surface of the hypersurface in four- 
dimensional space which corresponds to the complex; which 
surface is a pentaspherical cyclide. The locus of the centres 
of the generating spheres will be the orthogonal projection of 
this cyclide. A hyperplane will meet this cyclide in a 
spherical cyclic whose orthogonal projection is a binodal 
quartic. The projection of the cyclide will be a surface of 
the fourth order with two double points in an arbitrary 
plane : 


Theorem 42.] The singular surfuce of a general quadratic 
complex of oriented spheres may be generated in six ways by 
an oriented sphere which meets a fixed sphere at a fixed angle, 
while its centre traces a surface of the fourth order with 
a double conic. 


A slight modification must be made to this theorem when 
the linear complex does not consist in spheres meeting a 
fixed sphere at a fixed angle. 


There are few parts of our whole subject where more 
remains to be done than in connexion with the oriented 
sphere. It is impossible not to believe that a sufficiently 
ingenious use of our plane and sphere coordinates will settle 
the interesting question of whether there be any systems 
of spheres which correspond to the Hart systems of circles of 
the first sort. Again, the group of euclidean motions in four- 
dimensional space and the allied group which leaves a real 


* Deduced differently by Smith, Surfaces Enveloped, cit., p. 887. 
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quadric invariant are deserving of the same sort of careful 
study that has been bestowed on three-dimensional motions, 
for their own sakes, for the light thereby thrown on the 
oriented sphere, and for their relation to the theory of 
relativity. The general equilong three-dimensional trans- 
formation has never received any more attention than we 
have here given to it; surely there must be much of interest 
to be found in this connexion. Lastly, there must still 
remain a number of interesting undiscovered properties of 
the simplest linear and quadratic systems of oriented spheres. 


‘ 


CHAPTER XII 


CIRCLES ORTHOGONAL TO ONE SPHERE 
§ 1. Relations of Two Circles. 


We have at various times caught glimpses of curious 
relations which can exist between circles which are not on 
one sphere. In particular, in Ch. VIII. 12] we met two 
circles in an interesting relation which we called bi-involu- 
tion, while in Ch. IX we met two circles so situated that they 
were each cut twice perpendicularly by an infinite number of 
circles. The time has now come to make a detailed study 
of circles which are not cospherical, and the rest of the 
present work will be chiefly devoted to this purpose. The 
space in question is pentaspherical space. We begin with 
a couple of elementary theorems. 


Theorem 1.] Any two circles will have one common ortho- 
gonal sphere, and only one unless they be cospherical, in 
which case they are orthogonal to a coaxal system. 


Theorem 2.] Jf a circle be cospherical with two others 
which wre not cospherical with one another, it is orthogonal 
to their common orthogonal sphere. 


We leave the proofs of these simple theorems to the reader. 

A most fundamental element in the study of the circle in 
pentaspherical space is its focus. Suppose that we have 
a circle determined by two spheres (z’) and (y’). Let us see 
whether there be any null spheres through this circle. Such 
a sphere will be linearly dependent on (a’) and (y’), and have 
coordinates (x), where 

aw, Sal + py, 
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Substituting in the fundamental identity for pentaspherical 


coordinates, 
? (xa) +2 rp (a’y’) +p? (y’y’) = 0. 


If, now, these spheres (a) and (y’) do not touch one 
another, the discriminant of this quadratic equation is not 
zero, there are two null spheres in the coaxal system and 
their vertices shall be called the foci of the circle. 


Theorem 3.] A necessary and sufficient condition that two 
not null circles should be cospherical is that their foci should 
be concyclic. 


Theorem 4.] A necessary and sufficient condition that two 
not null circles should touch is that their foci should lie on two 
intersecting isotropics, whose intersection is not a common 
. focus of the two circles. 


If a sphere be orthogonal to a circle, and so to the spheres 
through it, it passes through the foci of that circle when they 
are distinct, and vice versa. Two circles shall be said to be in 
involution when each is orthogonal to a sphere through the 
other. If a circle ¢ be orthogonal to a sphere S through 
a circle c, its foci, if distinct, lie on s. Every sphere through 
ce’ will be orthogonal to s, since the two null spheres through c’ 
are orthogonal to it, and the foci of ¢ are clearly mutually 
inverse in every sphere through c. Hence a sphere through c’ 
and one focus of ¢ goes through the other focus. 


Theorem 5.] If one not null circle be cospherical with the 
foci of a second, then the second is cospherical with the foci of 
the first, and the two are in involution. 

We have defined two circles as being in bi-involution when 
every sphere through one is orthogonal to the other. Let the 
reader prove 


Theorem 6.] If the foci of one not null circle lie on a second 
such circle, then the foci of the second lie on the first, and the 
two are in bi-involution. 

1702 Ef 
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Theorem 7.] A necessary and sufficient condition that two 
not null circles should be in bi-involution is that each should 
contain the focr of the other. 

The common orthogonal sphere of two non-cospherical not 
null circles is that through their foci. 


Theorem 8.] A necessary and sufficient condition that two 


. non-cospherical not null circles should be in involution is that 


each should be cospherical with the circle orthogonal to their 
common orthogonal sphere which is in bi-involution with the 
other. 

Let the reader show that the word each may be replaced by 
the word one. 

Let us next seek a common perpendicular to two non- 
cospherical circles. The first shall have the foci (@) (y), the 
second the foci (w’)(y’). If such a common perpendicular, 
and we mean thereby a circle cospherical and orthogonal to 
both, be determined by the spheres A (w)+ u(y), X’ (a) +p’ (y’), 
there must be some sphere through each circle that is ortho- 
gonal to each of these spheres. This will require that 
A(x)—p(y) be orthogonal to X’(a’) +y’'(y’), and A’ (x’) —p’ (y’) 
orthogonal to A (x) + p(y). We thus get the equations 

AN’ (ae?) — wy’ (yy’) = 0, 
wr’ (ya’) — Ap’ (ay’) = 0, 
Eliminating A‘/y’, 
d*(aav’) (ay’) ~ u? (ya’) (yy’) = 0. 

The roots of this equation differ only in sign, and give two 
mutually orthogonal spheres, and the same would be true of 
the corresponding equation in \’/y’. 


Theorem 9.] Two non-cospherical not null circles are 
usually cospherical and orthogonal to two circles in bi-in- 
volution and no others. 


We must now find the exact meaning to attach to the word 
‘usually’. The discriminant of this quadratic equation is 


— 4 (aa) (xy’) (ya’) (yy’). 
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Theorem 10.] A necessary and sufficient condition that two 
not null and non-cospherical circles should be cospherical and 
orthogonal to two and only two circles is that no focus of one 
should lie on an isotropic with a focus of the other. 


Suppose, next, that a single pair of foci lie on an isotropic, 

say 
(xx’)= 0, (axy’) (ya’) (yy’) # 0. 

If they had a common focus they would be cospherical, 
which we exclude. We therefore cannot have (x) = (2’); we 
must have = p’= 0, and the isotropic connecting (a) and (2’) 
is the only circle to fit the conditions, 


Next suppose 
(xa’) = (yx’) = 0. 


Here \/u is entirely indeterminate, but the system of circles 
found are all null. Thirdly, let 


(az!) = (yy’) = 0. 


Here, since the circles are not cospherical, their foci lie in 
pairs of two skew isotropics. There are o! sets of values for 
A/u; the circles, though not cospherical, are cut twice ortho- 
gonally by o! circles, i.e. they are paratactic. 


Theorem 11.] A necessary and sufficient condition that 
two not null and non-cospherical circles should be cospherical 
and orthogonal to a single circle is that just one focus of one 
should lie on an isotropic with one focus of the other. 


Theorem 12.] A necessary and sufficient condition that 
two not null and non-cospherical circles shovld be paratactic 
is that their foci should lie in pairs on two skew isotropics. 

Lastly, suppose 

(aa0’) = (wy’) = (ya’) = 0. 

If (yy’) #0 the common orthogonal circles are all null; 

if (yy’) = 0 the given circles are in bi-involution. 


Theorem 13.] A necessary and sufficient condition that 
two not null circles should be cospherical and orthogonal to 
Ff 2 
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a two-parameter family of circles is that they should be wm 
bi-involution. 

We shall define as the non-Euclidean angles of two circles 
those of two pairs of spheres, the spheres of each pair being 
determined by the given circles and a circle cospherical and 
orthogonal to both. If we represent each sphere of our 
pentaspherical space by a point in four-dimensional projective 
space of elliptic measurement, the angles of two circles will 
correspond to the distance of the corresponding lines, or the 
angles of these lines.* The pairs of spheres are 


J (yee’) V (yy) (we) & V (wa!) Vay’) (y) 3 
Va) Vy'y) @) + V2) Vey) (y)- 
If 6, and @, be the angles of these circles, we find 


2 [(aa’) (yy’) + (ya’) (ary’ M 


cos? 0, + cos? 6, = (ay) (ay) 


(1) 
_ [(aa’) (yy!) — (yer) (ay) 
(ay)? (x'y’)* 


The condition that these angles should be equal or 
supplementary is 


cos? 0, cos? 6, 


(cxae’) (ary') (yer’) (yy") = 0. 
This will involve either (xx’) = (yy’) = 0, 
or else (ay’)'= (ya) = 0, 
as otherwise the spheres making these angles are null and the . 


angles meaningless. 


Theorem 14.] A necessary and sufficient condition that 
two non-cospherical not null circles should be paratactic is 
that their non-Euclidean angles should be equal or supple- 
mentary. 


Suppose that we have two paratactic circles whose common 
orthogonal sphere is not null. Take any circle cospherical 


* Cf, the Author’s Von-Euclidean Geometry, cit., pp. 111 and 113, 
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with both and the o! circles into which it is transformed by 
_ the one-parameter group of spherical transformations which 
leave the given circles invariant (cf. IX, p. 344). The foci 
of «0 circles must all lie on the same pair of generators of one 
set of the fixed sphere; any two of the o! circles are thus 
paratactic. ‘There will thus be a second one-parameter group 
of spherical transformations leaving all of the 0! circles in 
place, and carrying the two original ones into o! others 
generating the same surface as the first group of o! circles; 
hence 


Theorem 15.] Two paratactic circles are generators of «} 
cyclides, each having two conjugate generations composed of 
paratactic circles. 


Strictly speaking, we have only proved this in the case 
where the common orthogonal sphere of the first two circles is 
‘not null. When it is null we reach the same theorem by 
continuity, or, in cartesian space, by inverting into a non- 
Euclidean hyperboloid with paratactic generators. 


§ 2. Circles Orthogonal to one Sphere. 


The theorems so far developed in the present chapter were 
of a general character for circles in pentaspherical space; from 
this point on we shall limit ourselves to the discussion of 
circles orthogonal to one fixed not null sphere, which for 
definiteness we shall take as z,=0. Every sphere orthogonal 
to the fundamental sphere will lack the last coordinate. If 
two such spheres (x) and (y) be given, we may determine their 
common circle by the following six homogeneous coordinates 
called the Pliicker coordinates of the circle. 


PPor = %Y1—“1Yos PPo2 = %Y2—%2Yo» PPoz = “0Y3— Ys Yo 
P Peg = X_Y3—%3Yoo PP31 = %3Y1— 2% Y35 PPi2= M1Y2— C21 
These coordinates being homogeneous are essentially un- 


altered when the original spheres are replaced by any two 
others coaxal with them. They depend, therefore, on the circle, 


> a “| 
7 
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and not on the individual spheres. They are, moreover, con- 
nected by the fundamental quadratic identity 
| cyxy | = 2 (Por Pes + Por Pai + Pos Pi) = 9- 
Introducing (merely for the purposes of the present chapter) 
the symbolism 
(2/9) = (Pores + Pox Ger + Pos Viz + Pos Tor + Par Qo2 + P12%03)» (3) 
our identity becomes 


(p/p) = 0. (4) 


Suppose, conversely, that we have a system of homogeneous 
values, not all zero, which satisfy (4); to be specific, suppose 
oz 0, we then write 


Pog + Ps) Lo + Pyg%3 = 9, 


— P23 + Pos%2— Py; = 9, 
— P31 % — Posy +P %3 = 9, 
— Pi2%y + Pog © — Por V2 = 0. 


We see by a simple elimination that every solution of the 
first two equations is also a solution of the last two; the four 
will represent a coaxal system of spheres. Take the spheres 
of the system orthogonal to two arbitrary spheres (w) and (v) 


te ots ty dy ty ty ee 
ey = x 0 Pos Ps Pris Bue Fa oe 8 0 Pos Ps Pig 
“dt; | —Po, 0 Pos Poe “dt; | 93 0 Pos — Pog 


Uy Uy Uy Us Vy By OE Vs 
The Pliicker coordinates of the circle of intersection will be 


0 Psy Pa Pre 
—P23 9 Pos —Pos 


po (Y; 5 Yj%) = = Pos 
Ug Uy Us Us 


Pi: 
Wy UV, Wy Vs 


Here neither coefficient of py will vanish, so that theta is 
indeed a circle with these coordinates, Lastly, if we know 
the coordinates of a circle, we may easily find, rationally, in 


j 


re 
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terms of them the coordinates of the sphere through the circle 
orthogonal to an arbitrary sphere, so that two different circles 
could not have the same Pliicker coordinates. 

The condition that two circles of our system should be 


cospherical is 
(p/q) = 0. (5) 
If (p) and (q) be two circles of our system, then 


A (p) +4 (Q) 


will represent a circle when, and only when, the two are 
cospherical, and, by varying A/u in this case we get all circles 
coaxal with (p) and (q). Similarly, if we have three circles 
cospherical two by two, then either all pass through two 
points, or are on one sphere orthogonal to the fundamental 
sphere. The circles 


d(p) +4 (Q) +» (7) 


will in the first case be those through the two points, in the 


second those of our system lying on the particular sphere. 
If (x) (y) and (a’) (y’) be respectively the foci of two circles, 
the condition that the two should be in involution is 


(xx’) (xy’) a bssgcor — 0.* (6) 
(yz) (yy’) Ait 


For bi-involution we shall have 


(xa) = (yy) = (aa’) = (ay’) = (ya’) = yy’) = (@'@') = (YY) = 9. 


w; Ly Wy Y; YE YI 
pue,=| w; wy! ay |, CY; =| Uj Oy ay 
Y; Yn We Uy Yn We 

pr py =| eye’ y! | Px: (7) 


* In every expression of the form 


4, j= 3 
De Gy Py, 


i,j =0 


the summation is meant to include the six terms given by (2). 


ee 
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We therefore get the circle of our system in bi-involution 
with a given circle by replacing each Pliicker coordinate by 
its complementary. With regard to the non-Euclidean angles 
of two circles we easily find 


i,j=8 
Piz Daj = Lex’) (yy’) — yo’) (wy) 
i,j =0 
i,j =3 4, §=3 
pis 2 Pi? = (ey)? (wy)? (8) 
i,j=0 i, j=0 


0 (wy) (#x’) (ay) 
/ (ye) 9 (ya’) (yy’) 
(p p : a Ms / fo 
(PY =) (a) (ay) 0 (aly) 
(y/x) (y’y) (ye) 0 
The cosines of the angles of the circles will be found from 
the equation 


(9) 


i, J =3 
>; pig” cos* d 
I= 


i, 9 =0 


i,j= 


i,j= 


3 
Pix 
0 
Caace a. ee 
“ ovnr-( > Pi vi) — > 7? Ba py eo 
i peo Chat. cuees 


i,j=8 2 
cit ( >: Pij rs) at (10) 


i,j=0 


The condition that the circles should be paratactic is 


i, f= 8 2 w4j=8 ay ee. 
[wy p)+ 2 Py vs - 2 Piz = n° 


i, 7=0 i,j =0 i,j=0 


i,j=8 Sey ee” See 
ez ~ > ani - > y,* > ny" = 0: (11) 
i,j =0 4,7 =0 


i, j=0 


It will be found, in fact, that the first factor vanishes if 
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(yx") = (ay’) = 0, while the second vanishes if (wa’) = (yy’) = 0. 
Conversely, when this equation is satisfied, we find 


(wax’) (xy’) (yx’) (yy’) = 0. 

The most important invariant for two circles under the 
spherical sub-group which leaves the fundamental sphere in- 
variant is the product of the cosines of their non-Euclidean 
angles. This is 


i,j=3 
>: Diz Piz” 
I (pp’) = cos 6, cos é, = —— a) 
2 Pg > Pag 
i =—0 i,j=0 


When we speak in general of the invariant of two not null 
circles we shall mean this product. 

A great flood of light is thrown upon the system of circles 
orthogonal to one sphere when we compare the formulae here 
developed with those of line geometry in the usual Pliicker 
coordinates. We have the following correspondence : 


Spheres orthogonal to fixed Points of projective space. 
sphere. 
Circles orthogonal to fixed Lines. 
sphere. 
Cospherical circles. Intersecting lines, 
Pliicker coordinates. Pliicker coordinates. 
Coaxal system. Pencil of lines. 
Point-pair inverse in fixed Plane. 
sphere. 
Angle of cospherical circles. Angle of intersecting lines 
in elliptic measurement. 
Non-Euclidean angles of Angle of skew lines in 
circles. elliptic measurement. 


This correspondence, which we have reached by purely 
algebraic means,* may also be derived directly by geometrical 


* Of. Forbes, Geometry of Circles Orthogonal to a given Sphere, Dissertation, New 
York, 1904. 
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considerations.* Let us imagine that our circles lie in cartesian 
space of Euclidean measurement, and that the fundamental 
sphere is not planar. Each circle orthogonal to this sphere 
may be set into correspondence to its axis, i.e. the line through 
the centre orthogonal to the plane of the sphere. Every 
proper circle and every null circle whose centre is finite 
and on the sphere will correspond to a determinate line. 
A diametral line will correspond to the line in the plane at 
infinity, and in the planes perpendicular to the given diametral 
line. Conversely, if any line be given, there is one plane through 
the centre of the sphere orthogonal to it. If the line be not an 
isotropic through the centre, the plane meets it in a definite 
point, the centre of a circle in the plane orthogonal to the 
sphere. An isotropic through the centre will correspond to 
a parabolic circle, i.e. a parabola touching the circle at infinity, 
with the line as axis. Here the correspondence is not one to 
one. Intersecting lines will correspond to cospherical circles. 

We pass to the consideration of the simplest systems of 
circles orthogonal to one’ sphere. We begin with the linear 
complex, defined as the totality of circles whose coordinates 
satisfy an equation of the type 


i,j=8 
Seta 


Tf (a/a) = 0, 


the complex consists in the totality of cireles cospherical with 
the fixed circle q;; = paj,. When this equation does not hold, 
we have a more complicated system, which we shall call the 
non-special case, the sphere being not null. 


Theorem 16.] A non-special linear complex of circles ortho- 
gonal to a fixed sphere will share a coaxal system with every 
sphere orthogonal to this sphere, and with every point-pair 
anallagmatic therein, It will set wp such a one to one corre- 
spondence between the spheres orthogonal to the fundamental 


* Cf. Moore, ‘Circles Orthogonal to a given Sphere’, Annals of Math., Series 2, 
vol, viii, 1907, 
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sphere and the point-pairs, that each point-pair lies on 
the corresponding sphere and each sphere passes through the 
corresponding point-pair ; the spheres through a cirele ortho- 
gonal to the fixed sphere will correspond to point-pairs on 
such a circle, and vice versa. The two circles so defined bear 
a reciprocal relation, and will fall together in the case of the 
curcles of the complex, and in no other case.* 

This long theorem may be immediately deduced from the 
fundamental properties of the linear line complex, or else 
proved immediately by a simple analysis. A linear complex 
has an absolute invariant, under the sub-group of spherical 
transformations which leaves the fundamental sphere invariant, 
namely 


mu; (14) 


Let us see what will be the meaning of this. We note, to 
begin with, that circles orthogonal to the fundamental sphere, 
and in bi-involution with those of the given complex, will 
generate a second complex 


(a/p) = 0. (15) 
The circles common to the two complexes will satisfy the 


equation 
i, j=3 


h D> ay py te (4/p) = 
i,j=0 
regardless of the value of A/u. We shall thus get two circles, 
usually distinct, by requiring the complex whose equation was 


last written to be special, i.e. 
4, j=8 


(242%) (A/a) +2 D ay? = 0. 


i,j=0 
The resulting circles shall be 
pay = (—H+ v7 H?—1) a4; + ag). 
TO = ayy +(—-H+ Vv H?—1)ay)- 
* Cf, Forbes, loc. cit., pp. 19 ff. 


5 
x 4 
. 
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It is immediately evident that these two are in bi-inyolution. 
If p be any circle orthogonal to our fundamental sphere, the 
ratio of its invariants with regard to these two will be 


ij=3 
(—H+ JH®?—1) D> apy +(a/p) 
I (ap) oy Pio ’ 


Lt?) ae ae 


> “yj py +(—H+ VH*—1) (a/p) 


4,5 =0 
For a circle of our complex this ratio reduces to 
—H-/H*—1. 

Conversely, when the ratio so reduces, the circle (p) must 
belong to our complex. 

If ti |, 
the two circles (x), («’) are distinct. 

We shall find it convenient from now on to speak of two 
circles in bi-involution as forming a cross, and the cross formed 
by the circles («) and (a’) shall be the axial cross of the com- 


plex. Restricting the word general to those linear complexes 
where (x) and (a’) are distinct, we have 


Theorem 17.] The circles orthogonal to a fied sphere, whose 
invariants with the two circles of a cross orthogonal to this 
sphere bear a fixed ratio which is finite and different from 0 or 
+1, will generate a linear complex with the given cross as 
axial cross, and, conversely, every general linear complea may 
be generated in this way. 

When the fundamental sphere is null we must prove by 
continuity, or by inverting into a linear line complex in non- 
Euclidean sphere. 

The existence of the axial cross leads us to the canonical 
form for the equation of the linear complex. In fact, if we 
take the fundamental circles of our pentaspherical coordinate 
system as passing two by two through the circles of the axial 
cross, the equation of the linear complex may be written” 


Oe as 
Go Por + eg 93 = 0, H= et : (16) 
01 %3 
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A thorough discussion of all special cases of the linear com- 
plex, under the quaternary orthogonal group of substitutions, 
would lead us too far afield. We merely note that if 

i aa Se 
the two circles of the cross fall together in an isotropic. On 
the other hand, if the complex be in bi-involution with itself, 
7.6. if 
Ay = pay, p?=1, 

any two circles which correspond by means of the complex 
according to the description in (16) may be taken to give the 
axial cross. 

The assemblage of all circles orthogonal to a fixed sphere, 
and common to two different linear complexes, shall be 
called a linear congruence. Let the reader show that 
usually this consists in the assemblage of circles cospherical 
with two distinct or adjacent circles orthogonal to the 

- fundamental sphere. Let him also show that the totality of 
circles common to three linear complexes will usually be one 
generation of a cyclide. 

Before leaving altogether the linear complex, and systems 
of linear complexes, let us look again for a moment at the 
transformation mentioned in 16]. If the complex be that 
given by (13), the transformation will be 

dij = (4/4) Vj — 2 (4/9) Ga- (17) 

We see, in fact, that this will permute circles orthogonal to 
the fundamental sphere, leaving invariant only such as belong 
to the given complex. It will also carry cospherical circles 
(orthogonal to the sphere) into cospherical ones. The trans- 
formation is involutory, but is not a spherical transformation, 
and will carry a sphere orthogonal to the fundamental sphere 
into a point-pair anallagmatic with regard thereto. A circle 
of the complex cospherical with (q) is cospherical with (q’) 
also. We shall call this transformation a polarization in the 
linear complex. The necessary and sufficient condition that 
the linear complex 


4,j/=3 


> by; Dy; = 0 


é,f=0 
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should be carried into itself by polarizing in our given com- 
plex is 
(a/b) ==) (0) 

Let the reader show that this is also a necessary and sufficient 
condition that the product of successive polarizations in the 
two linear complexes should be commutative.* 

It is easy to find a system of six linear complexes, each of 
which bears this relation to the five others. They will deter- 
mine ten cyclides each having the given sphere (when not 
null) as a fundamental one, and a group of sixteen spherical 
transformations which carry the whole figure over into itself. 

If we define as a complex of circles orthogonal to our fixed 
sphere a system where the coordinates of each member are 
proportional to analytic functions of three independent 
variables, the ratios not being all functions of two variables, 
then a general complex may be written 

T( Pp) = 0; 

Remembering that our circles are in one to one correspon- 
dence with the lines in projective space, and they in turn with 
oriented spheres, we find at once, if 


af ace 
(55 1) =o, 


the complex consists in circles bitangent to a surface anallag- 
matic in the fixed sphere, or meeting a curve in pairs of 
anallagmatic points. When this expression does not vanish 
identically, we get the singular circles of the complex by 
equating it to zero. Each singular circle determines a sphere 
orthogonal to the fundamental sphere, and an anallagmatic 
point-pair thereon; the locus of the point-pairs is the envelope 
of the spheres. The circles of the complex through the point- 
pair will generate a surface having the singular circle as 

* The reader familiar with line geometry might naturally expect us to 
speak of two such linear complexes as being in involution. Such a locution 
might, however, lead to confusion, for if the complexes were special, 


(a/a) = (b/b) = 0, the circles (a) and (6) would be in involution if 
i,j =8 


> 44; = 0, not if (a/2) = 0. 


,j=0 
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a double circle, and the singular circle will be double among 
the circles of the system on the sphere. 

A system of circles whose coordinates are proportional to 
analytic functions of two independent variables, their ratios 
not being all functions of one variable, shall be called a 
congruence. We determine a congruence frequently by two 
equations 

F(p) = $(p) = 0 

An arbitrary circle of the congruence will, in general, be 
cospherical with two adjacent circles thereof, that is to say, 
the circles may be assembled in two ways into generators 
of a one-parameter family of annular surfaces. These will 
reduce to a single system if 

(oe eae ee 


dp/ dp op op. = 


G/2e/3 
p/ eps \dIp/ Ip 

A system of circles whose coordinates are proportional to 
analytic functions of one independent variable, their ratios 
not being all constants, shall be called a series. Ifa series be 
given by the equations 

S(v) = $(p) = ¥ (p) = 9, 

the necessary and sufficient condition that the surface 
generated should be annular is 


Hey Sees 
5/2) /2) GE/S |= 
nie Ga gpa eae 

5/5) GE/ xt 


If the series be given in the parametric form 
p=pu), 
the condition for an annular surface will be 


(GE / 5B) =o. 


~ 
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§ 3. Systems of Circle Crosses. 


We have now given in outline the most important facts 
concerning systems of circles orthogonal to one sphere. 
Before leaving these circles altogether, let us revert to that 
striking figure, the circle cross, for a good deal of interest 
comes to light when we take the cross rather than the 
individual circle as a space element.* We start with the 
linear complex 


ij=8 
> “jpij = (13) 
i,j =0 
Let us then write 
gy + Ay, = pXy, Uy — Ay = oX,. 


Ogg +Osy = pXy, My—ty = 7X9. 
Ogg + Ayn = pXz, Mg— My = Xs. 
If the axial cross be determinate, neither set of coordinates 


(X) (X) will vanish identically. The coordinates of the circles 
of the axial cross will have the form 


Oy = lays + May). 
If, now, we replace (X) and (X) by A(X) and ».(X) respec- 
tively, we get 
og + Oy =X (My; + Wy); Agi — Asx.” =, (@oi— yx), 
and the new linear complex (a’) will have the same axial 


cross as the original one. Conversely, suppose that two 
linear complexes have the same axial cross, 


1,j=8 i,j=8 
> %j'py =p 2D hes Dix +9 (A/p), 
i,j=0 *£.7=0 
ij=8 
(v’p)=r D Ay Dj; +8 (a/p), 
47=0 
sis q $= Ps 


X/=(p+qX;, X/=(p—qX;. 


* The remainder of the present chapter will be found in the Author’s Study 
of the Circle Cross, cit. 
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; 


We see thus that (X) and (X) may be taken as two separately 
homogeneous triads of coordinates to determine the cross.* 

Two crosses, orthogonal to the same not null sphere, will 
have certain invariants under the quaternary orthogonal 
group. Let the circles of the cross have the coordinates (a) 


and (a’), where 
7 
es = POE: 


In the same way let a second cross be determined by the 
circles (8) and (§’). If 6,, 6, be the angles of the circles (x) and 
(8), we have by (12) 


i,j =3 


Pa Wi; Bij 
ere 
cos 6, cos 0, = 22 = . 
i,j =3 4,j=3 
2 2 
= ai; > By 
i,j =0 i,j=0 


In like manner we find without difficulty 


B/D) toniase 


sin 6, sin 6, = 


(alee 
V¥(XX) V(YY) 


cos (0, + 0,) = 


(0, + 9.) (XY) 
cos a 
ie AK) AVY 

The condition that the circles (x) and (8) should be co- 
spherical, or that one should be cospherical with the mate of 
the other in a circle cross, is that 
(XY) COMER re 
ee SS OSS (18) 

V(XX) V7(YY) V(XX) V(VY) 

* The idea of taking a line cross as a space element is due to Study, and 


plays a fundamental réle in his Geometrie der Dynamen, Leipzig, 1908. See 
also, for the case of non-Euclidean space, the Author's Non-Euclidean Geometry, 


cit., pp. 124 ff. 
1702 G oa 


ce ; . fix! 
ee — ee. eS 


466 CIRCLES ORTHOGONAL TO ONE SPHERE cu. 


They will be cospherical and in involution, i.e. intersect 


twice orthogonally, if a 
(XY) = (XY) =0. (19) 


Theorem 18.] If the circles of two crosses be orthogonal B 
the same sphere, then, if one circle of the first cross be cospherical 
with one of the second, the same will be true of the remaining 
circles of the two crosses. 


Suppose that (x) is cospherical with the two circles (8) and 
(8’) of a certain cross. It is then, by 2], orthogonal to their 
common orthogonal sphere. Every sphere through (8) will 
be orthogonal to the sphere (x) (8’), hence (8) cuts (x) twice 
at right angles. Our equation (19) is thus satisfied. It will 
also be satisfied if we replace (x) by (a’). 


Theorem 19.] Jf a not null circle be cospherical with two * 


circles of a cross, it will cut each of them twice orthogonally, 
as will the circle orthogonal to the common orthogonal sphere 
of these three circles and in bi-involution with the first one. 


Theorem 20.] Jf two circles, neither of which is null, inter- 
sect twice orthogonally, then each intersects twice orthogonally 
the circle in bi-involution with the other which is orthogonal 
to the common orthogonal sphere of the two. 


We shall say that two crosses intersect orthogonally when 
each circle of one meets twice orthogonally each circle of the 
other. The condition for this is given by (19). The con- 
dition for parataxy will be, from (11), 


UXX) (PY) —(XY)P [(XX) (YY) —-(XY)"] = 0. 


Hee ils 


The only real solutions will be 


This may be written 


Br X,; X;, 


t=1 Y, Vi 


a, 
roar, 


Y;= pX; or Y;=oX;. (20) 


a 
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Theorem 21.] If two not null circles be paratactic, each is 


paratactic with the circle orthogonal to the common orthogonal 
sphere which is in bi-involution with the other. 


It will be proper here to speak of the crosses themselves as 
paratactic. 


The simplest one-parameter families of crosses are those 
given by equations of the form 


These will be the axial crosses of the pencil of linear com- 


plexes 
ys = db; + Cz; 


There are four important varieties in this system 


(a) Y,= pZ;, y, = oZ;. 


a 
The system consists in but a single cross 


(0) Y;=pZ,, Y;#0F;. 


u 


Here all crosses of the system are paratactic. Let (X’) 
satisfy the equations 


(X’Y) = (X’Z) = 0, 
then (X’X) = 0. 


On the other hand (X’) shall merely be required to satisfy the 


equation 
(xe) =—.0% 


We may then write 
X{ENnNV{+v4i, Xf=Vi= Z. 


We thus have a second system of crosses exactly like the 
first, each cross of one system cutting each of the other ortho- 
gonally. We have, in fact, two residual generations of the 
same cyclide, each not null circle of one generation cutting 
each of the other orthogonally, while each two proper circles 
of the same generation are paratactic. 

ag2 


ie aes a 
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(c) Y; # pZ;, Y, = oZ;. 
This is not essentially different from the last. 
(d) Yi# 0% Vi# 04%, 


Here we have something quite different. Let us write 
7U;= Via Y,Z ys sU,= Yj, 4,-Y),4; 

The crosses of our system cut this fixed cross orthogonally. 
The surface generated by these crosses shall be called a pseudo- 
cylindroid.* It has one highly remarkable property. Suppose 
that we have a congruence of circles orthogonal to our funda- 
mental sphere. We may express them parametrically 

X,=X,;(u,v), X,=X;(u, v). 

Let us assume that 


| aX OX | 


yok x 
Sean de 


dw du 


The cross cutting orthogonally the adjacent crosses (X) (X) 
and (X +dX)(X+dX) will be determined by the equations 


Xx; xX, xX; X;, 
pl, = 0X, oX;, | dw+ ox; oA; dv; 
ow OW dv dv 
xX, X, xX; X, 
oY, =| 0X, aX, |du+ | aX, 2X, | du. 
ow ow re y 


We shall mean by the general position of a cross in our 
congruence one where the left-hand side of the identity (or 
rather non-identity) does not vanish. 


Theorem 22.] If a congruence of circles be given orthogonal 
to a fiwed sphere of such a nature that its circles cawnot be 
assembled into a one-parameter family of series of paratactic 


* It is carried by our line-circle transformation into that surface in non- 
Euclidean space which corresponds to the Euclidean cylindroid. See the 
Author’s Non-Euclidean Geometry, cit., pp. 128 and 219, 
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circles, then the circles cospherical and orthogonal to a circle 
of the congruence in general position and its adjacent circles 
generate a pseudo-cylindroid. 

We may find a canonical form for the equations of the 
pseudo-cylindroid as follows. The cross which is orthogonal 
to the various crosses of the series shall be (1, 0, 0) (1, 0, 0). 
There will be two crosses of the series which intersect ortho- 
gonally. Let us, in fact, undertake to solve the simultaneous 
equations 

AN (YY) + (Ap’ + yr’) (YZ) +p’ (ZZ) = 0, 
AN (VY) + (au! + pr’) (YZ) + py! (ZZ) = 0. 

Eliminating ’/y’ we get a quadratic in A/p, which is seen 
to be the Jacobian of (XX) and (XX) looked upon as quadratic 
forms inA/y. If our crosses (Y)(Y) and (Z) (Z) be real, the 
quadratic equations (XX) =0, (YY)=0 have conjugate 
imaginary roots. The two quadratics can have no common 
‘root unless they are identical. Hence the invariant cannot 
vanish, and the quadratic in A/p has distinct roots, Let us 
take the crosses corresponding to them as (0, 1, 0) (0, 1, 0), 
(0, 0, 1) (0, 0,1). Our canonical form then becomes 

OG = 26 = (ly 
X,=8 x 29 
X,=yX;, 8, y constant. 
To find the equation of the surface generated, let (y) be the 
Pliicker coordinates of a circle of our system. 
Por = Po = 9 
B (Poo— Par) (Pos + Piz) = ¥ (Po2 + Pa) (Pos Pra) 
A point («) will lie on this circle if 
Pog + 3 Pog = 9, — 
© Poa + % Pig = 9% 


PX = —Pyo» P%=Poxr Fl, = Pos, %%3 = —Pors 
(p/p) = 0. 
Dy = Bz» Pog = —X1 Hs, Pog = %%2, Psi = Vos 


B (ay + 3H) (yey + @,Xy) — (00) 8 — WX) (Xs — %,@,)=0. (22) 


a 
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Theorem 23.] The general pseudo-cylindroid is a surface 
of the eighth order, which, in cartesian space, has the circle at 
infinity as a quadruple curve, and two circles in bi-involution 
as double curves. 


Among congruences of crosses the simplest are those which 
come from the axial crosses of a three term linear system 
of linear complexes. Here we have 


X, = aY;+bZ;4+¢T7;; X, = aY, +09, +cT,. (23) 
(a) | YZT|=|YZT|=0. 
This gives the crosses, cutting a given cross orthogonally, 
(b) |YZT|=0, |YZT| #0, 
T. = AY; +pZ;, 


a 


X, = (at rAc) Y;4+ (b+ 4e)Z;. 


Let (a+drc) = p, (b+mc) =¢. 
nae bp—aq : 
Aq—KP 


} = Z, : oT’. 
A;= pY,;+q2;, X;= al Y; a =n + [4+ ae 


The congruence contains one paratactic generation of each 
of 1 cyclides corresponding to different values for a The 


residual generations will generate a second congruence of 
like sort. 


(c) | YZT|x | YZ7T| #0. 


Here we may solve one system of equations for a, b, c, and 
substitute in the other, getting 


j=3 


424 


The crosses intersecting orthogonally pairs of crosses of this 
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> 


congruence will generate a second congruence of like sort 
called the conjugate to the first. 
28 

ee Sao (25) 


j=l 


The relation between the two is reciprocal. If we seek 
a cross that belongs at once to both systems, we shall fall 
upon three equations of the type 


j=3 


rie D, begks, 


j=1 


The condition for compatibility gives a cubic in + whose 
discriminant does not vanish identically. If, now, we give 
the name general chain congruence only to a congruence of 
our present type where this cubic has distinct roots, we see 


that it shares with its conjugate three crosses, and only three. 


The common perpendicular to each two of these crosses which 
belongs to both congruences must be the third cross; hence 
each two intersect orthogonally, and we may take them as 
fundamental in our coordinate system. Our chain congruence 
and its conjugate may thus be reduced to the canonical form 


i=3 4=83 


live; #0, |] (4; —a;) # 0. 


j=1 4#=1 


Theorem 24.] The crosses cutting orthogonally pairs of 
crosses of a general chain congruence generate a second such 
congruence. The relation between the two is reciprocal, and 
they have in common three orthogonally intersecting crosses, 


The condition that two circles of our two systems should be 
cospherical, or that one should be cospherical with the circle 


in bi-involution with the other, is 


(UX) (vex), /( U*) + V(XX) ¥(TU)] = 0. 
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If the first factor vanish, (UX) = (UX) = 0, the two cut 
orthogonally. If the second factor vanish, every circle of 
a cross of the first congruence for which 


gq (aX?) = p(XX) 


is cospherieal with a circle of every cross of the second for 
which 


p C te q(UU). 


Theorem 25.] The circles of a general chain congruence 
cospherical with one circle of the conjugate congruence and 
orthogonal thereto generate a pseudo-cylindroid ; those co- 
spherical with a circle of the conjugate congruence but not 
orthogonal thereto generate a cyclide; the residual generation 
will be composed of circles of the conjugate congruence. 


If we have a cyclide one of whose fundamental spheres 
is our given sphere xz, = 0 it is clear that the circles of either 
corresponding generation form a rational series which can be 
expressed in the parametric form 


X;,=Y,+tZ,4+T7;; X,= #Y, 412,47, 


Eliminating ¢, ¢, and 1 we fall back upon three equations 
of the type (24). The series of circles is thus surely contained 
in one of our chain congruences. 


Theorem 26.] Zhe circles which are cospherical and ortho- 
gonal to pairs of circles of one generation of a cyclide will, in 
general, generate a chain congruence whose conjugate includes 
this generation of the cyclide. 


The words ‘in general’ here indicate that there are a number 
of possible exceptions, We shall not, however, stop to investi- 
gate them. If we take the equation of our congruence in the 
form (24), we may assume that the sphere 2 = 0 bears no 
special relation thereto. Now all circles of this sphere satisfy 
the relation ; 

A= pd fe 


oa 
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Hence three circles of the sphere (orthogonal to the funda- 
mental sphere) lie in our congruence. 


Theorem 27.] Three circles of the general chain congruence 
lie on an arbitrary sphere orthogonal to that sphere which is 
orthogonal to all circles of the congruence, and three circles of the 
conjugate congruénce also lie thereon. Each spherical triangle 
formed by the three circles of one congruence is polar to each 
formed by the circles of the other congruence. 


Our congruence is traced by pairs of circles in bi-involution. 
If a circle generate a sphere orthogonal to the fixed sphere, 
the circle in bi-involution therewith passes through two fixed 
points, the foci of the circle common to the two spheres, and 
vice versa. 


Theorem 28.] Through each pair of points anallagmatic 

in the sphere, which is orthogonal to the circles of a general 

chain congruence, will pass three circles of the congruence, 

and three of the. conjugate congruence. Each circle of one 

congruence through these points cuts orthogonally two circles 
of the other congruence. 


It is doubtful whether there remains a great deal in the 
subject of circles orthogonal to a fixed sphere which is worth 
protracted study. Of course it would be possible to develop 
the subject until we had an explicit counterpart for every 
known theorem in line geometry, metrical or projective, but 
most of these results would be of mediocre interest, and easily 
found by any one who needed them. The pseudo-cylindroid 
might well be given some further attention, and also certain 
complexes of circles, notably those corresponding to the 
quadratic line complex. The methods to be employed are 
perfectly obvious, and the results can be at once predicted. 


CHAPTER XIII 


CIRCLES IN SPACE, ALGEBRAIC SYSTEMS 


$1. Coordinates and Identities. 


THE greatest aid to the study of circles in space is the 
correspondence established in Ch. VI between the spheres 
of pentaspherical space and the points of a four-dimensional 
projective space of elliptic measurement. Let us write down 
again such facts in regard to this correspondence as will be 
particularly useful to us in the present chapter. 


Pentaspherical space S,. 


Sphere. 

Point. 

Circle. 

Null circle. 

Point-pair as locus of spheres. 


Spheres orthogonal to given sphere. 


Mutually orthogonal spheres. 


Coaxal circles. 


Conjugate generations of eyclide. 


Intersecting circles. 


Cospherical circles. 
Cireles in involution, 


Projective space S,. 

Point. 

Point of S,?. 

Line. 

Line on or tangent to S,%. 

Plane. 

Hyperplane. 

Points conjugate with re- 
gard to S,”. 

Pencil of lines. 

Conjugate generations of 
quadric. 

Lines whose hyperplane 
touches S,”, 

Intersecting lines. 

Lines, each of which inter- 
sects the polar hyperplane of 
the other with regard to S,”. 


d 
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Circles in bi-involution. 


Circles meeting twice ortho- 
gonally. 
Twenty-four - parameter 
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Lines, each of which lies in 
polar hyperplane of the other 
with regard to S,”. 

Intersecting lines conjugate 
with regard to S,?. 

Group of all collineations. 


group carrying spheres to 
spheres and circles to circles. 

Ten-parameter group of Ten-parameter collineation 
spherical transformations. group leaving S,? invariant. 


The basis for the algebraic study of cireles will be the 
Pliicker coordinates * 
es Oi eh 
j=0..4° 


(1) 


PP = UY; —- ZY, 


Of these there are clearly twenty-five. 
by the following identities : 


They are connected 


Ve= —f;, Pr ° (2) 


(PP) = PioPse + PisPao + PrsPos = 9- 

(PP) = Poo P13 + Pos Pao + PosPos = 9- 

2 (PP) = PorPsst PosrPar t PosPrz = 9- (3) 
= 0. 
= 0. 


~ 


o 


= 


Ao) 


NIH dF iF le 
=) 


3 (PP) = Por Part PosPu + PooPrs 
§ Qs (pp) = Por Pos + PorPsit PsP = 


The last five arise from the obvious equation 
m) 
2; (pp) = 5 |tayay |. 
dt; 


The polar of the form Q;(pp) shall be written ,;(pq). 

Since the totality of circles in space depends upon six 
independent parameters, it is clear that the identities above 
cannot all be independent. Suppose that we have twenty- 
five homogeneous quantities (p) which satisfy merely the 
equations 
; so (2) 


* The first writer to use these seems to have been Stephanos, ‘Sur une 
configuration remarquable de cercles dans l’espace’, Comptes rendus, vol, xcili, 
1881. 
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We easily find 
m=4 
D> Pin Qn (pp) = 0, t= 0...4. 


n=0 


If thus 
py #9, Q, (pp) = Q (pp) = Qn (pp) = %- 


We have also =. (pp) = Q; (pp) = 0. 


Every circle will have thus ten essentially distinct Plticker 
coordinates which satisfy our identities (3). When we say 
essentially distinct we mean that no two, in the general case, 
differ merely in sign, and none vanishes automatically. Let 
us show, conversely, that just one circle will correspond to 
each set of homogeneous values not all zero which satisfy these 
equations. Assuming first p;; # 0. 

Let us take the two spheres 


n=4 m=4 
> Pin n= 2 Pin®n = 0. (4) 
n=0 n=0 


Multiply the first equation by p,z,, the second by p;;, and 
add, we get 
n=4 


—Piz D Prn®n = 0. 


n=0 


The points («) which satisfy these equations will lie on one 
circle. ‘To find the Pliicker coordinates of this circle we have 
but to take the spheres (4) 


Pir Pis 
Pir Pjs 


P Urs = = Pi Prs: 

There will surely be one circle corresponding to each set of 
Pliicker coordinates. Let the reader show that there cannot 
be more than one. 

The coordinates of a circle are occasionally determined in 
another manner. Suppose we start with the knowledge that 
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our circle is orthogonal to the three spheres (r), (s), (t). The 
spheres through this circle orthogonal to (w) and (v) are 


P) P) 
Bem 7, | lurst L, n=, lurst be 


|uvrst|=AX#0. 


Th Tm 
PPij =a 8; 81 8m |° (5) 


tr ty bin 
Two circles will be in involution, when, and only when, 
a sphere through one is among the spheres orthogonal to the 
other. This gives 
jeyrs |= SP Pj = 0.* (6) 
The only circles in involution with themselves are null 
circles. The condition for a null circle will thus be 
Two circles will be cospherical when there is linear depen- 
dence between the spheres through the one and those through 
the other. The condition is 
2; (pp')=0, 4=0,...4. (8) 
These five conditions are not independent. They amount 
to requiring that the rank of the matrix 
2, Ge a Bal, i 
Yo Yr Yo Ys Ys 
Ly! af EES Bal ts 
Yo a Ya Ys Ye | 
shall not exceed three, and this imposes two conditions only. 


When the circles () and (p’) are not cospherical, the coordi- 
nates of their common orthogonal sphere will be 


pz, = O;(pp’). (9) 


* The expression > p;;9;; must be understood in the present chapter to 
cover ten values of p, essentially distinct in the sense explained above. 


i oder eh ust. ao _ 
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This will be null, and the circles will intersect if 
i=4 
> 27 (pp') = 0. (10) 
4=0 


The left-hand side of this equation is a relative invariant 
of the two circles for all spherical transformations. More 
interesting is their absolute invariant which we found in 
Ch. XII. (12). 

= pi; Pig, 
J 3,2 = pj" V=p “ 


There is a second meaning which may be attached to this 
invariant, and which is of not a little interest. We first ask, 
when will the circle (py) be tangent to the sphere (a’)? 
An arbitrary sphere Se to (x), (y), (a) may be written 


COs 6, cos 6, = 


(11) 


pe; =r5 7, | uate | +0 5 | lua’ay |. 


Here (w) and (v) are two arbitrary spheres not linearly 
dependent on (x), (y), (v’). 
We also introduce the notation 
n=4 


i= Dy. Pin Pjn = Le Pri Pry: 


n=0 


The condition for tangency is the condition that there 
should be but one null sphere orthogonal to (a’), (), (y). We 
thus write the condition that the equation in A/yp, (zz) = 0, 
should have equal roots, and apply the identity 


ZA _ IA IA dA BA 
da;; 0a dA;; Oa days oa; 


(aa) (wy) (awar’) | 
(yx) (yy) (yx’) | =0. 
(a'a) (ay) (a’e’) 


(o'e’) Spy? = mF Dj % 4; 


i,j =0 
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Let us next define as the orthogonal projection of a circle 
on a sphere the intersection of that sphere with a second 
orthogonal to it, passing through the circle. This becomes 
indeterminate only when the cirele is itself orthogonal to the 
sphere. Let us, then, take two not null circles (p), (p’). Let 
(x’) be a sphere through (p’) tangent to (»); we seek the cosine 
of the angle of (p’) ane the orthogonal projection of (p) on (a’). 
If (y’) be the sphere through (p’) orthogonal to (x’), we need to 
find the angle of (y’) with the sphere (y) through () orthogonal 
to (@’). We easily find 


y= 
= > py @/. 
j=0 
(yy’) _ = Pij Pi 
Vy) Vy) Vey) Va) E pip 
= Pi; P if 


= —— = = 1 (pp’). (12) 

VE pe? VE Diy" 

Theorem 1.] The product of the cosines of the non-Euclidean 
angles of two not null circles is the cosine of the angle which 
the one makes with the orthogonal projection of the other on 
a sphere through the first tangent to the second. 


We shall define this angle as the angle of the two circles. 
It will be found that such a definition will agree with the 
usual one when the circles are cospherical, or reduce to straight 
lines of cartesian space.* 

The condition that two circles should be paratactic is 
reached by rewriting XII. (11) in invariant form 


i=4 2 
238 4)./2 5") /\2 i eet 
[Pe ? Spy? + (Spy py P— D2? (pp ) 
4=0 
AN TZ Sage ce Saya ee 
= 4[2 (pp) P Epi" = py? 
* This invariant is due to Koenigs. See his remarkable article ‘ Contribu- 
tions A la théorie du cerele dans l’espace’, Annales de la Faculté des Sciences de 
Toulouse, vol. ii, 1888. The interpretation as the product of the cosines of two 


angles first appeared in the Author’s Study of the Circle Cross, cit., p. 155, The 
interpretation as the cosine of a single angle is due to Dr. David Barrow. 


Our last two equations can be put into particularly neat 
form by introducing an additional circle coordinate : let us: 


write , 
Spf tp = Spy? +p? =p. (L38 


/ 


n _ = Py Pix ' 
ee See (1% 
For parataxy 


t=4 


> 2? (pp’) = [2 pijPyf t PP se 


i=0 

When the given circles are real this last equation must 
amount to two distinct equations. 

Assuming that the paratactic circles are determined by 
their foci, 

(wa) = (yy) = (w'a’) = (y’y’) = (@2’) = (yy’) = 0. 
Py = — (wy) (ey; +2; Yi)- 
The conditions for parataxy become * 


n=4 m= 4 n=4 


n=4 a 
p> Pin Po +P D> Pin Pig = PP mS Pin Pin + +> Pin Big /= 0. 
n=0 


n=0 n=0 n=0 


: 7 
n=4 < 


n=4 
P > Pin Pig — > Pin Pin 
n=0 


n=0 


n=4 


= 00'S puta ~ SP Pf =0, Aenoh I pehee (15), 
n=0 n= : 


The sphere through a given circle orthogonal to a “sphere e 


(r) has the coordinates 
n=4 


pPee= 2 Pin Tn: (16) 


n=0 


* Cf. von Weber, ‘Zur Geometrie des Kreises im Raume’, Grunerts Archie, 
Series 3, vol, vii, 1904, p. 292. 


& ALGEBRAIC SYSTEMS 481 


Two circles will be in bi-involution when every sphere 
through one will be orthogonal to every sphere through the 
other. The condition is 


n=4 
> Pin Pin =, 47 = 0604. (17) 
n=0 

We have now a sufficient analytic basis for the study of 
systems of circles. Before taking up continuous systems we 
shall discuss a very curious figure formed by five circles, and 
an analogous one involving fifteen. We shall approach these 
figures by means of our four-dimensional representation.* 

Suppose that we have three lines a, b, ¢ in four-dimensional 
projective space, no two coplanar, nor are the three in one 
hyperplane. There are ©* planes which intersect all of them. 
Let an arbitrary hyperplane z be taken. It will contain one 
plane of the system, that which joins its intersections with 
the three lines. We assume that the hyperplane does not 
contain the single line d’ that intersects a, b, c. The cross 
ratio of the four points where d’ meets a, b, ¢, 7 will be that of 
the four hyperplanes through any plane of the system, and 
through a, b, c and the point d’z, or the cross ratio of the four 
planes through the line of intersection of this plane with z, 
and the four fixed points az, bz, cz, d’x. This brings out the 
important fact that the planes of our system meet an arbitrary 
hyperplane in the lines of a tetrahedral complex, which is, 
of course, of the second order. 

Suppose, next, that we have four lines a, b, ¢, d, no two 
coplanar, no three in one hyperplane, nor does one lie in 
a plane which meets the other three. They will be inter- 
sected in threes by the four lines w’, 0’, ¢’, d’, a similar system 
Let us fix our attention on the hyperplane (dd’). Every line 
in this hyperplane which intersects d’ will lie in a plane 
meeting a, b, ¢. 

The linear complex (d’) will thus split off from the quadratic 
complex. The residue will be a linear complex which does 


* Cf. Segre, ‘Sull’ incidenza di retti e dipiani nello spazio a quattro dimen- 
sioni’, Rendiconti del Cercolo matematico di Palermo, vol, ii, 1888. 


1702 Hh 


482 CIRCLES IN SPACE OH. 


not contain (d’), so that the lines thereof which meet (d) will 
also meet a line e. In other words, every plane which inter- 
sects a, b, c, d will also intersect e. The linear complex could 
not be a special one with e as directrix, for then every plane 
meeting a, b, c would meet e, an absurdity, since through 
each point of the plane common to the hyperplanes (ab) and 
(ce) there will pass but one line to meet ab and one to meet 
ce. Hence d, ¢ are mutually polar in the linear complex, and 
are symmetrically related to a, b, c. No other line f can meet 
all the planes which meet a, b, c,d. For if it were in the 
hyperplane (dd’) it would meet all lines of the linear con- 
gruence with directrices d, d’, which is impossible; but if not in 
this hyperplane, the linear congruence with directrices d, f 
would not lie in the tetrahedral complex determined by planes 
cutting a, b,c. ‘Our five lines will thus bear to one another 
a symmetrical relation: any plane meeting four will intersect 
the fifth. 


Theorem 2.] If four circles be given, no two cospherical, 
no three orthogonal to the same sphere, and no one containing 
a point-pair cospherical with each of the other three, then every 
circle in involution with these four circles is in involution 
with a fifth. The relation connecting the five is reciprocal, each 
being uniquely determined by the other four. 


This figure is the famous pentacycle of Stephanos.* To find 
the construction let us notice that e lies in the hyperplane 
(dd’); by symmetry it is in the hyperplanes (aa’), (bb’), (cc’). 
Four circles fulfilling the restrictions mentioned in 2] shall be 
said to be in general position, 


Theorem 3.] If fowr circles be given in general position, 
there are fowr others each of which is cospherical with three 
of the given ones. The common orthogonal spheres to each two 
non-cospherical circles, one from each system, will pass through 
the foci of the circle completing a pentacycle with the four 
origiynal circles, 


* Sur une configuration remarquable, cit., p. 579. 
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We next note that ¢ plays the same réle with regard to 
a’, b’, c’, d’ as it does with regard to a, b, c,d. Draw the line 
connecting (ab’) (a’b). This lies in the hyperplanes (aq’), (bb), 
and so is coplanar with e. In the same way the line 
(cd’) (c’d) is coplanar with e, But the line (cd’) (cd) lies in 
the hyperplanes (cd), (c’d’), which are identical with the 
hyperplanes (a’b’), (ab), so that (cd’) (cd) intersects (ab’) (a’b). 


Theorem 4.] Given four circles c,, c,, C3, ¢, in general 

position, and four others cy’, c4’, ¢3',¢4’ 80 placed that c; and ¢,! 
are cospherical if 13. The circle of intersection of the 
sphere (c;¢;’) with the sphere (¢;c;) and the circle of intersection 
of the sphere (c;,c;') with the sphere (c;,c;) are cospherical. The 
three spheres so obtained pass through a circle c,/ which com- 
pletes a pentacycle with ¢,, Cy, ¢,,¢, and with cy, ¢5', Cs, cy. 
- This method of construction leads to an extension of the 
pentacyclic figure which is of much interest. Let the circles 
C15 Cys C35 Cg, Cz be renamed 01, 02, 03, 04, 05 respectively, while 
Cy’) Ca’, Cys C4’, C5 become 15, 25, 35, 45,05, The circle deter- 
mined by the spheres (01, 25), (02, 15) shall be 34; it is 
cospherical with the circle of the spheres (03, 45), (04, 35) 
which shall be 12. We have the following fifteen circles: 


01 02 03 04 05 
21 12 13 14 15 
31 32 23 24 25 
41 42 43 34 35 
51 52 53 54 45 


The necessary and sufficient condition that two of these 
should be cospherical is that their symbols should have no 
common digit. They are cospherical by threes on fifteen 
spheres. The circles with the digit 0 and those with the 
digit 5 form two pentacycles. Consider the circles 01, 21, 
31, 41. Each three are cospherical with one of the circles 
05, 25, 35, 45. 15 completes a pentacycle with the latter 
four, hence it does with the first four also. Next consider 
two triads (7), jk, ki), (lm, mn, nl). Each cirele of one triad is 
cospherical with each of the other, but no two of the same 

Hh2 
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triad are cospherical. We thus reach a beautiful theorem 
due to Stephanos.* 


Theorem 5.] Given four circles in general position. We 
may associate therewith eleven other circles as follows. The 
fifteen circles lie by threes on fifteen spheres, each circle 
belonging to three spheres. They may be growped by fwes 
in sia pentacycles, each circle belonging to two pentacycles. 
They may, lastly, be growped by threes in ten pairs of con- 
jugate triads, each such pair of triads belonging to conjugate 
generations of the same cyclide. 


Let us call such a system associated circles. We get 
a construction for them by reverting to four dimensions. 
Suppose that we have six points P,, P,, P,, P,, P;, Pe; 
whereof no five are in one hyperplane. We have fifteen 
triads of lines such as (P,P,), (P3P,), (P;P,). These will 
not lie in a hyperplane, so that there will be one line J,,, 34, s¢ 
intersecting all, and of these lines there will be fifteen. They 
are concurrent three by three as follows: 1;;, 775 mn: Les tems nbs 
Ls km» my meet in the intersection of (P;P;) with the hyper- 
plane (P;,P)PmP,). In no other case will two of the lines 
meet. Our lines are thus concurrent by threes in fifteen 
points, hence + | 


Theorem 6.] If sia spheres be given, no five having a 
common orthogonal sphere, they may be divided, in fifteen 
ways, into three groups of two each, and a circle found 
cospherical with the circle of each growp of two spheres. The 
resulting figure will be fifteen associated circles. 


It will be noticed that the pentacyecle and the figure of 
fifteen associated circles are carried into like figures by any 
linear sphere transformation, 


* Sur une configuration, cit., and Sur wne configuration de quinze cercles dans 
espace, ibid., p. 633. 

+ This figure is discussed by Richmond, ‘On the figure of six points in 
a space of four dimensions’, Quarterly Journal of Math., vol. xxxi, 1899. The 
most complete discussion is in a long article by Weltzenbéck, ‘ Projektivg 
Geometrie des R,’, Wiener Berichte, vol. exxi, 1912. 
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. Let us now see what can be done towards an algebraic 
study of the pentacycle. We start with four circles (p), (q), 
(7), (s). If (p’) be in involution with them we have 

= Py Pig = 21 Pi = Uy Py’ = U8yj Yi’ = . 
ZA py Fe dy + v7; + p8y) Pi; = O. 

For how many values of A::v:p will the coordinates 
(p’) satisfy our identities (3)? If we substitute in three 
identities we have three quadratic equations in A:p:v:p 
giving eight solutions. Let us show that only five of these 
will satisfy the other identities, We write 

A Pip FBG FYTG + PS = lis. 

Let us try to satisfy the equations 

fg eg A) = Ae, Ce) == 0, 
One solution will be 
log = Loy = ls = 0. 
Otherwise, we have, by (2), three solutions for the equations 
log = Qy (ll) = Q, (ll) = Q, (IY), 
and for these 


Q, (11) 2, (ll) # 0. 


There are thus five values of A:y:v:p for which Q, (/l) = 0, 
and our theorem 2] is proved algebraically.* To find the 
coordinates of the circle (s’) which is cospherical with 
(p), (q), (vr), let these latter be determined by the pairs of 
spheres (x) (y), (@’) (y’), (#”) (y”).. Let (u), (v), (w) be three 
spheres orthogonal to (s’). Then, by (5), 


* The actual equation of the fifth degree, on whose solution the problem 
depends, was exhibited by Weitzenbéck at the fifth International Congress of 
Mathematicians in Cambridge, 1912, and will be found ibid., p. 2574. 
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We may take (w), (v), (w) as orthogonal-to (q) (7), (7) (P), 
and (p) (q) respectively 

%, (Gr) 41 (G7) Qn (V) 

Biz. =| Q, (rp) Qy(rp) Qin (rp) 

Q), (pq) Q; (pq) Qin (pq) 


The fifth circle forming a pentacycle with (p), (q), (7), (8) is 
orthogonal to the common orthogonal spheres of (p) (p’), 


(7) (4’), (7) (7’), hence 
OQ, (pp’) Q) (pp’) Qn (pp’) 


297) 2197) Qn (QV) 
Qy, (r7”) Q) (rr) Qqy (rr ‘) 


(18) 


(19) 


i 


If (x), (y), (2), (7), (s), () be six spheres, no five having 
a common orthogonal sphere, the fifteen associated circles 
thereby determined will be the intersections of pairs of 
spheres such as 


|czrst|(y)—|yzrst |(@); |eyrst|(2)—| eyzst | (7). 


These expressions may be much simplified. We may find 
such multipliers for the homogeneous coordinates (2), (y), (2), 
(rv), (s), (¢) that 


U+Y;,+2,4+7;, +8, +t; = 0, 47—0...5. 
Otherwise written 
(Xa) + (Xy) +(X2) + (Xr) + (Xs) + (X21) = O. 


Our circles will be determined by pairs of equations 
such as = 


(Xo) +(Xy) = (Xz) + (Xv) = (Xs) + (Xt) = 0. 


These simple formulae lead us to another property of the 
system of fifteen associated circles. Let us write the equation 


(Xa)? + (Xy)?+ (Xz) + (Kr) + (Xe + (Xt)? = 0. (20) 


This will be a surface containing all fifteen circles, hence 


Theorem 7.] Every system of fifteen associated circles will 
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he on « surface of the siath order which, in cartesian space, 
has the circle at infinity as a triple curve.* 


§ 2. Linear Systems. 


A system of circles whose coordinates are proportional to 
functions of five independent variables, the ratios not being 
all functions of four variables, shall be called a hypercomplex. 
The simplest hypercomplex is the linear one, determined by 
an equation of the form 

2 aj; Piz = 0. (21) 


Theorem 8.] Nine arbitrary circles will belong to one, and, 
in general, only one, linear hypercomplex. 


Theorem 9.] The assemblage of all circles in involution 
with a given circle is a linear hypercomples. 

Manifestly this will not give the general linear hyper- 
complex, in fact the necessary and sufficient condition that 
(21) should represent a linear hypercomplex of this sort is 

O;(aa)=0, 1=0..,.4. 
A linear hypercomplex has two important invariants under 
the group of spherical transformations, namely 
i=4 
T= 3a,7, J= > 0? (aa). (22) 
i=0 

The vanishing of these invariants and of various expressions 
dependent on them will lead to special types of linear hyper- 
complex, some of which we shall investigate. Let us write 
(21) at length 

Taj; (a; Yj;—%;Y;) = 0. 

The sphere (y) being fixed, () is orthogonal to (z) where 

n=4 


a= Ain Yn: 
n=0 


(23) 


* Stephanos, Quinze cercles, cit., p. 634. 


a 
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It is to be noticed that, as a result of our identities (2), 
n=4 


>, Qn (a2) 2, = 0. 


n=0 


Theorem 10.] If a linear hypercomplex be not composed 
of circles in involution with a fixed circle, then the circles of 
the system on an arbitrary sphere are those which are ortho- 
gonal to the intersection with a second sphere orthogonal to the 
first, and to a sphere wwiquely determined by the hyper- 
complex. 


Consider the circles of the system through two fixed points 
(n), (¢). If (€) be any point on such a circle, 


1 11 Tn 
Zaz) Ge G Sm | = % 
&, & cn 


so that (&) traces a sphere. 
Theorem 11.] The circles of a linear hypercompler which 


pass through two arbitrary points will usually trace a coaxal 
system. 


We shall see presently exactly what meaning to attach to 
the elusive word ‘usually’, The sphere (x), where 


pa; = Q, (aa), (24) 


shall be called the central sphere for the linear hypercomplex. 
In (23) we get the same value for (z) if we replace (y) by 
d(y) +H (2). 


Theorem 12.] The circles of a linear hypercomplex which 
lie ow the spheres of a coaxal system including the central 


sphere are orthogonal to one sphere. 


Theorem 13.] All circles of a linear hypercomplea. which 
are cospherical with a circle of the central sphere are orthogonal 
‘to one sphere. 


a 


; 
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Theorem 14.] All circles of the central sphere of a linear 
hypercomplea belong to the hypercomplea. 

We may find a spherical transformation to carry our central 
sphere, when not null, into z,=0. The equation of the 
linear hypercomplex will then lack all terms with the sub- 
script ,; equation (23) will give the same values for (z) if we 
replace (y) by either null sphere through the circle common 
to (y) and the central sphere. It will thus give a relation 
between each point-pair anallagmatic in the central sphere, 
and a corresponding sphere. This, however, is nothing in the 
world but the polarization in the linear complex of circles 
of our hypercomplex which are orthogonal to the central 
sphere, a process described on pp. 461, 462. We see by con- 
tinuity, or non-Euclidean line geometry, that this relation 
holds even when the central sphere is null, 


Theorem 15.] The circles of a linear complex lying on an 

arbitrary sphere are orthogonal to the polar in the linear 
- complex of the circles of the system which are orthogonal to the 
central sphere, of the foci of the circle common to the given 
sphere and to the central sphere. 

When the equation of the linear hypercomplex is written 
in the form (21) we may assume x, = 0 to be an arbitrary 
sphere. Circles orthogonal to this will lack the subscript ,, 
hence 


Theorem 16.] The circles of a linear hypercomplea ortho- 
gonal to an arbitrary sphere will generate a linear complex, 


Are there any exceptions to theorems 10] and 16]? For 
an exception to 10] we must have in (23) z, = py,. If 
p # 0, (yy) = 0, and the sphere is null, But on a null sphere 
there are but ? circles orthogonal thereto, so that we have no 
exception. In the second case (y) is the central sphere, and 
this will constitute the only exception to 10] when there is 
a central sphere. When the hypercomplex consists in circles 
in involution with a given circle every sphere orthogonal 
thereto will be exceptional. As for 16] if all circles ortho- 
gonal to any sphere belonged to a linear hypercomplex, we 
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might choose this (when not null) (0, 0, 0, 0, 1); in the equation 
of the hypercomplex there would be no terms except those 
involving the subscript ,, and the hypercomplex would be 
without a central sphere. By continuity this will hold 
even when the sphere in question is null. When the hyper- 
complex consists in circles in involution with a fixed circle, 
every sphere through the fixed circle will be an exception — 
to 16]. 

We next look for a canonical form for the equation of 
our hypercomplex. The hypercomplex shall be said to be 
general if 


J (I2—J) # 0. 


Whenever the first factor does not vanish there is a not null 
central sphere which we may take as 7, = 0. We have then 


Q, (aa) = Q, (aa) = Q, (aa) = O, (aa) = 0, 0, (aa) 0. 
Boy Por + G2 Po2 + %o3 Pog + G23 Po3 + Vs: P31 + U2Pi2 = 9. 


This equation is independent of p;,. 


Theorem 17.] When the central sphere of a linear hyper- 
complex is not null, the system consists in the circles meeting 
this in the same pairs of points as a linear complex of circles 
orthogonal thereto. 


Theorem 18.] The assemblage of all circles meeting a not 
wull sphere in the same pairs of points as do the circles of 
a linear complex orthogonal thereto will be a linear hyper- 
complex with this as central sphere.* 


If we confine ourselves to what we have described as the 
general linear hypercomplex, we may, as in Ch. XII, reduce to 
the canonical form 


oy Por + Gog Pog = 0. (25) 


Here 11] suffers no exception except for two points on the 
central sphere, and on a circle of the system. 


* Cf. Cosserat, ‘Le cercle comme élément générateur de l’espace’, Annales 
de la Faculté des Sciences de Toulouse, vol. iii, 1889, p. E. 56. 
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The axial circles of the linear complex orthogonal to the 
central sphere shall be called the awial circles of the hyper- 
complex, their cross its awial cross. Their coordinates are 
here / 
Xo = ile Oy; == (OG Xo, = I Oy, = 0. 
We have thus 

L(ap) _ Po ’ 


Ja’ p) Pog 


For a circle of our hypercomplex this becomes 


Tap) .f/f—- VPI _I-/PaT 
SCG A Gate eee eee 


Theorem 19.] The ratio of the cosines of the angles which 
each circle of a general linear complex makes with the two 
- circles of the axial cross is constant, and, conversely, the 
assemblage of all circles such that the cosines of their angles 
with the two circles of a proper cross have a constant finite 
ratio different from zero or unity is a linear hypercomplex 
with the given cross as axial cross.* 

This theorem may be somewhat generalized. Let (q) be any 
circle orthogonal to the central sphere, and (q’) its polar in the 
linear hypercomplex (25); we see, by XII. (17), that if (p) 
belong to our hypercomplex, 

1 (qp) 
=~ = const. 27 
Tp) oe 

Theorem 20.] The cosines of the angles of the circles of 
a general linear hypercomplex with any two circles orthogonal 
to the central sphere and mutually polar in the linear complex 
of circles of the hypercomplea orthogonal to this sphere will 
have a constant ratio. 

Let us turn aside for an instant to look at special types 
of the linear hypercomplex. If 

I=0, J#0, I(ap)= +2] (0’p). 


(26) 


* Cf, the Author’s Circle Cross, cit., p. 165. 
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If [2~J=0 the circles of the axial cross coalesce in 
a circle which is in bi-involution with itself, i.e. an isotropic. 
Reverting to the general case, we rewrite the canonical 
equation 
Ao Por + 2g P23 = 9. (25) 
Let us take an arbitrary sphere (y), The spheres through 
the circles of the axial cross which are orthogonal to (y) are 


(Yz— Yo 90 G) (00 y,—Y, 0). 


The circles of the hypercomplex on the sphere (y) are 
orthogonal to its intersection with (z) where 


%=AyYy, A=—AUW1Yo. 2 = U3Y3, % =— Vega, % = 0 

This sphere is a linear combination of the two spheres 

above, orthogonal to (y). The ratio of the cosines of the 
angles of (z) with these last two spheres is found to be 

Aon VYo” +4)? 

Oleg V Ya? + Ys? 


, hence 


Theorem 21.] In a general linear hypercomplex the circles 
on an arbitrary sphere are orthogonal to a circle coaxal with 
the orthogonal projections of the circles of the axial cross 
thereon, while the cosines of its angles therewith have a ratio 
which is a constant multiple of the ratio of the cosines of the 
angles which the circles of the axial cross make with the given 
sphere. 


This construction for the hypercomplex is simplified if we 


limit ourselves to those spheres where the ratio of the angles 
with the circles of the axial cross is 


da, I—-V/VI?-—J 

23 = 5. 28 

My VJ i, 
Here the circles of the complex will be orthogonal to a circle 


of antisimilitude of the orthogonal projections of the circles of. 
the axial cross. If IJ = 0 we have 


Theorem 22.] A general linear hypercomplea where I = 0 
is composed of the circles on each sphere tangent to the central 


1 
4 
‘ 
H 
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sphere, orthogonal to one circle of antisimilitude of the ortho- 
gonal projections of the circles of the axial cross thereon. 
Suppose that we have a spherical transformation. There 

is necessarily one fixed sphere which will not be usually null. 
On this sphere there will be two pairs of fixed points, lying 
two by two on four isotropics. If we choose our fixed sphere 
as #,= 0, and determine our fixed points by the pairs of 
spheres 7 = aw, = 0, x, = w, = 0, our transformation, if direct, 
may be written 

&) = &, cos d—z, sin 6, 

x,’ = x, Sind +2, cos 4, 

Ly = L,COSH—X, Sin , 

x; = x, sin d+, cos >. 


For an infinitesimal transformation we may write 


dz, = —ax, dé, 
Ct, =. “a, a0; 
dx, = —2, dh, 
dx, = ta. 


Let (y) be a sphere orthogonal to (x) and (w+dz). 
(ya) = (yda) = dO (a4, — 2 Yo) +1 (H2Y3—25 Yo) = 0. 


Remembering, lastly, that an infinitesimal transformation 
must be direct: 


Theorem 23.] If an infinitesimal spherical transformation 
leave invariant a not null sphere and two distinct isotropics 
of each set thereon, then the circles on each sphere im space 
orthogonal to the circle of intersection with the transformed 
sphere will generate a linear hypercomplex with the gwen 
fixed sphere as central sphere, while the axial circles meet this 
sphere in fixed points for the transformation. 


The general linear hypercomplex contains certain rational 
systems of circles which are worth mentioning. Let us first 
define as a serzes of circles a system whose coordinates are 


ei i a 
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proportional to analytic functions of one variable, their ratios 
being not all constants. When the coordinates are pro- 
portional to analytic functions of two variables, the ratios not 
being functions of one variable, the system shall be called 
a congruence. When the coordinates are proportional to 
analytic functions of three variables, their ratios not being 
all functions of two variables, the system is called a comple ; 
when they are functions of four variables, their ratios not 
being functions of three, a hypercongruence. We thus find :* 


Theorem 24.] The characteristic circles of every rational 
series of spheres of order less than sia will be contained vn 
a linear hypercomplex. 


Theorem 25.] Given two rational series of spheres of order 
less than three; there is a linear hypercomplex containing 
the circle of intersection of every sphere of one series with 
every sphere of the other. 


Theorem 26.] The complex of characteristic circles of every 
rational congruence of spheres of order less than three lies in 
a linear hypercomplex. 


The next type of circle system to engage our attention is 
the hypereongruence. We turn especially to the linear 
hypercongruence given by 


Lay Py = Uj; pj; = 0. (29) 


The circles of the hypercongruence are common to all linear 
hypercongruences of the pencil 


d (a) +p (0). 
To find the central spheres we write 
Q; (cc) = A°Q,; (aa) + 2rpQ, (ab) + p2.Q, (bd). (30) 
Suppose first 
pQ; (aa) = Q, (bb). 


* Cf. Mesuret, ‘Sur les propriétés infinitésimales des systémes linéaires de 
cercles’, Comptes Rendus, vol. exxxvi, 1903, 
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We have a transformation of the twenty-four-parameter 
linear sphere group which will carry this into «, = 0. 
Equations (29) will lack all terms in p,,. 


Theorem 27.] If two linear hypercomplexes have the same 
central sphere, this is also the central sphere of every linear 
hypercomplex linearly dependent on them. The hypercon- 
gruence common to the two hypercomplexes consists in the 
totality of all circles in involution with two circles, usually 
distinct, orthogonal to this sphere. 


Theorem 28.] If two linear hypercomplexes consist in the 
totality of circles in involution with two non-cospherical circles 
the pencil of linear hypercomplexes determined by them have 
all one central sphere, namely, that orthogonal to the two 
circles ; when the circles ware cospherical, the hypercomplexes of 

the pencil consist in the systems of circles in involution with 
the circles of the coaxal system determined by the given circles. 


Theorem 29.] If one linear hypercomplex consist in circles 
in trwolution with a fixed circle, while a second hypercomplex 
has a central sphere, the central spheres of their pencil trace 
a coaxal system. 


Theorem 30.] Jf two linear hypercomplexes have different 
central spheres, the central spheres of their pencil generate 
a@ conic series. 

In this case, and this alone, we shall say that the hyper- 
congruence is general. 


Theorem 31.] The circles of a linear hypercongruence lying 
on an arbitrary sphere generate a coaxal system. 

The circles of the hypercongruence on a sphere (y) are those 
orthogonal to the sphere (z) in (23), and to a second such 
sphere determined by another hypercomplex of the pencil. It 
is conceivable that the two spheres orthogonal to (y) should 
coalesce. Here we should have 


n=4 n=4 


> HinYn + & ee Oe 0 b= 0 uw. 4. 


n=0 n=0 
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These, however, are the equations to determine the central 
sphere of A (a) +p (0). 


Theorem 32.] The only spheres which contain more than 
a coaxal system of circles of a general linear hypercongruence 
ave the central spheres of the corresponding pencil of linear 
hypercomplexes.* 


Theorem 33.] Through an arbitrary point-pair will pass 
but one circle of a linear hypercongruence. 


Theorem 34.] The circles of a linear hypercongruence 
orthogonal to an arbitrary sphere generate a linear hyper- 
congruence. 


We leave to the reader the task of noting exceptions to the 
last few theorems. Let us note that it occasionally happens 
that a linear hypercongruence splits into two parts. For 
instance, suppose that we have 


Pu = Por = 9: 

Here, since 2, (pp) = Q, (pp) = 0, we must either have 
Po3 = Por = 9 or else p,, = 0. In the first case we have the 
circles orthogonal to a fixed sphere, in the second those 
cospherical with a fixed circle. We note that in this case 

Q, (aa) = QO; (ab) = QO, (06) = 0, 4= 0504 
Suppose, conversely, that we have 
Q, (ab) = 0, 4-0... 4. 


From (2) we easily find 
n=4 
ba (Adin + Min) (7Q,, (aa) + 20, (ab) + p?Q,, (bb)) = 0, 
n=0 
a = 0%... Se 
n=4 n=4 
> Lin Qy (0b) = > Bin Qy (aa). 


n=0 n=0 


* See an interesting article by Castelnuovo, ‘Ricerche nella geometria della 
retta nello spazio a quattro dimensioni’, At/i del R. Istituto Veneto, Series 7, 
vol, ii, Part I, 1890. 
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Then either 
2, (aa) = pQ,, (bb), n=0...4. 


In this case there is but one central sphere for all hyper- 
complexes of the pencil, or else 


. 2, (aa) = Q,, (6b) =0, n=0... 4, 

The hypercongruence consists in circles in involution with 
} the circles of a coaxal system, i.e. either orthogonal to their 
: sphere or cospherical with the circle whose foci are the points 
common to the coaxal circles. 
: Two linear hypercomplexes have a simultaneous invariant 
_ under the group of spherical transformations which is of 


_ interest, namely, the cosine of the angle of their central 


spheres, 
n=4 


> 2, (aa) Q,, (bb) 


n=0 
Laat JS 
Among complexes of circles the simplest is the linear one, 
defined by three equations of the type * 


cos dé = 


Vay Py = Vy py = Vey Dy = O- (31) 

The study of this figure is clearly closely connected with 
that of the linear hypercomplexes linearly dependent on three 
given hypercomplexes. The complex shall be said to be 
general when no two hypercomplexes of the net have the 
same central sphere. Remembering that one central sphere 
can be taken as «, = 0, 


Theorem 35.] Jf three linear hypercomplexes have the same 
central sphere, that is, the central sphere for every linear hyper- 
complex, linearly dependent on them ; if, further, the three be 
linearly independent, the corresponding linear complex con- 
sists in the totality of circles in involution with those of one 
generation of a cyclide. 

Theorem 36.] If two linear hypercomplexes have the same 
central sphere, and a third have a central sphere different 

* Many writers, as Castelnuovo, loc, cit., use the term ‘linear complex’ for 


that which we have called ‘linear hypercomplex’. 
1702 153 


-™* a 
Hee 


498 CIRCLES IN SPACE ~ c 


from theirs, the central spheres of the net determined by them 
will generate a conic series. 


Theorem 37.] An arbitrary sphere will contain but one 
circle of a general linear complex. The only exceptions to this 
rule are the central-spheres of the linear hyperconupleaes of the 
corresponding net. 


Theorem 38.] The circles of a linear hypercomplex ortho- 
gonal to an arbitrary sphere generate a cyclide. 

This theorera will suffer no exceptions in the general case. 
Let us look for the equation of the surface enveloped by the 
central spheres of the net in the general case. If we write 
Yj = A2Q, (aa) + p2Q, (bd) + v?Q; (cc) + 2 wr Q, (bc) 

+ 2vdAQ; (ca) + 2AnQ; (ab), (32) 


Cd Grd Gd 


(Q(aa)x) (Q(ab)x) (Q(ac) x) 
(Q(ba)x) (Q(bb)x) (Q(be)x) | = 0. 
(Q(ca)a) (Q(cb)a) (Q (cc) x) 


we must have 


Q 
Q 


Theorem 39.] The central spheres of the linear hyper- 
complexes which contain a general linear complex envelop 
a surface of the sixth order which, in cartesian space, has the 
circle at infinity as a triple curve. 


It will be convenient to call this congruence of central 
spheres the central congruence: Each sphere of the con- 
gruence contains a coaxal system of circles of the complex. 
It will pay to investigate this congruence with some care.* 

If (y) be a sphere of the central congruence, we must have 
five consistent equations. 


j=a4 j=4 j= 
1 Dagyjtm > by; +0 > yy; =0, 7=0.,,4.. (83) 
j= v0 j= 


Hy Cosserat, loc. cit., slights the linear complex surprisingly. The following 
discussion is based upon Castelnuovo, loc. cit., pp. 867 ff. 


7 
i 


~ XII 


ALGEBRAIC SYSTEMS 499 


The following matrix must therefore have a rank not 
exceeding two: 


jah jes 

ys Goi Yj Ras es ai > Vas Yj 
j=0 j=0 

$= 4 j=4 

> bo; Gewese bo oh by; 
j=0 G&0 

> Cop Yj e a . ° ° “ > Ca Yj | 
FS0 gi='O | 


Again, the spheres of our congruence appear in (32) as 
depending upon the homogeneous parameters A:p:v, and 
may be represented by the points of a plane or the points 
of a rational surface of the fourth order in four-dimensional 
projective space. The spheres of the congruence orthogonal 
to an arbitrary sphere will be represented by the points of 
a conic or by the points of a space quartic in one to one 
correspondence with the conic, and so, rational, yet without 
a double point. Such a curve being projected from every 
one of its points by a rational cubic cone, has one trisecant 
(line cutting it three times) through each point. Every such 
trisecant meets the quartic three times, every line meeting 
the quartic three times lies in «7? hyperplanes of S,, and so 
is a trisecant of «? quartics. The trisecants in any hyper- 
plane will generate an irreducible ruled surface, hence they 
form an irreducible complex. Let us show that they corre- 
spond to the given linear complex of circles. Let us take an 
arbitrary circle of this complex. We may assume that it is 
orthogonal to 7, = 0. 


i,j=3 4, j=3 a eS 
> Oy Pi = Ps bys Diy = > Cy Py = 
i, j=0 ii = 0 i,j=0 


T12 
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Let this circle be determined by (x) and (z), while (y) is 
a sphere of the central congruence through it. 


Yi = AD +ee;, Ay = —ay, ke 
i= <3 j=3 I= 3 aa 
Zo oy Nyy pH, 5p Fy ey yj Bj + 2q D Ans; +2, Dd Oe; x, = 0. 
j=0 j=0 j=0 = 
j=3 j=8 j=3 j=s 
My ey Dog i m+ 2, > bij @ y+ By Dy bys By + 2, > 55; 2; = 
j=0 j=0 j=0 j=0 
j=3 j=3 j=3 j=3 
Zo dy “oy Bj $2 C5 Bj +2, > Cj “I +25 >, C55 emt 
j=0 F=0 j=0 j=0 
But 
=3 us j = 3 j=3 
a, Oy j2; +21 > hy 2; +2_ D Ugs Bit 2s Dy gz 2 = 0, &e. 
j=0 j=0 jJ=0 j=0 
Hence 
t,7=8 i,j=3 
Oy; 2; (Aw; + he) = am ee byz a (Aw, + 1 2;) 
i, j=0 i, j=0 
t,j=3 
= Cet; ( (Ax; + pz i) = 0. 
i, j=0 


Substituting for (y) in (33), we get four equations: 


jas j=3 
Le yy (AW, + 2s) + mM >, by; (Aw; + Bz;) 
Fit) Ea 


j= 
+n > Cr (AD, +pe;)=0, 1=0...3. 


j=0 


Every solution of three of these is a solution of the fourth 
by the equations immediately preceding. Hence we may 
eliminate 7:m:n from three, getting a cubic in A/p, or 
three central spheres go through our circle. 


A NT MII fA tO 
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Theorem 40.] The general linear complex is generated by 
circles which lie on sets of three spheres of a rational quartic 
congruence. The congruence will be the central congruence 
of the complec. 


Certain special forms of the linear complex are worth 
particular notice. Consider the five equations 


MQ; (aa) + w?Q, (bb) + v?Q, (cc) + 2 pv O;(bc) + 2vAQ,; (ca) 
+ 2Ay0,;(bb) = 0. 


If these equations have a common solution, then all circles 
of the complex are in involution with a fixed circle. The 
congruence of spheres orthogonal to this will be a part of 
the central congruence. A second linear congruence of spheres 
will split off when the equations have two common solutions. 
If they have three common solutions the congruence is 
defined by the circles in involution with three fixed circles. 
If no two of these are cospherical, and the three are not 
orthogonal to any common sphere, the central congruence 
will include all spheres orthogonal to any one of these three 
circles or to the circle cospherical with all three. We see, 
in fact, that in four dimensions we wish to find those points 
through which pass a pencil of lines intersecting each of three 
planes in general position. The locus will be the three planes 
and the plane lying with each in a hyperplane. 

It is conceivable that four linear hypercomplexes of our net 
might consist in circles in involution with fixed circles. If 
three of the fixed circles were (a), (0), (c), the matrix 


Q, (bc) Q, (be) Q, (be) Q, (be) Q, (bc) | 
Q, (ca) Q, (ca) De (ca) Qz (ca) Q, (ca) |) 
|| Q, (ab) Q, (ab) Q, (ab) Q, (ab) Q, (ab) |) 


would have a rank of two or less. If no row vanish identi- 
cally, and no two were proportional, the spheres orthogonal 
to the pairs of our three circles would be coaxal, and there 
would be a circle in bi-involution with all three. Conversely, 
when there is such a circle this matrix will have a rank of 
two or less. But if three circles be in bi-involution with 
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a fourth, every circle cospherical with the latter is in involu- 
tion with the three former, and we have a hypercongruence, 
not a complex of circles. 

If two rows of the matrix be proportional, but no two 
identically zero, the three circles are orthogonal to one sphere. 
If we take this as w, = 0, the five equations above reduce to 


Ap Q, (ab) + pv Q, (be) + vrAQ, (ca) = 0. : 


The circles of our complex are in involution with all those 
of a series. If all the elements of one row vanish, the 
circles of our complex will be in involution with the circles 
of a coaxal system and with one other circle. If all the 
members of two rows vanish, the circles of the complex are 
in involution with those of two coaxal systems with a common 
circle. If the matrix have rank zero, we have no complex, 
but a hypercongruence. 

We next turn to the linear congruence, characterized by the 
equation 


Say; Py = VOy Dy = Voy py = Udi pjyy=0 (34) 


If we write the conditions that a linear hypercomplex 
linearly dependent on these four should consist in cireles in 
involution with a given circle, we find exactly the same 
equations which we encountered in our first analytic treat- 
ment of the pentacycle. Defining as general the linear con- 
gruence where these have five distinct roots, we see 


Theorem 41.|] The general lineur congruence consists in the 
circles in involution with those of a pentacycle.* 


Theorem 42.] Two circles of a linear congruence are ortho- 
gonal to an arbitrary sphere. 

It appears from this that two circles of the congruence will 
pass through an arbitrary point. Assuming a theorem to be 
proved in the last chapter, namely, that the circles of a con- 
gruence are, in general, tangent to four surfaces, we see that 
the circles through a point fall together when it is a focal 


* Cf. Koenigs, Contributions a la théorie, cit., p. F, 11. 
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point, i.e, a point of one of these focal surfaces. We find 
these surfaces by seeking the spheres such that the circles of 
the congruence orthogonal to them coalesce. The equation 
of this complex of spheres is 


(Q (aa) x) (Q (ab) x) (Q (ue) @) (Q (ad) 2) 
(Q (ba) ~) (Q (bb) x) (Q (be) x) (Q (bd) x) 
(Q (ca) 2) (0 (cb) a) (O(c) 2) (2 (ed) 2) 
(Q (da) xz) (Q (db) x) (Q (de) x) (Q (dd) x) 


=0. (35) 


We see, in fact, that this is a covariant form, and when we 
make a linear transformation of the twenty-four parameter 
group to carry this sphere (x) to #,= 0, this equation 
becomes, in the notation of the last chapter, 


| (a/a) (a/b) (a/c) (a/d) 
(b/a) (b/b) (b/c) (ba) | _ 
(e/4) (¢/b) (c/c) (o/d) 
(d/a) (d/b) (de) (d/a) 
This is the necessary and sufficient condition that four 
linear complexes of circles orthogonal to a sphere should have 
but one common circle.* 


Theorem 43.] The focal surface of the general linear con- 
gruence is of the eighth order and, in cartesian space, has the 
circle at infinity as a quadruple curve. 

This theorem will admit of special cases when the circles 
of the pentacycle have special positions. Let us pass over to 
the consideration of the surface of foci of the circles of the 
congruence. It will simplify our reckoning if we assume that 
(a), (b), (c), (d) are circles of the pentacycle. The complex 
of central spheres will be parametrically expressed by the 
equations 


Ue => Ay Q,; (ab) + Ap Q; (ac) + Ap Q, (ad) + pr Q,; (be) 
+ ppQ; (bd) + vpQ,; (ed). (36) 


* Cf, Jessop, Line Complex, cit., p. 72. 
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It is to be noted also that the central spheres are the only 
ones on which lie circles of the linear congruence. The foci 
are thus the vertices of the null spheres of this complex. The 
spheres of this complex are in one to one correspondence 
with the points of a three-dimensional projective space. The — 
points (1000), (0100), (001°), (0001) and one other are 
exceptional. They correspond to linear hyperecomplexes with 
no central sphere, or rather each has a linear congruence of 
central spheres orthogonal to a circle of the pentacycle. The 
vertices of the null spheres of such a congruence are the 
points of the circle of the pentacycle. The five circles of the 
pentacycle are thus imbedded in the surface of foci. 

Again, if we write the equations 

(gy) = (ry) = (sy) = ©, 
we have three quadrics in our three-dimensional space with 
eight intersections. Five of these must be rejected as they 
correspond to circles of the pentacycle; there will remain but 
three, so that the complex of central spheres is of the third 
order, and has an algebraic equation 
fP(@) =0. 

The surface of foci is thus a surface of the sixth order. 

Suppose, now, that (q’) is the circle cospherical with (8), (c), 
and (d). The spheres through (a) cut (a’) in pairs of points 
which are foci of circles in involution with (a), (b), (c), (d), so 
that (a’) lies on the surface we seek. We thus find another 
excellent theorem due to Stephanos : * 


Theorem 44.] Fifteen associated circles lie on a surface of 
the sixth order which is the surface of foci of the sia linear 
congruences of circles in involution with those of the sia 
pentacycles of the associated system. 

This is, of course, the surface of the sixth order previously 
found. 

In the three-dimensional projective space five points corre- 
spond to linear congruences of spheres orthogonal to the 


* Quinze cercles, cit., p. 634. 


Sean ALGEBRAIC SYSTEMS 505 


circles of the pentacycle. Let us call these the notable 
points. For a point in a plane through three notable points. 
we have such equations as 


p=90, Y; =ABQ; (ab) + dv Q; (ac) + pv Q, (be). 


If these notable points correspond to the circles (a), (bd), (c), 
since (d’) is cospherical with them, it is orthogonal to the 
common orthogonal spheres which they determine two by two 
(ef. XII, theorem 2), so that 


nma=4 


> din'Yn = 0, 1=0...4. 


n=0 


Hence these planes will correspond to the congruences of 
circles orthogonal to the other ten circles of the associated 
System. 

Again, consider a line joining two notable points, say 
y=p=0. All points of this line will correspond to a single 
central sphere, z; = Q;(ab). It will be a double sphere in our 
variety. We see, in fact, that the intersections of the variety 
with a coaxal sphere system including such a sphere will 
correspond to the intersections of three quadrics through a line 
of this type. Three such quadries have but four other common 
points, whereof three, in the present case, are notable. Every 
line of this sort contains two notable points, lies in three 
planes through three notable points, and intersects one plane 
through three such points, hence 


Theorem 45.] The pairs of foci of fifteen associated circles 
lie by sixes on ten spheres, four of which pass through each 
pair of foci. These are the double spheres of the ten cubic 
complexes of central spheres corresponding to the six penta- 
cycles of the associated system. 

Each double sphere is orthogonal to two circles of our 


pentacycle; there is thereon a coaxal system of circles in 
involution with these two and with two other circles of the 


pentacycle. 


= 
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Theorem 46.] Hach of the ten double spheres of the complea 
of central spheres contains a coaaal system of circles of the 
linear congruence.* 


There is almost a transfinite number of special varieties 
of the linear congruence, The essential facts connected with 
some are obtained by remembering that such a congruence 
corresponds to the lines in S,, which intersect four planes. 
We leave to the reader the proofs of the following theorems 
which are easily reached in this way. 


Theorem 47.] The circles in involution with four circles 
whereof two, and only two, are cospherical, while no three are 
orthogonal to one sphere, form a reducible congruence composed 
of a linear congruence of circles orthogonal to the sphere of 
the two circles, and a congruence of circles cospherical with 
a fixed circle. The complex of central spheres reduces to that 
of spheres orthogonal to the sphere of the two circles, and 
a quadratic conplex. 


Theorem 48.] The congruence of circles in involution with 
four circles whereof three are orthogonal to one sphere, while 
no two are cospherical, consists in a linear congruence of 
circles on the given sphere. 


Theorem 49,] The circles in involution with four circles 
which are cospherical in two pairs, but no three orthogonal to 
one sphere, will consist in a linear congruence orthogonal 
to each of the given spheres, and the congruence of circles 
cospherical with the two circles on each of which lie the foci of 
two of the given circles. 


The last linear family of circles which we shall consider is 
the linear series, This is characterized by such equations as 


Lappy = Thy py = Vey py = Vdypy = Vey py = 0. (87) 


* This cubic complex of spheres has been quite thoroughly studied. Cf. 
e.g. Segre, ‘Sulla varieti cubica con dieci punti doppii’, Atti della R. Accademia 
delle Scienze di Torino, vol, xxii, 1887, 


XU ALGEBRAIC SYSTEMS 507 


A circle (p) of the series is orthogonal to #, = 0 if the five 
equations 


(a/p) = (b/p) = (o/p) = (d/p) = (@/p) = 0 
have a common solution which is also a solution of (p/p) = 0. 

A necessary and sufficient condition for this is 

(a/a) (a/b) (afc) (a/d) (af) 

(b/a) (b/b) (b/c) (b/d) (bf) 

(c/a) (e/b) (o/e) (o/d) (o/e) |= 0. 

(d/a) (d/b) (d/e) (d/d) (de) 

(e/a) (e/b) (ee) (e/a) (ee) 
This, in turn, may be written in the covariant form 
(Q(aa)a) (Q(ab)x) (Q(ae)x) (Q(ad)x) (Q(ae)ax) 
(Q(ba)x) (Q(bb)x) (Q(be)x) (Q(bd)x) (Q(be)z) 
(Q(ca)a) (Q(ch)x) (Q(ec)x) (Q(ed)x) (Q(ce)x) | = 0. (38) 
(Q(da)a) (Q(db)x) (Q(de)x) (Q(dd)x) (Q(de)a) 
(Q(ea)@) (Q(ed)a) (Q(ec)a) (Q(ed)x) (Q(ce)a) 


Theorem 50.] The circles of a linear series generate a sur- 
face of the tenth order which, in cartesian space, has the circle 
at infinity as a quintuple curve. 

The coordinates of the circles of our series satisfy five linear 
equations, and are linearly dependent on those of five of their 
number. Exactly the same is true of the coordinates of the 
circles in involution with all those of the given series. 


Theorem 51.] The circles of a linear series are in involu- 
tion with those of a second such series. The relation between 
the two is reciprocal. Each series will contain every penta- 
cycle whereof it contains four circles. 


Our linear series will correspond to a ruled surface of the 
tenth order in S,. In the series of planes which correspond 
to the foci of the circles of our series ten members will inter- 
sect any line. Consider any point on the curve generated 
by these foci. A circle through it is always cospherical with 
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the other focus, mate to the given one. There will also be 
two circles through this point in involution with four given 
circles, as we see from 42]. 


Theorem 52.] The foci of the circles of a linear series trace 
a curve of the tenth order which is a double curve of the surface 
traced by the linear series of circles in involution with the 
given ones.* 

Suppose that we have six linear equations 
Say Py = Vy Dy = Vey Py = Udy Piz = = Cay Pj 

Py j Pij = 9 

All solutions of these will be dependent linearly on four 

such, whence 


Theorem 53.] Sia circles of which each four determine 
a pentacycle not including either of the other two are in 
involution with the circles of a pentacycle and with no 
others, 


§ 3. Other Simple Systems. 


Enough has now been said about linear systems of circles in 
space. We turn to certain other algebraic systems of almost 
equal simplicity. The first of these shall be the complex of 
circles lying on the spheres of a general quadratic complex.t 
We shall mean by the order of a complex of circles the number 
of circles on an arbitrary sphere, the linear complex being 
thus of order one.§ 


Theorem 54.] «Zhe complex of circles lying on pencils of 
spheres of a general quadratic complex is of order zero. On 


* Cosserat, loc. cit., p. E. 76. 

t+ Richmond, loc. cit., and Weitzenbick, loc. cit., reach the five-line figure 
a corresponds to the pentacycle originally in this way. 

¢ Cf. Fano, ‘Sul sistema di rette di una quadrica dello spazio a quatiey 
diceacioni’ » Giornale di Matematica, Series 2, vol. xii, 1905. 

§ For a study of complexes of orders one and two see various articles by 
Marletta, Rendiconti del Cercolo Matematico di Palermo, xxviii, 1909, xxxiv, 1912, 
Xxxviii, 1914 ; Atti dell’ Accademia di Catania, Series 5, vol. iii, 1910, and yol, vi, 
1913; also Bierdalk di Matematica, Series 2, vol. xix, 1912, 


okey 


. 
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each sphere of the complex will lie a conic series of circles 
of the circle complex. 


Other properties of this circle complex are reached by 
representing it as the totality of lines on an S,2 in S,. If two 
lines of such a hypersurface intersect they belong to a cone 
imbedded in the hypersurface; if they do not intersect their 
hyperplane cuts the hypersurface in a quadric whereof one 
system of generators includes the two lines. 


Theorem 55.] Two circles of the complex which are 
cospherical determine a conic series of the complea which 
includes them ; two which are not cospherical determine like- 
wise one generation of a cyclide. 

We shall mean by the order of a congruence of circles the 
number orthogonal to an arbitrary sphere, that is, the order 
of the complex of spheres through them; the class shall be the 


“number cospherical with an arbitrary circle. Our general 


linear congruence of circles is thus of the second order and 
third class. A hyperplane in S, tangent to S,? meets it in 
a cone whereof one generator will meet any chosen line 
of S,?. Thus two lines of S,? meet any chosen line thereof 
and any arbitrary line. A hyperplane in S, meets S,? in 
a quadric, two of whose generators will intersect an arbitrary 
line of S,?.. Three arbitrary lines of S,”, whereof no two are 
cospherical, meet one line in space. 


Theorem 56.] The circles lying on pencils of spheres of 
a general quadratic complex which are cospherical with one 
of their number generate a congruence of the second order 
and class, Three circles of the complex, whereof no two are 
cospherical, belong to one such congruence and only one. 
Two such congruences will meet in a conic series, or in one 
generation of a cyclide. 

An interesting algebraic congruence of circles is reached as 
follows. Suppose that we have three circles, no two of 
which are cospherical, nor are all three orthogonal to one 
sphere. The spheres orthogonal to them will form three 
linear congruences. Let a projective relation be established 


. P ' 
oe Mian stipend 
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between the members of these three congruences, the common 
orthogonal sphere to two of our given circles being in no case 
self-corresponding. We propose to study the congruence of 
circles, each orthogonal to three corresponding spheres in the 
three projective congruences.* In S, we have the lines of 
intersection of corresponding triads in three projective bundles 
or nets of hyperplanes. An arbitrary hyperplane will cut 
these three bundles in three projective bundles of planes. 
Corresponding planes in the three bundles will be con- 
current in the points of a general cubic surface. Analytically, 
if we express these three bundles in 2, = 0 in the form 


.€ =i, 4 +pZ, +rT,, 


A; => AY,’ +pZ;’ +rT;, 
B04! = Vi 4 pZ +7’, 


°) rue ( a Nae 
sli Syma |= S,(Q, by v), y= 0...3. 


If there be a line of the congruence in this hyperplane, 
three corresponding planes of the three bundles will pass 
through it. This will require 


A (pY;+9qV i +7V) +4 (pZ;4 94 +7Z,") 
t+v (pT; + qT; +rT7,”) = 0, Z1=0...3. 


Taking two sets of three equations from these four and 
eliminating p, g, 7, we get two homogeneous cubie equations 
in A, pw, v with nine common solutions. Three of these must 
be rejected, for the equations in A, p, v arose from equating to 
zero the discriminants of two sets of three linear equations, 
two equations being the same in both sets. It is easy to see 
that there will be three values of A, », v, which will make these 
two equations identical, yet will not correspond to solutions of 
all four equations. Six lines of the congruence lie in an 
arbitrary hyperplane. 


Theorem 57.] If a projective relation be established between 
the members of three linear congruences of spheres with no 


* Cf. Castelnuovo, ‘Una congruenza di terzo ordine’, Atti del R. Istituto 
Veneto, Series 6, vol. v, 1887. 


, 
—— . — — 
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common member, where no two of the congruences have more 
than one common member, and that one not self-correspondi ng, 
then the circles orthogonal to corresponding triads of spheres 
will generate a congruence of the third order and siath class. 


We shall call this the general congruence of the third order 
and siath class. We may express such a congruence analy- 
tically in the form 

x, — hy; + pz, 4- vt’, 4 9) 

3 
a” = hy,” vt ez,” ¥. vt,”, 

PPG = vy, ty Lp’ |, t=0...4 


The congruence is rational. If we connect dA, p, v by 
a homogeneous linear relation, we get a rational cubic series 
of circles. 


Theorem 58.] Jf a projective relation be established among 
the members of three coaxal systems of spheres, no two having 
a common sphere, nor are all three orthogonal to one same 
sphere, the circles orthogonal to corresponding triads of spheres 
will generate a rational cubic series. Three circles of such 
a series will be in involution with an arbitrary circle. 

A sphere (x) will be orthogonal to our circle (p) if 

nm=4 n=4 


» Pin®&n= > Pin®n ——a()s 


n=0 n=0 


If the coordinates (p) be homogeneous binary cubic forms, 
the resultant of these equations will be of the sixth degree 
in (2). 


Theorem 59.] <A rational cubic series of circles will 
generate a surface of the twelfth order which, in cartesian 
space, has the circle at infinity as a seatwple curve. 


Let the reader prove the following: 
Theorem 60.] The spheres orthogonal to pairs of adjacent 


| 
| 
| 
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circles of a rational cubic series will generate a rational 
quartic series of spheres. The circles of curvature of the 
corresponding annular surface are in bi-involution with 
the corresponding circles of the cubic series, and will generate 
a rational sextic series. 


The rational cubic series of circles will appear in S, as 
a rational ruled surface of the third order, not lying in 
a hyperplane. If a hyperplane pass through a line which 
meets three generators of such a surface in three distinct 
points, this line will be a part of the cubic curve which the 
hyperplane cuts from the surface. If, further, the hyperplane 
include two of the generators meeting this line, the cubic 
curve must consist in these two generators and the line, hence 
all the generators meet this line. If three such skew gene- 
rators could not be found the surface would be a cone. This 
possibility is ruled out, as otherwise the congruence would be 
composed of 7 cones, an absurdity. 


Theorem 61.] The circles of a rational cubic series are all 
cospherical with one fixed circle. 
Reverting to our congruence, we see that two sets of 


parameter values for A, », v, which are essentially distinct, 
will be connected by just one linear relation; hence 


Theorem 62.] Any two circles of the general congruence 
of the third order and siath class will belong to just one 
rational cubic series of the congruence. 


The circles which determine our projective linear con- 
gruences of spheres do not belong to our given congruence, 
They have the coordinates 


Vig =|Yu2ttm | P' Va; =| Yn 20 bm’ | Pej” =| Yee er bm” |. (40) 


We next write 


y] 


S21 


p= ly t my + ny", 


j= lz;+-mz + nz;,”, 


, 


oH 


j= ltjtmt/ tnt”. 


»: 
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If we replace (y) (z) (t) by (%) (2) @) in (39) and (40) the 
coordinates of () are unaltered in value, as are those of (q') 
and (q”), while (7) becomes any circle of a general congruence 
of the third order and sixth class which includes (q) (q’) (q”), 
Any three circles of this congruence may be taken to replace 
(q) (7) (q”). Our new congruence is determined by a projec- 
tive relation among the linear congruences of spheres respec- 
tively including to (y) (y’) (y”), (2) (2) (2”), and to (t) (’) (t”). 
The two congruences of circles bear a reciprocal relation to one 
another (analogous to that of the two systems of generators of 
a quadric) ; each shall be said to be conjugate to the other. 


Theorem 63.] There is associated with each general circle 
congruence of the third order and sixth class a conjugate 
congruence of like structure. Each congruence is composed 
of circles orthogonal to the corresponding members of three 
projective linear congruences of spheres each orthogonal to an 
arbitrary circle of the other congruence, the three not being 
members of one same rational cubic series. 


The last restriction amounts in the above case to the 
inequality 710. We see that otherwise (q) would belong to 
a rational cubic series with (q’) and (q”) and p;, =0. It is 
thus a characteristic feature of three circles belonging to 
a rational cubic series that spheres orthogonal to them and 
to the same circle of the conjugate congruence are coaxal, 
the common circle which we shall presently find to be that 
appearing in 61]. Let us call this the directrix circle.* 

Let us take a cubic series of our congruence, and two circles 
of the conjugate congruence which are cospherical with the 
directrix circle. In S, we have a rational cubic series of 
lines, which meet a directrix line d, and two other lines / and 

I’, which also meet d. The lines of the first series will deter- 
mine projective pencils of hyperplanes through / and /, 
Corresponding hyperplanes of these pencils intersect in planes 
through d@ (which lies in every hyperplane of each pencil) 


* Castelnuovo, Una congruenza, cit., calls the circles of the conjugate con- 
gruence directrix circles, while these are axial circles, 


1702 kek 


Ss 
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and the various lines of the series. If, now, /” be any line 
of the cubie series of the second congruence which includes 
i and I’; it will intersect every plane which includes d and 
a line of the first series, for the lines of the second series will 
determine with any line of the first a pencil of hyperplanes 
through the plane of the first line and d. 


Theorem 64.] Two conjugate general congruences of the 
third order and siath class have the same congruence of 
directria circles. 


Each cirele of our congruence belongs to 0! cubie series 
and is cospherical with so many directrix circles. Each two 
belong to one such series and are cospherical with one same 
directrix circle. We shall prove presently that each two 
circles of the congruence are cospherical with but one directrix 
circle. Since a cubic series arises from a linear equation 
in the homogeneous variables A, », v, each two of these series 
have a common eircle, or each two directrix circles are 
cospherical with (at least) one common cirele of the given 
congruence. 

We see that in S, the cubic hypersurface corresponding to 
the complex of spheres through our surface will meet a hyper- 
plane in a cubic surface which will usually be non-singular. 
This surface contains twenty-seven straight lines. Six of 
these are lines of the congruence in the hyperplane. We next 
notice that as each directrix lines meets a line of either con- 
gruence at each of its points, and through each point of a line 
of the congruence will pass one directrix line, the directrix 
lines generate the same hypersurface as the lines of either 
congruence. Hence of the twenty-seven straight lines six 
belong to either congruence, and constitute together a double 
six of Schlafli.* No two lines of the same double six intersect, 
but each line of one intersects four of the other. The remain- 
ing fifteen lines of the twenty-seven intersect the lines of each 
double six in pairs, and are the lines of the congruence of 
directrices which are determined by these pairs. This proves 


* “The twenty-seven lines upon a surface of the third order’, Quarterly 
Journal of Math., vol. ii, 1858, 


i 
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our statement that two circles of our congruence are co- 
spherical with but one same directrix circle. 


Theorem 65.] The congruence of directria circles is of the 
third order and fifteenth cluss. 

There is one more type of algebraic congruence which is 
capable of complete and simple discussion. We ask this 
question, ‘What are the possible types of irreducible algebraic 
congruence of the first class?’ We must lay stress on the 
fact that the congruence is supposed to be irreducible, as 
otherwise we might adjoin to any such congruence any 
number of congruences of cospherical circles. In S,. the 
analogous question is this: ‘What types of line congruence 
are there such that there are a series of lines in every hyper- 
plane which contains two lines of the congruence?’* Such 
a congruence will be dual to a congruence of planes whereof 


‘but one member goes through an arbitrary point. These will 


meet an arbitrary hyperplane in a congruence of lines of 
which but one passes through an arbitrary point. This 
congruence can have no focal surface but a focal curve, or else 
consist in concurrent lines. There are but four types of such 
congruence : t 


A) Concurrent lines. 

B) Lines meeting two skew lines. 

C) Secants to a cubic space curve. 

D) Lines intersecting a given line and a space curve of 
order n which meets the given line 7—1 times. 


Working back to the congruence of planes we see that in 
the first case each two must be coaxal, i.e. all the planes go 
through one line. In each other case each plane is coaxal 


* Circle congruences of the first class have been studied by Pieri, ‘Sopra 
aleune congruenze di coniche’, Atti della R. Accademia delle Scienze di Torino, 
yol. xxviii, 1893. His work contains the vicious assumption that if but one 
circle goes through an arbitrary point it must be a congruence of the first 
class, without showing that the complex of null spheres might not be the 
complex of spheres such that the circles orthogonal to them fall together. . 

+ Cf. Kummer, ‘ Uber algebraische Strahlensysteme’, Berliner Akademie, 
Abhandlungen, 1866, pp. 8 ff. 

Kk 2 
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with oo! others. There are thus oo! of these axes, and each is 
coplanar with one other in each plane of the system. Hence 
all the axes and all the planes pass through a point, or, in 
the original case, all the lines of the congruence are in a 
hyperplane. 


Theorem 66.] There are. but four types of irreducible 
algebraic congruence of the first class : 


A) Circles through two points. Order zero. 


B) Circles cospherical with two distinct or adjacent non- 
cospherical circles. Order one. 


C) Circles each containing two members of a rational cubse 
series of point-pairs anallagmatic in a given sphere. Order 
three. 

D) Circles which contain point-pairs of a series of order 2 
anallagmatic in a fixed sphere and point-pairs of a fixed 
circle containing n—1 point-pairs in the series. Order n. 

Let us close our discussion of algebraic circle systems by 
exhibiting a transformation that is rather different from any 
that we have yet seen.* We saw frequently in the last chapter 
that if a circle be given orthogonal to a not null sphere, there 
is just one other circle orthogonal to that same sphere which 
is in bi-involution with it. This leads us to a new circle 
transformation as follows. We start with a fundamental not 
null circle (q) and transform each circle (p) into the circle (p’), 
which is in bi-involution with it and orthogonal to the 
common orthogonal sphere to (p) and (q). If (p) be deter- 
mined by the spheres (x) and (y), 

Wy, 
PPG =| Ye M  — Ym 
O17 (pq) 24 (Pd) Qin (PQ) 
= Pim 24 (PD) + Pmx 2 (PY) + Pra Qm (PY). (41) 


Another way of stating this correspondence is to say that 
(p’) is the circle which passes through the foci of (p) and is 


vy Lm 


* See the Author’s Circle Cross, cit., pp. 172 ff. 
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orthogonal to the sphere connecting these foci with those 
of (q). The transformation is involutory, and the only 
singular circles are those which are cospherical with (q). 
The most striking fact about the transformation is that it 
does not carry spheres to spheres, i.e. cospherical circles are 
not carried over into cospherical circles. Suppose, in fact, 
that we have the circle (p) determined by the spheres (a) 
and (y), and the circle (p) determined by (@) and (7). We 
find 


a &; Uy, a] em 
Yi Y; Yi Y Ym 
yp) = On v; a; ay, 2 0 
Qn (p p) et | In yi, jj iy, 7 5 f 
| 0 Q(pq) 2; (pq) 2;,(p9q) Q21(p9) Qn( Pq) 
Qm (PY 25(Pq) 2; (Pg) Qy (Pq) Qi(py 0 


Assuming that (p) and (/) are cospherical so that 
Q;(pp) = 0, t= Ores. 
bind 
Qn (p’p’) = ee [2 (pq) Qin( PD) Qin (PD % (pq) ] a 
rae [Pin Pmé + PriPmj + Pi Pmi| 


4,4=4 
+ & [2;(9) 2,(9) —2,.(p9) 2;(P9q)] 
arse [PméPtm — P mi Pim] 

This vanishes for all values of m and all pairs of cospherical 
circles where 

2;(pq) = 2i(P9)- 

Theorem 67.] Lhe transformation which carries each circle 
not cospherical with a fundamental not null circle into the 
circle in bi-involution with it and orthogonal to the sphere 
orthogonal to the given and fundamental circle, is single 
valued and involutory. It will carry cospherical circles into 
cospherical circles when, and only when, they are orthogonal 
to the same sphere orthogonal to the fundamental circle. 

It will be found that the relations of involution and bi- 
involution are not invariant, nor is the transformation usually 


| 
| 
Le 
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a contact transformation. Suppose that (p) traces a coaxal 
system including one cospherical with (¢), we have 


Diy = Lay; — BD; 9 =O eetes 


When no member of the coaxal system is cospherical 
with (q) 
Pig = Ma;; + 2Aw djs aa Heys, by J =O eure 


All of these circles are orthogonal to the sphere traced by 
the coaxal circles. We need to impose three linear conditions 
upon a circle orthogonal to this sphere in order to make it 
cospherical with all circles of the system, hence: 


Theorem 68.] . A coaxal system of circles including one 
member cospherical with the fundamental circle is transformed 
into another such coaxal system; a coaxal system which m- 
cludes no member cospherical with the fundamental circles 
is transformed into one generation of a cyclide anallagmatic 
im the sphere generated by the coaxal system. 

It would be pleasant if the coaxal system cospherical and 
orthogonal to the given one transformed into the conjugate 
generation of the cyclide; such is not, however, the case. We 
find the transforms of the circles of a sphere x, = 0 (which, we 
may assume, bears no special relation to the fundamental 
circle) as follows. (p’) will have (different from zero) only 
those coordinates which lack the subscript ,, for (p) the only 
non-vanishing coordinates are those which do involve the 
subscript ,. We find also in the notation of the last chapter 
(p'/q) = 0. 


Theorem 69.] The circles of a sphere not containing the 
fundamental circle non-orthogonal thereto are transformed 
into the circles orthogonal to that same sphere and cospherical 
with that circle which is orthogonal to this sphere and meets 
im the same points as the fundamental circle. 


Consider the circles of the sphere w, = 0, which are ortho- 
gonal to ,=0. The only coordinates which are not zero 


AL€ Poq> Pyar aNd p.,. The transformed circles are found to 
generate a linear congruence. 
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Theorem 70.] The circles of a linear congruence on a 
sphere which does not contain the fundamental circle, and is 
not orthogonal thereto, are transformed into those of a linear 
congruence orthogonal to the given sphere. 


Suppose that we have a bundle of circles through two 
points. Their foci will be any pair of points of the circle 
whose foci are the given points. 


Theorem 71.] The circles through two points not on the 
fundamental circle will transform into the circles through 
each pair of points on the circle with the given points as foci, 
and orthogonal in each case to the sphere through the pair of 
points and the foci of the fundamental circle. 


Theorem 72.] The circles orthogonal to a sphere which does 
not contain the fundamental circle are transformed into the 


circles through pairs of points of this sphere orthogonal in each 


case to the sphere through the pair of points and the foct of the 
fundamental circle. 


Suppose that we have a fixed circle (r) and that (p) is 
cospherical therewith. The foci of () and (r) are concyclic, 
and conversely, if a pair of points be concyclic with the foci 
of (r) they are the foci of a circle cospherical with (7). . 
(p) transforms into a circle through the foci thereof and 
orthogonal to the sphere which connects them with the foci 
of (q). If we take any sphere through the foci of (q), the 
pairs of points thereon concyclic with the foci of (r) are 
mutually inverse in the sphere through (7) orthogonal to 
the given sphere. 


Theorem 73.] The circles cospherical with a circle which is 
not cospherical with the fundamental circle transform into 
circles orthogonal to the spheres orthogonal to the fundamental 
circle at pairs of points which are mutually inverse in the sphere 
through the given circle orthogonal to the sphere in question. 


When (r) and (q) are cospherical, every circle through the 
foci of (7) lies on a sphere through the foci of (q). 


520 CIRCLES IN SPACE, ALGEBRAIC SYSTEMS 


Theorem 74.] The circles cospherical with a circle which is 
cospherical with the fundamental circle transform into circles 
in involution with the given circle, and with the circle which 
contains the foci of the given and the fundamental circle. 


It is superfluous to state that few parts of our subject offer 
better opportunities for further study than what we have 
taken up in the present chapter. There is much that has 
already been done in the line geometry of four dimensions ~ 
which gives simple and interesting results in circle geometry, 
but which we have been forced to omit for lack of space. 
It seems certain that there is still a good deal left in the linear 
systems beside what we have taken up. The quadratic 
hypercomplex is an entirely undeveloped field; no researches 
whatever seem to have been made there so far, and unless 
it belies entirely the reputation of the analogous quadratic 
line complex, there must be a large amount of treasure to 
be unearthed. Then a study of further congruences and com- 
plexes of low order and class would seem advisable. Lastly, 
the involutory transformation just described is after all of 
very special type. Is there not an interesting general theory 
of circle transformations which are not sphere transformations ? 
Truly, the harvest is ripe for the reaper. 


CHAPTER XIV 


ORIENTED CIRCLES IN SPACE 
$1. Fundamental Relations. 


WE saw in Chapters X and XI what important changes 
were introduced into the geometry of circles in the plane and 
of spheres in space by orienting the figures, that is to say, by 
attaching a positive or negative sign to the radius. It is the 
purpose of the present chapter to study the oriented circle in 
space.* It will appear that the alterations introduced in this 
case are much less profound than before. The reason for 
this is that whereas formerly the non-oriented circle in the 
plane was treated as a point locus and the oriented one as an 
envelope, and the two had markedly distinct transtormation 
groups, in the present case it seems impossible to treat the 
oriented circle in space fruitfully as other than a point locus 
and under the group of spherical transformations. 

We start with two points (w) and («) of pentaspherical 
space. The circle with these as foci has the coordinates 


This circle will be null if 
= pi" =— (aa) == (3 


We next suppose that the circle has been oriented. This 
may be done for a real circle by attaching thereto a sense of 
description, or giving a sign to the radius, or, better still, by 


* About half of the results given in the present chapter were first worked 
out by Dr. David Barrow, and presented in his dissertation for the doctorate 
_ of philosophy in Harvard University in 1913. Many were subsequently 
published in a short article, ‘ Oriented Circles in Space’, Transactions American 
Math. Soc., vol. xvi, 1915. 
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establishing an order between the two foci, calling one the 
first and the other the second, this latter method holding 
even in the complex domain. We shall therefore define as 
an oriented circle in pentaspherical space a circle between 
whose foci there has been established a preference. When 
the réles of the two foci have been interchanged, the resulting 
oriented circle is said to be the opposite of the original one. 
A null circle is its own opposite. An oriented circle shall 
have twenty-one homogeneous coordinates p;; p, defined as 
follows: (p;;) shall be the coordinates of the circle not oriented. 
The first and second foci being (x) and (2), 


PP =U,;F;—2,H;, pp= (ai). (1) 


These twenty-six coordinates are connected by the sixteen 


relations 
=4 


Pie = —Py, Q:(pp) =0, 1=0...4, > 22 (pp) +p? = 0. (2) 
t+=0 
Suppose, conversely, that we have twenty-six homogeneous 
coordinates, not all zero, which satisfy the equations (2). The 
circle, not oriented, is uniquely determined. The foci are 
found as follows. If (x) be the first focus, (z), (s), and (é) 
three points on the circles, we have 
(qe) == (az) = (a8) = (at) = 0. 
nm=4 
pa; =| 2; 8b, @m| = D Pin®n- 
n=0 


We have five homogeneous linear equations in (#) which 
are compatible if ? 


—P Por Por Pos Pos 
Pio —P Pio Piz Pris 
Poo Po —P Pox Pos | = 9: 
Pso Ps: Ps, —P Psa 
Poo Pa Paz Pas —P 


Remembering our equation (2), 


pS AEP 
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If we substitute either of these values and find (x) from 
four of the five equations, we have an unsymmetrical result. 
A better plan consists in taking an arbitrary sphere (y), 
multiplying the solution obtained by omitting the equation 
corresponding to subscript k by y;,, and summing. 


Yi Piz Pik Pa Pim 
Y; —P Pyke Pjt Pjm 
ou =| UE Prj —P Pkt Pkm |? p awl 
YW Py Pu oP Pin 
Ym Pmj Pmk Pmt —P 


= SS) ES aes ae wgg ey 


If we reintroduce a symbol already used in the last chapter, 
n=4 
Py = >; Pin Pjns 
n=0 


‘we find for the first and second foci respectively 


GA 


ha, = & (pp —Pij)y;- (3) 
j=090 > 
j=4 

pe; = 2 (ppytPiy) y;- 
j=0 


These formulae enable us to write at once the formula for 
paratactic circles, XIII. (15) 


nm=4 n=4 n= 4 n= 4 
Say rowed fie 
Pp > PinP in +P iat i, = pr > PinPin if js Vahl ep = 0. 
m= 0 n=0 n=0 w= 0 
(4) 
n=4 n=4 n=4 n= 4 
— Bae a: [a= 
Pp > PinP in’ —P’ > Pin’ Pin = py > PinPin — > Peli = 0, 
n=0 n=0 n =0 ny ='(0) 
40... 4. 


When the first equation prevails, the circles shall be said 
to be properly paratactic; in the other case, improperly so. 
Proper parataxy occurs when the first foci are on an isotropic, 
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and the second foci on another skew to the first. In the case 
of improper parataxy each first focus is on an isotropic with 


the second focus of the other circle. We find for the angle of — 


two circles from XII. (12) 


0 {Piz + PI 
sin = = —_*—_.. 
2 2 pq 
Note that the angle of properly tangent circles is zero. 
Suppose now that we have a linear transformation of our 
homogeneous coordinates which leaves invariant our identities 
(2). Let us show that it must be a spherical transformation or 


. 


v 


such a transformation followed by reversal of orientation. — 


We first ask, ‘ When will a linear combination of the coordi- 
nates of two oriented circles give the coordinates of another 
circle?’ Let us write 


Pij ar AQiy TET is a Aq +E; Ly j = 0... 4. 


Substituting in the identities (2) we see that the circles 
(q) and (r) must be cospherical and, if their common sphere 
be not null, they must be properly tangent. If the common 
sphere be null, the last condition is satisfied automatically 
for two oriented circles with the same first or second focus. 
Now a system of circles whereof each two are properly 
tangent could not depend upon more than two parameters 
at most, while the circles with a given first or second focus 
depend on three parameters. Hence a system of circles with 
a given first or second focus will go into another such system ; 
hence properly tangent circles on a not null sphere will go 
into other such circles. 

If two not null circles be cospherical they will be properly 
tangent to an infinite number of common circles. Conversely, 
when this is the case for two not null circles (in cartesian 
space), every point on the line of intersection of their planes 
must have the same power with regard to the two. Hence 
this Jine meets them in the same two points, and the circles 
are cospherical. Cospherical circles will, then, go into co- 
spherical circles, or a sphere goes into a sphere, and since 
none but a null sphere contains two sets of «* oriented 


- 
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circles with a common first or second focus, a null sphere goes 
into a null sphere. A null and a not null sphere will have but 
one common oriented circle when, and only when, the vertex 
of the null sphere is on the not null one, Hence points 
of a sphere go into points of a sphere, and we have either 
a spherical transformation or such a transformation joined 
with a reversal of orientation. 

It is worth while looking a bit more closely at this question 
of linear dependence. Let us write 


Pi — Ay + p;; + vei; a pds + rey 3 
p=atpubt+rvet+pdt+oe, 4,7=0...4. 
We then substitute in the equations 
2) (pp) = 2, (pp)-= Q, (pp) = = pi? +p? = 0. 
There are usually sixteen different solutions for A::v:p:c. 
The equations 
Q4 (pp) = Q) (pp) = Py = = pj? +p? = 0 
have eight independent solutions, whereof two are solutions of 
Pog = Pos = Po = 9. 
The remainder are solutions of 
Q, (pp) = 9. 
There are thus six solutions for the equations 
Q) (pp) = 2; (pp) = 22 (pp) = Ps = > pi,’ +p? = 0. 
The remainder of our sixteen solutions will solve all the 
equations (2). 


Theorem 1.] The totality of oriented circles of penta- 
spherical space may be put into one to one correspondence 
with that of the points of a sia-dimensional manifold of the 
tenth order S,'° lying in a space of ten dimensions. 


Theorem 2.] A necessary and sufficient condition that the 
coordinates of three distinct oriented circles should be linearly 
dependent is that they should be properly tangent, or else that 
they should have a common first or second focus. 
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Theorem 3.] A necessary und sufficient condition that the 
coordinates of four distinct oriented circles should be linearly 
dependent is that. all should be properly tangent to one 
another, or else that all should have a common first (second) 
focus, while their second ( first) foci lie on one same sphere 
through the common focus. 


Theorem 4.] The necessary and sufficient condition that — 
the coordinates of five distinct oriented circles should be 
linearly dependent, while no fowr are dependent, is that they 
should have a common first (second) focus, while their second 
(first) foci do not lie on a sphere through the common focus. 


Theorem 5.] The S,!° contains two systems of «7 straight 
lines. o* lines of the first, and two sub-systems each of 2* 
lines of the second, pass through each point thereof. 


Theorem 6.] The S,!° contains a first system of ° planes, 
and a second system of 0° planes. The only lines of the S,° 
which lie in planes of the first system are lines of the first 
system, and the same is thus of lines and planes of the second 
system. Hach point of the variety lies in «1 planes of the — 
Jjirst system, and 2° of the second. 


Theorem 7.| The S,}° contains two systems of 0° three-way — 
linear spreads. Two spreads of the same system have no 
common point, two of different systems have one common 
point. Through each point of the variety will pass one three- — 
way spread of each system. The only lines and planes of the 
variety lying in these spreads belong to the second system of 
lines and planes. 


§ 2. Linear Systems. 


It is natural for us next to take up linear systems of 
oriented circles. We shall define hypercompleaes, hypercon- 
gruences, complexes, congruences, and series of oriented circles 
exactly as was done for non-oriented circles. We begin with 


the linear hypercomplex. This is given by an equation of 
the type 


a 
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The hypercomplex shall be said to be general if 


~=4 Rey 
pa Q?(aa) # 0, po Q,7 (aa) A[Z Cis? |?. 
~=0 Z=0 


Theorem 8.] Yen oriented circles will belong to one and, in 
general, only one linear hypercomplec. 


Theorem 9.] The totality of oriented circles making a fixed 
angle with a given not null oriented circle will belong to 
a linear hypercomplex. 


If in the equation of a linear hypercomplex such as (5) the 
coefficient a be equal to zero, the hypercomplex is said to be 
reduced. Each general linear hypercomplex is associated with 
a reduced hypercomplex : the two have the same null circles. 


Theorem 10.] Jf a linear hypercomplex contain a single 


‘pair of opposite circles which are distinct from one another, it 


contains the opposite of each of its circles and is reduced. 

We shall define as the central sphere of a general linear 
hypercomplex that of the corresponding reduced hypercomplex; 
the coordinates of this will be 

p2,; = Q,; (ua). 


Substituting in (5) for (p) its value from (1), 
i,j=4 
Ay LiL, +a (wi) = 0, Oma — 96 


If (y) be any sphere through the circle, we may put 
(wy) = p(ae). 


t,.j=4 
> Vy iyj +4 (wy) = 0. 
i,j=0 
If, thus, (y) be fixed, (a) will trace a sphere. The corre- 
sponding oriented circles will trace a linear congruence of the 
type discussed in Ch. X. 
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Theorem 11.] The oriented circles of a linear hypercomplex 
which lie on a not wull sphere in general position trace a 
linear congruence. 


With regard to the words ‘in general position” we see 
that if 


ct) 
a | at Zaye? ed ed +0 
i=0 
there is no exception. When (y) is the central sphere, 
a (ay) = 0, 
Theorem 12.] A general linear hypercomplex which is not 
reduced will wswally share with every not null sphere a linear 


congruence. In the case of the central sphere this is the 
congruence of null circles. 


Let us write 


7}, vm 
Pij = J) lige Plane | 
8; 81 Sm 


The equation of our hypercomplex is 


Oy, 0! Bn’ VV" | 0 (a'r) (2's) 
za; j YT Tr Tm = a?! (72’) 0 (rs) < 
8; 81 8m (sx’) (sr) 0 


(r) and (s) being fixed points ; (w’) traces some form of cyclide. 
Let us show that it is a Dupin cyclide, The equation may 
be written 
(bi)? — (ra) (sa’) = 0, 
with the conditions 
(br) 168) ce (088) as 
It is the envelope of the conie series of spheres 
y;, = Pr; + 20d, +8;. 


Putting (yy) = 0 we get 42 =0, showing that we have 
a Dupin series, 
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Theorem 13.] The oriented circles of a linear hypercom- 
plea through two points generate a Dupin series. 


We may find a canonical form for the equation of the 
linear hypercomplex exactly as we did in the last chapter, 
getting 

4 Por + %3 Pos tap = 0. (6) 


Theorem 14.] The locus of the oriented circles, the sines of 
whose half angles with the two oriented circles of a cross are 
connected by a linear relation, is a generallinear hyperconuplex 
and, conversely, every general linear hypercomplea may be 
described in this way. The cross is the axial cross of the 
corresponding reduced hypercomplex. 


Theorem 15.] The sines of the half angles of each circle of 
a linear hypercompler with any two properly oriented circles 
orthogonal to the central sphere, and mutually polar in the 
corresponding reduced linear complex of circles orthogonal to 
this sphere, are connected by a linear relation. 


We pass to the figure next below, the linear hypercon- 
gruence, given by two equations of the type 


Lay pig tap = 2d; py + bp = 0. (7) 
The oriented circles of the hypercongruence are common to 
all hypercomplexes of the pencil 


e=Aatpbh 4,97=0... 4. 


Theorem 16.] Ina pencil of linear hypercompleaes there is 
always one reduced complex. If there be more than one such, 
all hypercomplemes of the pencil are reduced, and the corre- 
sponding linear hypercongruence contains the opposite of each 


of its circles. 


Theorem 17.] Jf two hypercomplexes of a pencil corre- 
spond to different reduced hypercompleces, yet have the same 
central sphere, this is the central sphere for every hypercomplea 
of their pencil, and the corresponding linear hypercongruence 

1702 Ll 
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consists in the totality of oriented circles making fiwed angles 
with two distinct or adjacent circles orthogonal to this sphere. 
When one or both of these fixed circles are wull, the circles of 
the hypercongruence are invariantly related to them. 


Theorem 18.] The oriented circles of a linear hypercon- 
gruence lying on a not wull sphere, which is not a central — 
sphere for the corresponding pencil of linear hypercomplexes, 
are properly tangent to two distinct or adjacent oriented corcles 
thereof. 


Theorem 19.] Through two arbitrary points there will pass 
just two oriented circles of a linear hypercongruence. 

This theorem will suffer exceptions for special positions 
of the points, but we shall not take the time to determine 
them. We pass rather to the linear complex given by three 
equations of the type 


2A Diy tap = 0, 

2b; py; + bp = 0, (8) 

Vey Py + ep =O, 
The circles of the complex are common to the hyper- 


complexes of a net linearly dependent on three of their 
number which do not belong to a pencil. 


Theorem 20.] If three linear hypercomplexes not belonging 
to a pencil, nor corresponding to reduced hypercomplexes of 
a pencil, have the same central sphere, that is, the central 
sphere for every linear hypercomplex of their net, and the 
corresponding linear complex of oriented circles consists in 
those making fixed angles with each circle of one generation 
of w cyclide anallagmatic in the fixed sphere. 

The phrasing of this theorem must be slightly varied when 
the fixed sphere is null or when the fixed circles are. The 
linear complex shall be said to be general when no two 
hypercomplexes of the net have the same central sphere. The 
null circles of the linear complex are those of the ¢omplex — 
determined by the corresponding reduced hypercomplexes. 
We thus get from XIII. 40] 
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Theorem 21.] The null circles of a general linear complex 
are those common to sets of three mutually tangent central 
spheres. 


. Consider the circles of our complex which are orthogonal 
_ to w,=0, which we may assume is not a central sphere. 
_ They have seven homogeneous coordinates connected by three 
_ linear and two quadratic equations. 

| If we adjoin one more quadratic equation, to make our 
_ cirele intersect a chosen circle, we have eight solutions : 


Theorem 22.] The circles of a linear complex orthogonal 
to an arbitrary not null sphere generate a surface of the 
eighth order which, in cartesian space, has the circle at infinity 
as & quadruple curve. 


Let us require (x), the first focus of our oriented circle, to lie 
on a sphere (z). We get from (3) 
i,j=4 i,j=4 

P = PiZGiYi — a Pj ZiYi- 
i,j =0 i,j=0 

There will be eight solutions common to this and to the 
equations above. Of these, four must be rejected as extraneous, 
for this equation is equally well satisfied if the first focus lie 
on (z) or the second lie on (y). - 


Theorem 23.] The first foci of the circles of a general linear 
complex which are orthogonal to an arbitrary not mull sphere 
generate a cyclic, the second foci generate a second cyclic. 

The linear congruence will be given by four equations of 
the type 

diy Dy tap = 0, 
2b;p;; + bp = 9, (9) 
Veypy; +ep = 0, 
If we put 
Cr = AG; + pd, + vei; + pas, 
L12 


~ 
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and write the equations 
Q,(ce)=0, 1=0...4, 


we know from XIII. 41] that there are five solutions corre- 
sponding to the circles of a pentacycle. We shall say that 
the congruence is general when this pentacycle exists and 
none of its circles are null. Each circle of the pentacycle 
can be oriented either way, hence 


Theorem 24.] The general linear congruence of oriented 
circles may be described in thirty-two ways by an oriented 
circle making an assigned angle with each oriented circle of — 
a pentacycle. 


Theorem 25.] The linear congruence of oriented circles is 
of the fourth class. 


Let us find the locus of the first foci of the oriented cireles 
of our linear congruence. Let us determine our congruence 
by two circles of the pentacycle, and three other linear hyper- 
complexes. By a linear combination of the equations connected 
with the two circles we get a reduced hypercomplex whose 
equation can be written 


|aerst|+|aers’t|=A+A’= 0. 


The other three linear hypercomplexes may be written 
jz 


>, ayy; ©; +a (wa) = 0, 


4 j=0 


ij=4 


> by; x; @; + b (wit) = 0, 


i,j =0 


C4; (@;%;) +e (x@) = 0, (GH) = 0. 


XIV ORIENTED CIRCLES IN SPACE 533 


Looked upon as five linear equations in (@), these will be 
consistent if 


oA 3A’ oA PAs 
—— - —— —— + -—— 
0% %2, 2, 08, 
Ty X, 
t=4 Z=4 
> AjgX; + Ay Xy > Mig + Ugh, 
‘= £=4 
=O. 
e= 4 i=4 
>a bin &; + by 2% > bj; + Oya, 
i=0 0 
= a=4 
> Cig hy + Cy % D> inp t C42 
fi i=0 


Expanding in terms of the first row and remembering the 
identities 


See eee! 
> Uys tL, +a (xe) = S by w;a; +b (war) 
%4j7=0 i,j =0 
i,j =4 
= Cy, 0,0, +¢ (xu) = 0, 
i,j =0 


we get the equation of our surface 


(zz) 0 oO 0 
(ra) (da) (ex) (fe) 
(sa) (gar) (har) (ke) 
(ta) (lx) (max) (na) 


| (@@% 0 O 0 
(r’x) (d’x) (ea) (f’a) Pt 
a (s’2) (g’a) (Wa) (K’2) 
| (tx) Wa) (mx) (n'a) 


Theorem 26.] The first (second) foci of the oriented circles 
of a general linear congruence generate a surface of the siath 
order which, in cartesian space, has the circle at infinity as 
a triple curve. 
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The last linear figure to consider is the linear series given 
by five equations of the type 


Tay py tap = 0, 
Sb;; pi; + Op —i\ 5 
Cy pi top = 0, (10) 
Sd;p;;+dp = 0, 
Vey Py +ep = 0. 


We know from (1) that there are usually ten equations 
derived linearly from those whose coefficients satisfy the — 
identities (2). When ten such distinct circles can indeed be 
found and none are null we shall say that our series is 
general. The figure of these ten oriented circles shall be 
called a dekacycle. 


Theorem 27.] The general linear series of oriented circles 
is composed of the totality of such circles as make null angles. 
with all oriented circles of a dekacycle. 

We may, in an infinite number of ways, find an oriented — 
circle all of whose coordinates but the last are linearly 
dependent on a;;b;;c;;d;;¢;;.. The circles, unoriented, generate 
a linear series. 


Theorem 28.] The oriented circles of a general linear series 
make fixed angles with all not null circles of a series which, 
when not oriented, is linear. 


Theorem 29.] Jf a system of oriented circles make fixed 
angles with five oriented circles whose coordinates are linearly 
independent, they make fixed angles with five other oriented 
circles which complete a dekacycle with the first five. 


We next write the equations 
Vij = AOag + mds + veg; + pds + oe 45, 


a b CG a e€ 
: Rataay tard cb cig ee ALP 


i 
2;(0) = 2G? +9 = 0. 


ee eS 
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We get a new dekacycle. If (q) be an oriented circle thereof 
we have 


= ij Dig + kpg = 0, 
when (p) belongs to our linear series. 


Theorem 30.] A dekacycle may be fownd whose ten oriented 
circles make any chosen angle other than an even integral 
multiple of 7, with every oriented circle of a general linear 
series. 

The condition that two circles should intersect is quadratic 
in the coordinates of each ; hence 


Theorem 31.] The oriented circles of a linear series will 
generate a surface of the twentieth order which, in cartesian 
space, has the circle at infinity as a tenfold curve. 


Theorem 32.] There are ten null circles in a linear series. 


The condition that the first focus of an oriented circle 
should lie on a preassigned sphere is quadratic in the coordi- 
nates of the circle; it contains, however, extraneous elements 
which vanish when the second focus lies on another sphere. 


Theorem 33.] The locus of the first (second) foci of the 
oriented circles of a linear series is a curve of the tenth order. 


§ 3. The Laguerre method for representing 
Imaginary Points. 


One of the most important applications of the study of 
oriented circles in space is to the representation of imaginary 
points. The idea goes back to Laguerre.* We represent each 
real point of pentaspherical space by itself, i.e. by the totality 
of null circles having that point as vertex; each imaginary 
point is represented by the real oriented circle whereof it 
is the first focus. Conjugate imaginary points are thus 

* ¢Sur l'emploi des imaginaires dans la géométrie de espace’, Nouvelles 
Annales de Math., Series 2, vol. xi, 1872. See also Molenbroch, ‘Sur la repré- 
sentation géométrique des points imaginaires dans l’espace’, ibid., Series 3, 
vol. x, 1891. The correct spelling of this author’s name seems to be Molen- 
broek. ; 
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represented by opposite oriented circles. Analytically, let us 
write 
pil, =j(a+y2+7+t), pe, = + y? +22 — 22, 
pt, = 2ut, px,=2yt, pa, = 2zt. 
= al: (11) 


the conjugate imaginary point, which we shall call (x), will be 


obtained by replacing , y, z,t by their conjugate imaginary 
values, Z,, %,, 3, and «, will be replaced by their conjugate 
imaginary values, while x, will be replaced by the conjugate 
imaginary multiple of 7. 


Theorem 34.] There is a perfect one to one correspondence 
between the totality of all complex points of pentaspherical 
space and that of all real oriented circles of the same space, 
with the exception that all null circles with the same real 
vertex represent that vertex. 

The simplest system of points in complex pentaspherical 
space which depend on a single real parameter is the chain. 
This figure we have already met on p. 202, and defined as the 
totality of points on a circle such that the cross ratio of any 
four is real; the definition was there given only for the tetra- 
cyclic plane, but may be extended to pentaspherical space, 
as we see by noticing that the definition of cross ratio there 
given by means of the angles of circles orthogonal to the 
given circle may be included in a larger definition based on 


the angles of spheres orthogonal to a given circle. If the — 


circle whereon lies the chain be not null, we easily find a 
spherical transformation to carry three points of the chain 
into three real points. The chain is thus carried into the real 
domain of a not null circle. In any ease it is clear that three 
points of a chain may be taken entirely at random (when on 
a null circle they must be on the same isotropic), and that the 
chain is then completely determined. 

The importance of the chain appears very clearly in con- 
nexion with the Gauss representation of the complex binary 
domain. To begin with, we should notice that the Gauss 


representation is very closely allied to our present represen- 
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tation. For if we take the point «+/7y as the first focus of 
a real oriented circle, the intersections of this circle with the 
Gauss plane are (x, y) and (x, —y). If four values of the 
complex variable x+iy have a real cross ratio, the points 
representing them in the Gauss plane are on a real circle, and 
vice versa, so that a chain is represented in the Gauss plane 
by a circle. The corresponding circles in our present system 
generate a sphere or an anchor ring. 

If two points of a chain be («) and (y), while the sphere 
through them is (8), we see from IV. (8) that every chain on 
_ this circle connecting (x) and (y) may be expressed para- 
metrically in the form 


=Pa;+ tBst+y% 
where ¢ is real. For the conjugate imaginary chain 
Ba, =0a;+tB;+y;. 


If (’) be a point of the circle whose foci are (~) and (2) 


. (wa!) = (&a’) = 0. 
Eliminating f, 
(xa) (82") (ya’) 0 
0 (ax’) (Ba’) (y2’) 
(xa’) (Ba’) (ya’) 0 
0 (aa) (Ba’) (ye) 
Theorem 35]. The general chain on a not null circle is 
represented by oriented circles generating a surface of the 
eighth order. 


= 0. (12) 


This surface will be notably simplified in certain cases. 
If (x) and (y) be real points we could remove the factors («a’), 
(yz’) from (12), leaving a quadratic equation, i.e. a cyclide, 
with these points as conical and transformed into itself by 
20! inversions, i.e. a Dupin cyclide. 

Again, suppose that we have a chain possessing no real 
points yet lying on a real circle. If (x) and (y) be two 
real points of our circle, we may write our chain in the form 


= (MEFEY 4 (ay 
is 


OY = véi+p vt +p Bit %: 
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A point («’) on the corresponding oriented circle will have 
coordinates which satisfy the equations 


: At , , 
Sree) (only + Capt) (32!) +2) 


= Gane 


Eliminating in turn (ya’) and (@’) 


At+p ee , , eee aus, , ay te 
= AX )+ (Sx )= ae x)+(Ba')= 0. 
Sere + Seg] (02+ 02)= [Sa tpg g lO +O) 


On clearing of fractions we find that the coefficients of (az’) : 
and (ya’) are the same. 


[Ay (02) + By (Ba')] ? +[A, (ax’) + By (Bx’)]t 
+[A,(aa’) + B,(B2’)| = 0. 


[A SUA EN ES (yx’) + By’ (Bx’)]t 
+[A,(y2’) +B,’ (32’)] = 0. 


A, (ax) + By(Ba’) A,(a00") + B,(Bax’) A,(ao’)+ B,(82’) 0 | 
0 A,(ax') + By (Bx) A, (02) + B,(B2’) A, (aa’) +B, (Ba) 

A, (yx’) + By (Ba’) Ay (ya’) + By (B2’) A,(ya’) + B,(Ba’) 0 | 
0 Ay(ya’) + By (8@’) Ay (ya’) + BY (8x’) Ay (ya’) + BY (Ba) 


It is easy to see that the second and third columns may be 
freed from the terms («2’), (ya’), so that the factor (8a’)? may 
be struck off. We have left a cyclide which, as before, we see 
is a cyclide of Dupin. If the chain lie on a self-conjugate 
imaginary circle it may be put into the form 


- wt ay 
Oy + ( B; +o; 


vt+p vit+p 


The transformations to be effected in this case are almost 
exactly like those in the preceding one, and lead to a like- 
result. 


Theorem 36.] Avery chain which is not self-conjugate 
imaginary, but contains two real points, or lies on « real or 
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self-conjugate imaginary circle, will be represented by oriented 
circles generating a Dupin cyeclide. 

A self-conjugate imaginary chain is still easier. Here we 
have 

| pxL,= Pa, +tB;+a;. 

: Equation (12) becomes 

[(ox2’) — (ar) P[ (on) + (a’)}? —(8a")?"] = 0. 


| To decide between the two factors we have but to notice 

_ that all points of the circle (ax) = (&z’) = 0 lie on the surface, 
yet for such points the second factor will not usually vanish. 
Hence the surface, which is irreducible, is given by the first 
factor. 


Theorem 37.] The points of a self-conjugate imaginary 
chain will be represented by coaxal oriented circles. 

The chains which lie on null circles, i.e. in isotropics, are 
much simpler. Here we have, in general, 


pL, = Atty; pe, = Atty; 
(ya’) (a a’) — (yx’) (Xar’) = 0. 

Theorem 38.] The points of a chain in general position on 
a null circle with an imaginary vertex are represented by 
properly paratactic generators of a cyclide; when the vertex of 
the circle is real, the points are represented by properly tangent 
oriented circles generating a limiting form of a Dupin 

cyclide when two conical points full together. 


Let the reader prove 


Theorem 39.] The points of a chain including one real 
point and lying on a wull circle will be represented by properly 
tangent oriented circles forming a coaxal system. 


It is time to take up systems of points depending analy- 
tically upon two real parameters. An analytic curve of 
complex space will be an example of such a system, though 
a peculiar example, as we shall see presently. Suppose that 
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a point traces a non-minimal curye, i.e. such a curve that 
there is not a tangent isotropic at every point. At each 
non-singular point of the curve where there is no tangent 
isotropic, each point in general position, there is a not null 
osculating circle. Conversely, suppose that we have a system 
of points in complex space (which we may assume to be 
cartesian, and in the finite domain) depending on two real 
parameters, and that the circle connecting a point in general 
position with two infinitely near points of the variety 
approaches one definite limiting position as the two points 
approach the original one in any way in the variety. At 
each general point in the variety there will be a definite 
tangent, and there will likewise be a tangent at each point 
in the projection of the variety on an arbitrary plane. The 
projection is thus a curve; hence the variety is the total or 
partial intersection of two cones, and so a curve. Suppose, 
then, that we take a point P of the variety in general position 
while P’ and P” are adjacent points of the variety. The con- 
jugate imaginary points shall be P, P’, and P”. The circle 
through P, P’, P” shall have F, and F, as first and second foei 
respectively, that through P, P’, P” will have the conjugate 
imaginary points as foci. The three real oriented circles 
whose first foci are P, P’, P” will be properly paratactic or — 
tangent to the two real circles whose first foci’ are F, and F). 
These latter two are the only two real circles properly para- 
tactic to the three real oriented circles with the first foci 
P, P’, P”, and, if the two circles tend to approach definite 
_ limiting positions, the circle through P, P’, Pp ’ approaches 
a definite limiting position. 


Theorem 40.] A necessary and sufficient condition that the 
oriented circles of a congruence should represent the points of 
an analytic non-minimal curve is that the two real oriented 
circles properly paratactic or tangent to a real circle of the 
congruence in general position, and to two adjacent circles 
thereof, should tend to approach definite Limiting positions no 
matter how the latter two circles tend to approach the circle.in 
general position as a common limit. 
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The words ‘in general position’ mean that the circle 
PP’P” is not null, and the circles with the first foci P, P’, P’” 
do not behave in the manner presently described. The state 
of affairs is somewhat different in the case of a minimal curve. 
The osculating circle is here an isotropic counted twice, and 
has 001 foci. Infinitely near circles of the congruence tend to 
become paratactic, and to be cut twice orthogonally by o! 
generators of a cyclide, or else, perhaps, they tend to become 
properly tangent. This latter case would arise could we find 
such a minimal curve that the tangent isotropic at each point, 
and the tangent isotropic to the conjugate curve at the con- 
jugate imaginary point, always intersected. Let us show that 
there can be no such curve except an isotropic. Suppose, in 
fact, that we had a curve of this sort in cartesian space. The 
isotropic tangent lines at the conjugate imaginary points P 
and P intersect, and so lie in a real plane, and PP is a real 
line. There are «7? of these rea! lines depending analytically 
on two parameters, and each intersects all lines of the system 
infinitely near to it. Hence each two lines of the system 


_ intersect, and all lie in a plane or pass through a point. If 


the lines lay in a plane the minimal curves would be plane 
curves, i.e. isotropics, an excluded case. Hence the real lines 
and planes pass through a real point. But the real lines 
project the complex minimal curves, and we cannot have an 
analytic curve which intersects every real line through a point 
unless at that point. 


Theorem 41.] A necessary and sufficient condition that 
the real oriented circles of a congruence should represent the 
points of a minimal curve not an isotropic is that the circles 
cutting twice orthogonally a circle of the congruence in 
general position and neighbouring circles thereof should 
approach as limiting positions the paratactic generators of 
a definite cyclide, as the neighbouring circles approach indefi- 
witely near to the circle in general position, or else approach 
properly tangent oriented circles of a coaxal system. 

The simplest congruence of this sort will arise when we 
undertake to represent the points of an isotropic. 
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Theorem 42.] The points of an isotropic which does not 
intersect its conjugate imaginary will be represented by the 
totality of oriented circles properly paratactic to two properly 
paratactic oriented circles. : 


The only exception to theorem 41] is 


Theorem 43.] The points of wn isotropic which intersects its — 
conjugate imaginary will be represented by the congruence of 
real oriented circles properly tangent at a real point. . 


All circles of the congruence representing the points of an 
isotropic skew to its conjugate are cospherical with these two 
isotropics looked upon as null circles; hence, by XIII. 66] 


Theorem 44.] The congruence of oriented circles whose 
real members represent the points of an isotropic skew to its 
conjugate is of the first order and class. 


We pass from the isotropic at once to a null circle. 


Theorem 45.] The points of a null circle with a real 
vertex will be represented by the totality of real oriented circles 
properly or improperly tangent to one another at a fiwed — 
pont. 


Theorem 46.] The points of a real circle will be represented 
by the congruence of real oriented circles in bi-involution 
therewith. 


Theorem 47.] The points of a self-conjugate imaginary 
circle will be represented by the totality of real oriented circles 
through two real points. 


We get from VIII. 27] 


Theorem 48.] The points of a complex circle lying on 
a real sphere will be represented by real oriented circles 
orthogonal to this sphere and connecting in a definite order 
pairs of points which correspond in a real indirect circular 
transformation on the sphere. 


If we undertake to represent the general complex circle, 
we see that each representing circle is properly paratactic to 
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the real circle whose first focus is the first focus of the given 
cirele, while its second focus is the conjugate imaginary first 
focus of the conjugate imaginary circle. It will also ‘be 
properly paratactic to a second real oriented cirele whose first 
and second foci are the second foci of the given circles. 


Theorem 49.] he points of a general complex circle will 
be represented by the totality of real oriented circles properly 
paratactic or tangent to two real non-paratactic oriented 
circles. When the given oriented circle lies on a self-conjugate 
imaginary sphere the representing circles are invariant in 
a real direct involutory spherical transformation. 

This congruence of circles is surely of the second class, for 
two of its circles will be orthogonal to each real or self- 
conjugate imaginary sphere. To find the order we notice 
that the number of circles of the congruence whose coordi- 
nates satisfy the equations p,, = Po. = 0 will be the sum of 
the order and class, for every circle whose coordinates do 
satisfy these equations is either orthogonal to 2 =0 or 
cospherical with the circle whose foci are (0, 0, 0, 1,2). Analyti- 
cally we write 


©; = (r+ si); + (r+8t) By +y;; 2; = (r—st)? a; + (r—8i) 8; +7. 
We see that these values substituted in the two equations 


above will give two cartesian cyclides in the (7, s) plane 
whose infinite intersections are unacceptable; hence 


Theorem 50.] The points of a general complex circle will 
‘be represented by the real oriented circles of a congruence of 
the siath order and second class. 


Theorem 51.] The points of a real sphere will be repre- 
sented by the totality of real oriented circles orthogonal 
thereto. 

Theorem 52.] The points of a self-conjugate imaginary 
not null sphere will be represented by the totality of invariant 
real oriented circles in an involutory direct spherical trans- 
formation. 


4 = 
{ 
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It is to be noted that in cartesian space we may describe — 
these as the oriented circles with regard to which a real 
point has a real negative power. The general complex sphere 
is somewhat harder to grasp. It meets the conjugate imaginary 
sphere in a circle which is either real, or self-conjugate 
imaginary. Let us first suppose that the circle is real. We 
pick out a real point thereon and take all real circles through 
that point. Our imaginary sphere will be determined by an 
elliptic involution among the spheres through the first circle, 
and these will determine an elliptic involution among the 
points on each circle through the fixed point. Take two 
pairs of such a point involution, and through each pass — 
a sphere orthogonal to the real circle whereon lie the pairs. ~ 
The real circle common to these spheres, when properly 
oriented, will represent the imaginary intersection of the real 
circle bearing the pairs, with the given imaginary sphere. — 
This construction fails when the circle is not real, and we — 
are compelled to fall back upon the construction of a sphere 
_ by means of an isotropic gliding along three skew isotropies. 


Theorem 53.] The points of a general complex sphere will 
be represented by the real hypercongruence of oriented circles 
properly paratactic to sets of three properly paratactic oriented 
circles, each circle of the three being properly paratactic to two 
given properly paratactic circles. 


Theorem 54.] Z'wo oriented circles of the hypercongruence 
whose real members represent the points of a complex sphere 
will pass through two arbitrary points in space. 


Theorem 55.] The real oriented circles which represent the 
totality of points of a null sphere with real vertex will be 
the totality passing through a real point. 


Theorem 56.] The oriented circles representing the points 
of a wull sphere with a complex vertex will be the assemblage 
of all circles properly paratactic or tangent to a real circle. 
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The subject of oriented circles in space certainly seems to 
offer quite as attractive a field for further study as does that 
of non-oriented circles. There are certain important points 
which should be cleared up as soon as possible. What is the 
focal surface of the linear congruence? How do the circles 
of a dekacycle lie with regard to one another, and how is 
a dekacycle constructed when five of its members are known ? 
What are the fundamental properties of the general quadratic 
hypercomplex? Last, but not least, this method of repre- 
senting imaginaries should be pushed much further than it 
has ever been before, either here or elsewhere. 


1702 Mm 


CHAPTER XV 
DIFFERENTIAL GEOMETRY OF CIRCLE SYSTEMS 
$1. Differential Geometry of S§,°. 


In this concluding chapter we propose to take up at length | 
the differential geometry of systems of non-oriented circles in 
space. We begin with a study of the infinitesimal geometry 
of that point variety in higher space which represents the 
totality of all pentaspherical circles. We saw in Ch. XIII, in 
dealing with the pentacycle, that if we put 


there are five solutions for the five dependent equations 
2; (pp) 20, b= 0.004, 


Theorem 1.] The totality of circles of pentaspherical space 
can be put into one to one correspondence with that of all 
points of an 8° im Sy. 

A necessary and sufficient condition that a linear combina- 
tion of the coordinates of two given circles should always be 
the coordinates of some circle is that the two should be 
cospherical. The coordinates of three coaxal circles are 
linearly dependent, and linear dependence is also a sufficient 
condition that the circles should be coaxal. Four circles 
have linearly dependent coordinates, each three being in- 
dependent when, and only when, the circles pass through 
a point-pair, or lie on a sphere, and are orthogonal to a circle. 
The coordinates of five circles are linearly dependent, each 
set of four being independent when, and only when, the five 
are on one sphere, but not orthogonal to one circle thereon. 
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Theorem 2.] The S,° contains 8 straight lines, © passing 
through each point of the variety. Two lines in general 
position will not intersect. 


Theorem 3.] The S,° contains ® planes of the first sort, 
and «" of the second. Through each point of the variety will 
pass »* planes of the first sort, and w% of the second. Two 
planes will not usually intersect. 


Theorem 4.] The S,° contains * S,'s. Through each 
point of the variety there will pass «21 of these, and each two 
S,'s will intersect in one point of the variety. 

Two infinitely near points of S,° will determine a tangent, 
or a direction on the variety. On the other hand, if we have — 
two non-cospherical circles, the spheres through one will meet 
the other in pairs of points of an involution. Each tangent 
to S,° at a chosen point will thus correspond to a point 
involution on the corresponding circle, projectively related 
to the spheres through the circle. We mean by this, that 
there is a projective relation between the spheres through the 
circle and those through any two points, and the pairs of 
the involution. Suppose, conversely, that we have such a 
projective relation between the pairs of an involution on 
a circle and the spheres through it. The circle being (q), 
consider the linear hypercomplexes 

2 ij Pig = 24 Pig = 9, =2; (49) = 0, Bb = Oise Ss 

The hypercongruence common to these two hypercomplexes 
is the limit of that consisting of circles in involution with (q) 
and (q¢+dq), where dq; = dt. The ten quantities ay; are 
subject to five linear equations which, however, are not inde- 
pendent, for it is easy to show that 

n=4 

D> Pin Qn (P) SON) i 0, oe 

n=0 
hence we have at least five free parameters. The spheres 
through (7) will cut (q¢+dq) in pairs of an involution pro- 
jectively related to these spheres, which will approach 
a definite limiting position as an involution on (q) when dt 

Mm 2 
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approaches O as a limit. We may make use of our five free 
parameters to make this projective correspondence between 
spheres through (¢) and pairs of an involution on (q) exactly 
the correspondence given. Now every linear hypercongruence 
will correspond to a line in S,, and if the hypercongruence 
consist in circles in involution with two given circles, the line 
will intersect S,° twice, while a hypercongruence of the present 
type will correspond to a tangent to S,°. We thus see that 
there is a one to one correspondence between the tangents 
to S,° and the projective relations connecting spheres through 
circles with pairs of involutions on the same circles.* 

Suppose that we have a series of circles. We may express 
them in the form 

Pi = = = Pi (u). 
There are four different types of circle series: 


i=4 
Ae ,_ EPs 
A) > 22 (VP P)# 0, pi’ = on : 
=O) 


This is the general case. Adjacent circles have no common 
point. In S, we have a curve of the variety; the tangent at 
each point corresponds to a projective relation between the 


spheres through the circle of the series and pairs of an involu- 
tion thereon.+ 


Theorem 5.] If a surface be generated by a general series 
of circles, each sphere through a circle in general position is 
tangent in two places to the surface, and the pairs of points 
of contact trace pairs of an involution projectively related to 
the system of spheres. 


* This correspondence of tangents and involutions is the fundamental idea 
in the first part of the article by Cosserat, cit. See also a difficult article by 
Moore, ‘Infinitesimal Properties of Lines in 8, with applications to circles in 
Ss’, Proceedings American Academy of Arts and Sciences, vol. xlvi, 1911. 

aN Cf. Demartres, ‘Sur les surfaces & génératrice circulaire ’, Annales de 
U’ ole Normale, Series 3, vol. ii, 1885. For the surfaces contained in linear 
hypercomplexes, hyrersonae uences, and complexes see Bompiani, ‘ Contributo 
allo studio dei sistemi lineari di rette nello spazio a quattro dimensioni’, Ati 
del R. Istituto Veneto, vol. Ixxiii, 1914. For an interesting recent article on 
series of circles see Ranum, ‘On the Differential Geometry of Ruled Surfaces 


in 4 Space, and Cyclic Sue faces in 3 Space’, Transactions American Math. Soc. “s 
vol, xvi, 1915, 


iid 
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y= & 
B) > 22 (p'p') = 0, 2; (p'p') £0. 
2 ==) 


Here adjacent circles have one common point, but are not 
cospherical. This point will trace a locus on the surface 
generated by the circles, and it seems likely that the circles 
of this series will be tangent thereto. Let us show that this 
is verily the fact. Our surface may be expressed by the 
parametric equations 


pL; =a; (uw)? +B; (ujt+y; (uv), 
(ax) = (yy) = («8) = (8a) = (88) +2 (ay) = 0. 


Let us assume that the locus in question corresponds to 
¢=0. An adjacent circle will contain the point (y) if da 
vanish with ¢. 

Bj = Ay. 

But (y’) is a sphere through (y) orthogonal to its line of 
advance, while (8) is the sphere through (y) orthogonal to the 
given circle. 


Theorem 6.] If adjacent circles of a series tend to inter- 
sect, all circles of the series are tangent to one curve, and 
conversely. 

C) 2; (pp!) = 0. 

Here adjacent circles are cospherical, and we have an 
annular surface. For if (s) be the sphere through our circle 
and an adjacent one, 

(sx) = (88) = (sy) = (sda) = (sdB) = (sy) 

= (dsx) = (ds8) = (dsy) = 0, 
which shows that this circle is a characteristic one for the 
sphere of «, i.e. the limiting position of its intersection with 
an adjacent one. 


“) Q; (pp) = 9, Spy” +p2=0. 


Adjacent circles are tangent, and we have the osculating 
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circles of a curve, or else the surface is generated by null 
spheres. 
We pass to congruences of circles, which we express in 
the form 
fy = Py (u, v). 
The condition that adjacent circles should intersect 
t=4 


4=0 


is quartic in du/dv. The general case being that where the 
roots are usually distinct 


Theorem 7.| The circles of a general congruence are tangent 
to four surfaces, some of which may shrink to curves inter- 
secting the curcles. 


Consider the equations 
QO, (dpdp) = 0. 


These have not, usually, any common solutions. When, 
however, the five equations are all equivalent to one another, 


there are two sets of values of du/dv which solve all five 


(unless they be satisfied identically), and the congruence is 

said to be focal. Such a congruence can be generated in two 

ways by the circles of curvature of a one-parameter family 

of annular surfaces, As a matter of fact the largest part of 

the theory of circle congruences deals with focal congruences. 
A complex of circles may be expressed in the form 


Pi = Vij (Us % W). 


How many circles of the complex adjacent to a circle in 
general position will be cospherical therewith? Let us write 


px; =a; (uU, v, w)P +B; (u,v, w)t+y;(u, v, w), 


OX}, Oy Xm 
By By Bin 
Vi YU Vn 


o Py = 


EEE ee ee 
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An arbitrary sphere through the circle can be written 


i= As |rasyyl tne Sl Bae 


where (y) and (z) are arbitrary pee not linearly dependent 
on (x), (8), (y). This will contain all points of an adjacent 
circle, if 
A|\daaByy|tu|daapyz|=90, 
A|dBaByy|tu|dpapyz|=0, 
A|dyaByy|+h|dyapyz|=0. 


Here we have three linear homogeneous equations in 
du:dv:dw. The condition of compatibility will give a cubic 
in A:y. When the roots are distinct we shall say that we 
have the general case. 


Theorem 8.] An arbitrary circle of a general complex is 
cospherical with three adjacent circles thereof. The complex 


“is generated by the circles of curvature of a two-parameter 


family of annular surfaces.* 
We pass to a hypercongruence. Here we have 
Pig = Dy (U, ¥, W, @). 

Each circle is cospherical with o/ adjacent circles. In S, 
we have a four-parameter family of lines, and through each 
will pass oo! planes containing each an adjacent line of the 
system. In an arbitrary hyperplane there will be a con- 
gruence of these lines, and through each will pass two focal 
planes, the two planes of the sort just mentioned that lie 
in this hyperplane. The series of planes is thus of the second 
order and algebraic. 


Theorem 9.] The lines connecting the pairs of points where 
a circle of a general hypercongruence in cartesian space meets 
the adjacent circles of the hypercongruence envelop a conic.t 


* Cf. Segre, ‘Un’ osservazione sui sistemi di rette degli spazi supericri’, 
Rendiconti del Cercolo Matematico di Palermo, vol. ii, 1888, p. 148. 

+ This theorem and the next seem to be due to Moore, ‘Some properties of 
lines in a space of four dimensions’, American Journal of Math., vol. xxxiii, 
p. 151. His excellent article can be consulted with profit in connexion with 
all that we have done in the present section. 
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We turn lastly to the hypercomplex. This is written 
Pig = Pig (Us ¥, W, ©, w’). 

We may assume that our circle (p) is determined by (a) 
where a; = @; (u, v, w) and (y) where y; =; (w, , o’). The circle . 
orthogonal to the spheres (a), (y), and (y+dy) has coordinates — 
of the form 

dij — o;; Le + By do’. 

This circle will trace a coaxal system if (x) be fixed. Its 
foci are on (p) and are the pairs of points where (p) meets 
adjacent circles of the hypercomplex which lie on (#). But if 
a circle trace a coaxal system, its foci move on the circle | 
whose foci are the points common to all circles of the coaxal 
system, and are harmonically separated by the vertices of 
the null circles of the coaxal system, i.e. they trace an 
involution. 


Theorem 10.] The circles of a hypercomplex adjacent to 
a given circle and lying with it on a chosen sphere meet the 
chosen circle in pairs of points of an involution. 


§ 2. Parametric Method for Circle Congruences. 


Of all systems of circles in space indubitably the most 
interesting is the congruence. There is comparatively little 
that can be easily reached in this connexion, however, if we 
stick to our Pliicker circle coordinates. In the next two 
sections we shall develop two other methods which will be 
found to yield ample returns.* The first of these is called 
the ‘parametric’ method, and consists in expressing the 
coordinates of a point on a circle of a congruence through 
the fundamental equations 


x; = a,t? +B t+y;, 
G=XA(U,%) BEA (Ur), ¥ = ¥%(U, r)- (1) 
(ax) = (x8) = (By) = (vy) =0, (88)=1, (yx) =—h. 
* A good part of all that remains in the present chapter will be found in 


an article by the Author, ‘Congruences and Complexes of Circles ’, Transactions 
of the American Math. Soc., vol. xv, 1914. 
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| 


It appears from these that (x) and (y) are two arbitrary 
points of the circle, while (8) is the sphere through them 
orthogonal to the circle. For the Pliicker coordinates of this 
circle we have 

Me AT On 
PPy = By By Bm |. (2) 
Yk YL Ym 

If we remember that in S, the circles orthogonal to one 
sphere appear as lines in a hyperplane, and that the lines of 
a congruence in any S, are tangent to two surfaces (or meet 
a curve or curves), i.e, each intersects two adjacent lines, we 
reach 


Theorem 11.] If the circles of a congruence be all ortho- 
gonal to one sphere the congruence is focal. 


There is a second type of congruence, or rather a sub-type 
of the focal congruence, which is of special interest. This is 


‘called the normal congruence, and consists in ? circles 


orthogonal to the members of a one-parameter family of 
surfaces.* In counting the number of surfaces to which a 
circle is orthogonal we count the number of points where 
a circle meets an orthogonal surface. Thus the circles ortho- 
gonal to a fixed sphere are said to be orthogonal to two 
surfaces. Let us find the analytical conditions for a normal 
congruence in terms of our various parameters. In (1) we 
wish ¢ to be such a function of w and v that if dx, be the 
corresponding increment for x,, while 6, is the increment 
along the circle, 
(dx ba) = 0. (3) 
From (1) 
(ada) = (8d) = (ydy) = (adf) + (8da) = (yd A) + (8dy) 
= (ady)+(yda) = 0. 
dat, = da,+tdByt+ dy, +(2ta, + B,) dt. 
8n = (2Ant + B,)dt. 
(dada) = dt[(adp)t?+2 (ady)t + (Ady) + dt]. 


* Some writers, as Eisenhart, Differential Geometry, Boston, 1909, call normal 
congruences ‘Cyclic Systems ’. 


5b4 DIFFERENTIAL GEOMETRY on a 
Ma (48) 2(2B)t+ (92) 
ws odeeedQeo (0 
These are compatible if 
(Gese) - Ge) 2 C)- Cm he 
2{(0 5) (052) — 3a) 58) + Go au) ~ Gu anh ® 
+ (Gost) - Gian) +913) xm 
- 32) G3) =e 


The last equation, being quadratic, is identically satisfied if 
it have three solutions. We thus get the fundamental theorem 
of Ribaucour.* 


Theorem 12.] If the circles of a congruence be orthogonal 
to more than two surfaces, the congruence is a normal one. 


Theorem 13.] If a congruence of circles orthogonal to 
a fixed sphere have any other orthogonal surface it is a normal 
congruence. 


When the fixed sphere is null we imagine that we are in 
cartesian space, and prove the theorem by inverting into 
a normal line congruence. It is to be noted that a focal — 
congruence will go into a focal congruence under every 
transformation of the twenty-four-parameter linear sphere 


* The theorems of Ribaucour cited in the present chapter are in the follow- 
ing notes in the Comptes Rendus : ‘Sur la déformation des surfaces’, vol. lxx, 
1870, p. 380; ‘Sur les systémes cycliques’ and ‘ Sur les faisceaux de cercles’, 
vol, lxxvi, 1873, pp. 478, 830. 
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group, while a normal congruence will go into a normal 
congruence under every spherical transformation. 

When we start with the hypothesis that the circles of our 
congruence are surely orthogonal to two surfaces our equa- 
tions are vastly simplified. We assume at the outset that 
(a) and (y) trace two orthogonal surfaces 


(ad) = (8da) = (ydg) = (Ady) = 0. (5) 


dt dy at dy 
55 = 2(%5%)t — 5 = 2(a5%)t. 


The condition for a normal congruence is then simply 


row) dX 0 

se ele (6) 

Two solutions correspond to the values 0 and o for ¢; 

if a third solution be t =¢ (w, v) a fourth will be rt, where r 

is any constant. But this constant gives the cross ratio of 

the four corresponding points upon the circle, by IV (9). 
We thus get another admirable theorem of Ribaucour’s. 


Theorem 14.] Any four orthogonal surfaces of the circles 
of a normal congruence will meet them in sets of points having 
a fixed cross ratio. 

We next turn back to the more general focal congruence. 
Let us so choose our parameters uw and v that making the one 
or the other constant, gives us the annular surfaces. If two 
circles be cospherical, their foci are concyclic and vice versa ; 
if two circles be cospherical with a third, the six foci are 
cospherical. We thus get Ribaucour’s third theorem. 


Theorem 15.] The foci of the circles of a focal congruence 
will generate the two nappes of the envelope of a congruence of 
spheres. In cartesian space the planes of the circles will 
envelop the deferent of the sphere congruence. 


With regard to the last part of the theorem we have merely 
to notice that the points where a sphere meets two infinitely 
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near spheres are symmetrical with regard to the plane through — 
the centres of the three. Let us proceed to prove the converse 
of 15]. Let the congruence of spheres be 


B; = B; (u, v). ‘ 
We may always find six such quantities A, B, C, D, KE, F 
that f,... 8, are the six linearly independent solutions of | 


o- 074 2 
fag: 


0 
As, Fy Pore e+ DRESS ° 4 F=0. 


Let us now assume explicitly that this differential equation 
is not parabolic, and define our sphere congruence likewise as 
non-parabolic. Our differential equation can then be reduced 
to the form 

22 Py 


ow oe 7 » +B. (7) 


The points of contact of the sphere (8) with the envelope 
lie also on the spheres es) and 3) The points where 


(a) +(5" 8) clu touches the envelope lie on (58) + ee og 


PY. 228 

(5-) + (5 de. Since the five spheres (8), (a (8 
28 228 

ae) er 
one sphere Be Henk to all, and the circle whose foci are 
the points of contact of (8) with the envelope is cospherical 


are linearly dependent, there is (at least) 


with that whose foci are the points of contact of (8) + (G2) du. 


The same will hold for (8) and () +(5) dv; hence 


Theorem 16.| If the foci of the circles of a congruence be 
the pownts of contact of the spheres of a congruence with the 
two nappes of the envelope, the congruence of circles is focal. 
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When we surely know that our congruence of circles is 
focal, we may introduce notable simplifications by choosing 
as wu and v the focal parameters, i.e. those which give the 
annular surfaces. We shall take as (8) the sphere whose 
points of contact with its envelope give the foci, for such 
a sphere is surely orthogonal to our circle: (y) and (z) shall be 
the foci of the cirele. We have the equations 


(yo) = (y8) = (yy) = (yd) = 0, 
(2x) = (<8) = (ey) = (2d) =0. 


Sa 


The first set of these equations leads to an identity of 
the type 


0B. 


Multiplying through by £8; and summing, we find 


0B; 0B, 
Jy Mt ey? FB = UOTE. 


Since each of two pairs of points (a) + (dd), (y)+(dy) lies 
on a sphere through our circle, we find 


Ov; ) OX; 
os la, +MB;+ ny, +7 Fete 

(8) 
oy 


: OX; 
Yt — dx, + uB, try;,+p —- 
59 NT PBs TYE + Pa, 


If, now, we inquire under what circumstances our focal 
congruence shall also be a normal one, we must substitute 


in (4). The coefficient of ¢? and the constant will be found to 
vanish automatically, and there remains 


OX 0X 
Ee) Pee VN ay =. 
[ec : ou ov | Cat) 


We first assume T =). 
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Then every solution of the equations 
(@x) = (wp) = (ey) = (ada) = 0, 

where dw and dv are variable parameters, will be a solution of — 


(xd B) = (wdy) = 90. 


Hence every series of the congruence will generate an — 
annular surface. Any two infinitely near circles are co-— 
spherical, hence any two whatever are cospherical, and all 
lie on a sphere, or pass through a point-pair. But the cireles 
on a sphere could not certainly be a normal congruence. — 
Hence we must have the circles through a point-pair, distinct — 
or adjacent. We take up now the other hypothesis, ; 


dX OX 
Fie Ge sy) = 9 
we may take for the focal spheres, i.e. the spheres through | 
a circle in general position which contain adjacent circles 


of the congruence, 


OM, 
a; BE 1 ae 


ores 


/ f OX 
ial re Loy By 2 


It then appears that these two are mutually orthogonal in 
view of the equation above. 


Theorem 17.] A necessary and sufficient condition that 
a focal congruence should be normal is that it should consist 
in corcles through a point-pair or else that the focal spheres 
through every circle should be mutually orthogonal. 


Having shown that a focal congruence can be normal, let 
us proceed conversely to show that a normal congruence must 
be focal. Starting with (5) we have the additional equations 


(85%) = (652) = (@) = (@) = (82%) = (82) =o, 


dy; ro 205. 
Ja = lar tmy tn St tr <4 
Jy TAM Tt BYE HY — i +p —! oa, , 
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We may in two different ways, usually distinct, find such 
a pair of values, du, dv, that the following equations are 
compatible : 


(sa) = (8) = (sy) = (sda) = (sdy) = 0. 


We change our parameters w and v so that these shall 
correspond to the equations dw = 0 and dv=0. We then 
have r = vy = 0. 

The condition of orthogonality (6) will give 


oa 2) = OX OX 
du dv P\ Su dv : 


If n =p we should have 
dy; = La;+My;+ Nd«a;. 


If we consider the circles whose foci are («) and (y) we see 
that each is cospherical with every adjacent circle of the 
same sort. Hence all pass through a point-pair, and («) and 
(y) lie on a fixed circle—an absurdity—or all lie on a fixed 
sphere, to which the circle through (x) and (y) is orthogonal. 
But by 11] a congruence of circles orthogonal to a fixed 
sphere is focal. There remains the possibility that 1 4 p. 


OX 3) = = Ss 0. 


du dv a) = 


Similarly, 
dy? ee 
ou we =(09 vu Sih) = 
The conditions for compatibility of the equations for 


(2) at 2) 


a, 
se + Bgat + Cag + Dat B= 0 
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Multiplying through by «; and summing, we find # = 0. | 
We have, thus, four equations : 


ax da, ry; 190, , V4 ; 
= ye 4 JQ=¢0,40 —4+¢ 2 
wey Tay, es AY ‘te dv’? dMwWdV aes ow - ov 
: (9) 
00;  OY¢ Ot; ! 
eee ae = A a - cae e 
ae = la,+my,+n A aor ate tes, 


The equations 


(a) = (#28) = (028) = (2 “P= 0 


have two distinct solutions (x) and (y), so that 


o 8; 0B; Dees 
a ary ae 5 FiRt 


Again, from the equations 


(+32) =(00) = 09) = 032) = 3 


dB; da 
ve = La;+Mp;+N 5 : 


au 
Multiplying through by 8; and summing, =): 


Multiplying through by ~ and summing, R = 0, 
op; Oa, : 
oP Lat Net ee Ee 
w w v r) 


Geo = (8 <) pee 


Hence, in the above partial differential equation for ;, 
7 = 0, and we have 


0" 8; 08; dB; 
buoy at Oe ne wv 


(10) 
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We see from the equations 
IB 2 
ai") — (o8)= Gor) = Goan) = Geaa) = ez 
that 6") is a focal sphere, and similarly =) is a focal 
sphere. 


Theorem 18.] Zvery normal congruence is focal. 

Again, suppose that we have a focal congruence with two 
orthogonal surfaces, not consisting in one fixed sphere twice 
counted. The intersections with these surfaces shall be (a) 
and (y), while u and v are the focal parameters. 

a 


oa 
= la;+my;+ we: 


vs 
ov 
Te eo EYP 


a; oa; 
(n—p) oe an LS eg ie as re + Hy, = 0. 


oe 98 0) dB dX 
(85 Spee ~ ow i = & ea say 
op; Pe da; Ops 4 OO; 
a = Loj+ MT vi dey, +u? sai 
Po oa) — 
dw dvs 


lo dy oa oy 
ee 3p) = oe ow 

Theorem 19.] If the circles of a congruence have two 

orthogonal trajectories, not a fixed sphere counted twice, the 
congruence will be focal if it be normal, and vice versa. 

We easily see from (9) that the parameters wu and v give 
curves on the (x) and (y) surfaces which are both orthogonal 
and conjugate. We thus reach another important theorem, 
also due to Ribaucour. 


1702 Nn 


Lo 
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Theorem 20]. In a normal congruence the lines of ewrva-— 
twre correspond to one unother ow all orthogonal surfuces, 
and give the annular surfaces of the congruence. 

If we take the two focal spheres through a circle of 
a normal congruence they are orthogonal to one another, and 
each touches one annular surface all along that circle, whence 


Theorem 21.] The orthogonal surfaces of the circles of 
a normal congruence and the annular swrfaces determine 
a triply orthogonal system. 


Theorem 22.] The lines of curvature of the orthogonal 
surfaces of a normal congruence of circles in cartesian space 
correspond to the focal developables in the congruence of axes 
_ of these crrcles,* 


We next seek a converse to 20]. Suppose that we have 
such a congruence of not null spheres (8) that the lines of - 
curvature correspond to one another in the two nappes 
of the envelope. We take these to determine the parameters 
wand v. The first two equations (9) will hold, (x) and (y) 
being the points of contact of (8) with its envelope. We have 
also the equations 


oy lo da, 
= = La; jtmy tn 5 teoyed: 
ates Aa; + ec) 
av mite tp dv 


Differentiating the first equation to v, and substituting in 
the second, we have, with the aid of (9), 


pod 
me mes at + BS + Oe, + Dy, = 0. 
Multiplying through by 8; and summing, : 


Piao 


* The congruence of axes of the circles of a normal congruence has been 
extensively studied under the name of ‘cyclic congruence’. Vide, inter air 
Eisenhart, loc, cit., pp. 431 ff, 


he ads 


al 
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If the second factor vanish, (8) would be the osculating 
sphere for one line of curvature, and so generate a one-nappe 
envelope, which is not the case. Hence r = 0 and, similarly, 
v=0. Under these circumstances, however, we easily see 
that our congruence is focal, w and v being focal parameters, 
whence, from 19], 


Theorem 23.] Jf a congruence of spheres establish such 
a point to point correspondence between the two distinct 
nappes of the envelope that the lines of curvature correspond 
in the two, then the circles orthogonal to the various spheres at 
their points of contact with the envelope will generate a 
normal congruence. 


We next vary our hypotheses by assuming that the circles 
of the congruence have two orthogonal surfaces, traced by the 
points (x) and (y), and that the surfaces v = const. are 

annular. We have at our disposal equations (1) and (5) as 


well as 
sy atm tM Si = fay tuntose Psa 


Since (a), (8), (y), 2): oe ,) are orthogonal to one sphere 
Aa; i+ BA; +Cy,4+ DS st + BE ot 


Multiplying through by #8; and summing, B=0. Multi- 
plying through by a; and summing, C= 0. It is easy to see 
that we could not have # = 0, hence we may take #= 1. 
Our parameter w shall now be so chosen as to give with v 
an orthogonal system of curves on the surface (x). We have 
the equations 


OX OX fe ole = == (ee 
aa) = Ju dv 0 ov OW 


= (8 sa) Sp 


Nn2 


_ 
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We next observe that (x) and (8) are independent solu- 
tions of 
le 
= ——al)e 
ooo) = (« x0) (« so) =( (a) 
Hence 
ie KA Da 
ow = =H; a os a 


This, however, combined ee the condition of compatibility 


: r) 
of the equation for = ind 2 ae 3 gives vy = 0, and our con- 


gruence is focal. 


Theorem 24.] If the circles of a congruence be orthogonal 
to two surfaces other than a sphere counted twice, and of they 
constitute the circles of curvature of a one-parameter family 
of annular surfaces, the congruence is normal.* 


Let us see if we can find the condition for a normal con- 
eruence in terms of (8) alone. We begin with a slight change 
of notation, writing 


By = pz, 1= V(BB) = p V2). 


Differentiating, and substituting in (10), we see that our 
quantities z; are solutions of a differential equation of the 
type 

076 00 
Sines Toe. es + Fo = = 0. 


Since the expression 1 = »/(8) is a solution of (10), so 
will /(zz) be a solution of the last equation. In other words, — 
the six coordinates of the oriented sphere (z) are solutions of — 
one same non-parabolic partial differential equation of the — 


* This theorem is sometimes stated without the restriction upon the two — 
orthogonal trajectories, but a moment’s reflection shows that this restriction 
is necessary. 


XV CIRCLE SYSTEMS | 565 


second order. Suppose, conversely, that we have a non- 
parabolic equation 


06 074 076 00 06 
WE wre es +C x3 +De tis +FO= 0, 
B-4AC#0, 


whereof six solutions are given by the coordinates of an 
oriented sphere (z). If we change variables so as to write 


Ze 


JG) 


8: = 


we see that 8; and (88) = 1 are solutions of an equation of 
like type, so that by a suitable change of the parameter w and v 
we find ; is a solution of (10). If («) and (y) be the points 
of contact of (8) with its envelope, 


2 2 2 
G a) = (8 ass) = (y sas) = (58 5) = 


(« 92) = (00) = ones 5) = & wi 


0p; 
PY 


r= An, :+ BA, +05 ae 


Multiplying through by 8; and summing, B = 
< 


and summing, D = 0, 


Multiplying through by © 


Differentiating to v and substituting in (10) we get to the 
first equation (9). The second equation (9) comes similarly. 


Theorem 25.] A necessary and sufficient condition that 
a congruence of oriented spheres should establish such a point 


_ to point correspondence between the two nappes of the envelope 


that the lines of curvature correspond to one another is that 
their coordinates should be the solutions of a non-parabolre 
partial differential equation of the second order.* 


* Of. Darboux, Théorie générale des surfaces, vol. ii, Paris, 1889, p. 332. 
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We derive an interesting corollary from this by means of 
the line sphere transformation of Ch. XI. A congruence 
of lines which establishes a correspondence between the 
asymptotic curves on the two nappes of the focal surface is 
called a W congruence. 


The Pliicker coordinates of the lines of a W congruence and 


of no other are solutions of a partial differential equation of 
the second order and non-parabolic type. 


il ald voc ii 


F) i 
fiat 


> 


We saw that in the case of a focal congruence the foci of 


the various circles generated the two nappes of the envelope 


of a congruence of spheres whose deferent is the envelope of — 
the planes of the circles. This suggests that perhaps, in 


certain cases, the locus of the centres of the spheres might 


also be the locus of the centres of the circles. Suppose that — 


this is the case. The annular surfaces of the congruence must 
correspond to the lines of curvature of the deferent, and the 
centres of the focal spheres must be the centres of curvature 


for the deferent. Since the locus of the centres of the circles — 


is the envelope of their planes, the distances from the centre 
of a focal sphere to the centres of the adjacent circles lying 
thereon will differ by an infinitesimal of the second order, 
as will the radii of the two circles. The circles of the 
congruence have thus a constant radius. 


Theorem 26.] Jf the envelope of the planes of a congruence 
of circles 1 cartesian space be the locus of their centres, 
a necessary and sufficient condition that the congruence 


should be focal is that the circles should have a constant — 


radius. 


We now suppose that the congruence is normal. The focal — 


spheres are mutually orthogonal, by 17]. If p, and p, be the 


radii of curvature of the surface, while 7 is the constant radius — 


of our circles, 
Se 
PyPg = 7. 


Theorem 27.] If with each real point of a real surface in — 


cartesian space as centre a real circle be drawn in the tangent 
plane, a necessary and sufficient condition that these circles 


- 
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should generate a normal congruence is that the surface should 
be pseudospherical, and that the radius of the circle should be 
equal to the square root of the negative of the reciprocal of the 
measure of total curvature.* 


Suppose that we have two points A and B and a not null 
sphere. It is easy to show that a necessary and sufficient 
condition that the two spheres with centres A and B ortho- 
gonal to the given sphere should be orthogonal to one another 
is that the sphere on (AB) as diameter should be orthogonal 
thereto. Secondly, if two lines intersect, the circles orthogonal 
to a non-planar sphere and having these lines as axes are 
cospherical, whence ; 


Theorem 28.] Jf the spheres on the focal segments of a line 
congruence as diameters intersect orthogonally a fixed sphere 
which is non-planar, the lines are the axes of the circles of 
_a normal congruence orthogonal to the fixed sphere.t 


Theorem 29.] If the circles of a normal congruence be 
orthogonal to a fixed non-planar sphere, the spheres whose 
diameters are the focal segments on their respective axes are 
orthogonal to the fixed sphere. 

Every focal congruence is associated with a congruence of 
spheres. We start with the equation (7). There will be 
a similar equation with solution z; where 


% =tA)+ Py; Z = tBy— By, % = —Be, 2% = —Bs3, % = — Py. 


If, thus, we assume that we are in cartesian space, and 
that our points are determined by special pentaspherical 
coordinates, while z, = 1, then 2,, 2, 2, will be the rectan- 
gular cartesian coordinates of the centre of the sphere. 


Theorem 30.] In a focal congruence in cartesian space 
the focal parameters give conjugate systems of curves on the 


* Cf. Bianchi, ‘Sopra alcuni casi di sistemi tripli ciclici’, Giornale di Mate- 
matiche, vol. xxi, 1883, p. 278. 
+ Eisenhart, loc. cit., p. 443. 
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deferent of the system of spheres whose envelope is generated by 
the foci of the given circles. 


An interesting and difficult question connected with normal 
congruence is the following: given a surface, to determine 
a normal congruence having that surface as an orthogonal 
surface.* Let us suppose that we have a non-developabla 


3 


surface of cartesian space, and that it is expressed parametri- : 
cally in terms of the lines of curvature. Then, by the 


formulae of Olinde Rodrigues, the two equations 


29, © _, 2, 
Sp Pape ag ae 


have the four pairs of solutions 


2 2 22 
(z,°), (y, Y), (a4); Fa, eX +y¥+ 2) - 


Eliminating 6, 


= (45) = (m5): cil 


This has the solutions X, Y, 7, —(#X +yVY+2Z). 
Similarly, the equation 
Py) - 06 en ae ee 
dv \p, du ~ dar \p, 5 ov (Lag 
will have the solutions —2a, —2y, —22, a+y?+2?—7?°, 
and these are the coordinates of a sphere with (a, y, 2) as 
centre. There is but one equation of the type 


020 06 06 2 
Tree rr dv 


which has the solutions X, Y, 7; hence we get all surfaces, 
with the same spherical representation as our given surface, 
by taking the envelope of all planes with the coordinates 
X, Y, Z, ©, where the latter is a solution of (11). It appears 


* This development is taken direct from Darboux, Surfaces, cit., vol. iv. 
pp. 137 ff. 
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also from the Codazzi equations that the lines of curvature 
will correspond in any two such surfaces. Suppose, then, 
that we have a surface enveloped by the planes X, Y, Z, 0’, 
and write 

© = O'—(Xa+ Yy+ Zz). 


Here © and ©’ are both solutions of (11). The equation of 
the tangent plane will be 
=(€—2) X = O. 


To find the envelope we differentiate to u and v respectively, 
remembering 


b» => Dee So 
aU a5 - 
OX Py) OX Pe) 
> (€—2) — = — She =-2) 
(5 of: ow ya cos ov OV 


We transform these by means of (11) and the Codazzi 
equations, getting 


Bean) 2 2 sey Soe 


where @ is a solution of (12). These equations give us also 
the secant of contact of the points of contact with its envelope 
of the sphere 

(a—£)? +(y—n)* + (2—¢)? = —28. 


If, thus, two non-developable surfaces have the same 
spherical representation, the normals to the one are secants 
of contact with the envelope of spheres whose centres lie on 
the other. Conversely, the orthogonal trajectories of such 
secants of contact will be a surface of the form required, 
provided the square of the diameter is a solution of (12). 

We next suppose that P and P’ are two infinitely near 
points on a line of curvature of that surface which is the 
locus of the centre of the moving sphere; HK and H’K’ 
the corresponding pairs of points of contact of the sphere 
with its envelope. Since the lines of curvature correspond 
in the two surfaces, the lines HK and H’K’ meet (to the 
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fourth order of infinitesimals), let us say, in R, while the 
normals at P and P’ meet, let us say, in Q. The four points 
H, K, H’, RK’ are concyclic, by 16]; hence R has the same 


power with regard to the circles PHK and P’H’K’. Again, 


PQ is tangent to the first of these circles at P, and P’Q 
touches the second at P’ while PP’ is orthogonal to PQ, so 


ee. — 


that Q also has the same power with regard to both. It — 


follows that the two circles are cospherical, their common 
sphere being orthogonal to the other line of curvature at P. 
A similar state of affairs will hold if we proceed infinitesi- 
mally along this other line of curvature. Hence the con- 
gruence of circles P, H, K is focal, and, since the focal spheres 
are mutually orthogonal, it is normal, the given surface being 
one orthogonal surface. 


Theorem 31.] If a non-developable surface be given in 
cartesian space, and a second having the same spherical 
representation as the first, then the normals to the latter are 
secants of contact with the two nappes of the envelope of spheres 
whose centres lie at the corresponding points of the former. 
The circles, each inverse to one of these secants, with regard 
to the corresponding sphere, generate a normal congruence, 
having as one orthogonal trajectory the given surface. 

It is not at all clear that all normal congruences with 
a given orthogonal surface can be obtained in this way. 

Any triple orthogonal system of surfaces will lead to a 
normal congruence in the following simple way. Let the 
parameters giving the various surfaces of the system be wu, v, w. 


Oz > (th, i, A) Bee Oe ee 


02a. Un 
LEG a EE pee 
eye se +¢x;, 
ee a 
swiUu ae oe te js 
oa. v 
v — a” Sree 7 id dd 
oe ee M/E _ ape . +e x om 
ow? OW ow ow 
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The sphere (s), where 


O27, 0a, 0? 
ps; =| as! St 2m 
| J ow dw dw? 


b 


contains all points of the osculating circle to the w curve at 
ox : 
(x) and at (x)+ (==) du. It is orthogonal to the wu, v surface, 


and to the v curve thereon. A similar sphere is found by 
interchanging the parameters w and v ; and these two spheres 
are mutually orthogonal, whence 


Theorem 32.] Jf a triply orthogonal system of surfaces be 
gwen, the osculating circles to one system of trajectory curves 
at the points where they meet one orthogonal surface form 
a normal congruence. 


$3. The Kummer Method. 


There is a totally different method of analysis which may 
‘be profitably applied to congruences of circles, and which 
leads to theorems of a different sort from the classical ones 
which we have just proved. We have frequently had occasion 
to point out that the circles of a pentaspherical space could 
be treated as lines in an S, of elliptic measurement. If, then, 
we are interested, not only in the points on a circle, but also 
in the spheres through it, there is much to be gained by 
copying the standard methods of line geometry adapted to 
a space of elliptic measurement, and of four dimensions.* 

A circle of a given congruence shall be determined by two 
mutually orthogonal not null spheres (y) and (z), whose 
coordinates are analytic functions of two independent para- 
meters U, Vv, 

Y¥,=Yy; (4,2), %=4(u,v), 1=9...4, 
(13) 
(yy) = G2) = 15. (y2)= 0 


* For a discussion. of the corresponding formulae for line geometry in 
elliptic geometry of three dimensions, see the Auth or’s Non-Euclidean, Geometry, 


cit., Ch. XVI. 
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We have three fundamental equations 


(dydy) —(zdy)? = Edu? + 2 Fdudv + Gdv’, 

(dzdz)—(ydz)? = E’du? + 2 F’dudu+ Gd’, 

(dydz) = edu? + (f+f’)dudu + gv’. 

More specifically 
oy oY Soy f oy oY oy 
Tea) ad ee saasiie (- 54) (23 wah 
dy oY oy 
GS) - Gs) =a 


02 02 dz 02 ( == oZ\ __ F 
— ——) — — —)—(y—) (y— J) =F, 
ow a (y y= as ia NCOeE 4 I Zu v5,) 


thtcsaehs = 


2239) (=e a9, 


ie 3 dy a 
ibe) = Geog) = So Goa) = ho ea 


These various coefficients are connected by a symmetrical 


syzygy. We apply the Frobenius identity to the six spheres 


CDG Go Ges 
ie dee 
ied de Me? 
Se Age get Gs 
Pei ah ee 


= 0. (16) 


We saw in Ch, XII that if two cireles be given in general — 


position, i.e. no focus of one lying on an isotropic. with a focus 
of the other, there are two circles of a cross cospherical and 
orthogonal to both. Let us find this cross for two adjacent 


aie 


circles of our congruence. Let the spheres through the first 
circle be cos (y)+sing(z), —sin¢ (y)+cos ¢(z), while — 
those through the adjacent circle are 1(y+dy)+m(z+dz), 


P xv CIRCLE SYSTEMS | 573 


—m (y+dy)+1l(z+dz). Writing out the conditions for criss- 
cross orthogonality, and remembering 
2(ydy) = —(dy dy), 2(zdz) = —(dzdz), 

(ydz) + (zdy) = —(dy dz), 


we have two linear homogeneous equations in 2 and m. 
Equating the discriminant to zero, and neglecting infini- 
tesimals of a higher order, 


[1 —3 (dy dy) | sin $ — (2dy) cos ¢, 
(ydz) sin p—[1—4 (dzdz) |cos 
—[1-—4 (dz dz)| sin ¢—(ydz) cos ¢, 4 
(zdy) sin + [1—4 (dy dy)] cos 
Expanding, and casting aside higher infinitesimals, 
[edu* + (f+/’) du dv + gdv*] (sin? — cos") + [(H— EL’) du? 
+2 (F—F”’) du dv+(G—G’) dv] sin ¢cos¢ = 0. (17) 
In order to discuss this equation, we write two others : 
(E— EL’) du? + 2 (F—F’) dudv+(G—-@) dv? = 0, 
edu® + (f +f’) du dv+gdv* = 0. 
These are the expanded forms of 
(dy dy)—(dzdz) = 0, (dydz)=0. 
Let the foci of our circle be (x) and (y). We may write 
ie eer ee 
(18) 
Y;=t(O;+y;) 2% = (jy), 1=0..4. 
Our differential equations amount to the pair 
(dada) = (dydy) = 0. 
With regard to these two we have the following pos- 
sibilities : 


A) They have, in general, no common root. The isotropic 
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curves do not correspond to one another on the two surfaces 


> 
= 


of foci. We shall say that the congruence is non-con-— 


formal, 


B) The equations have, in general, one common root. Then 
the surfaces of foci (which must not on any account be con- 
fused with the focal surfaces) are so related that one system 
of isotropic curves on the one surface corresponds to one such 
system on the other. These congruences shall be called semi- 
conformal, 


C) The equations are equivalent to one another. The 
surfaces of foci are conformally related, and the congruence 
shall be called conformal. 


Rae ft va 


(eee a ee 


Let us begin with the non-conformal congruence. Here, if 


du /dv be given, we usually get a unique value for tan 24, 
that is to say, two mutually orthogonal spheres, and so the 
cross required. On the other hand, if @ be given, we have 
a quadratic equation in du /dv, so that on each sphere through 
a circle of a non-conformal congruence will lie two circles 
orthogonal thereto, orthogonal and cospherical also to an 
adjacent circle of the congruence. These two circles will fall 
together if this equation in du /dv have equal roots, i.e. if 


leg—2(f+f")"] (tan* — 1)? 
+|¢(G—@)—-(F-F/) (f+) +9(E—E’)] (tan? — 1) tan (19) 
+[(L—E’) (G—G@’)—(F—F’)?] tan?d = 0. 

This equation is unaltered if we replace tan @ by —ctn ¢. 


Theorem 33.] In u non-conformal congruence, through 
each circle in general position will pass two pairs of mutually 


“ 
~ 


orthogonal spheres, on each of which there is but a single circle — 


orthogonal to the given circle, cuspherical and orthogonal to an 
adjacent circle of the congruence. 

The words ‘in general position’ mean that the two quad- 
ratic differential equations just written have no common 
solution. We shall call these the limiting spheres through 
the circle. They correspond to maximum or minimum values 


: 


XV CIRCLE SYSTEMS © 575 


for tan in (17). We see, in fact, that if we equate to zero 
the partial derivatives to du and dv, we get 


| edu + do] (tan? —1)+[(E—E’) du 
+(f— F’) dv|tan ¢ = 0. 


jar du+ git] (tan? —1)+[(F—F"’)du 
+(G—G’)dv]tan ¢ = 0. 


Eliminating du/dv we fall back upon (19). In the case of 
a real congruence the real spheres containing real circles ortho- 
gonal to the given circle and a next neighbour will lie in 
specific angular openings determined by the limiting spheres. 

We next suppose that our congruence is focal. We have 
for the focal sphere 


cos py; + sin $2; = cos (p + dg) (y; + dy;) + sin (p + Aq) (2; + dz;). 
dy; cos 6 + dz; sin @—(y; sin ¢—z; cos ) dp = 0. 


Multiplying through by y;, summing, and neglecting higher 
infinitesimals, 


dg = (ydz) = — (zy). 


oy; oz, . : 4 =)] 
| yu C08 P+ aoe sin >) — (y;sin p—z,; cos f) (y a dw 


dy; oz; . : J dz Je _ 
+ | (Ai cos $+ are sin $) —(y;sin ¢—z; cos d) (y 7) dv = 0. 


Multiplying through by _ and summing, then doing the 


same for 2%, 
ov 
[edu + fdv] cos p+ [L’du + F'dv| sin @ = 0. 
[fdu + gdv|cos p + [F’du + G’dv] sin $ = 0. 
Similarly 
[edu+f’dv] sin 6+ [Hdu + Fdv] cos = 0. 
[fdu + gdv] sin 6 + [Fdu + Gdv] cos p = 0. 
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Eliminating ¢, 
(E’f’ — F’e) du* + [E’g —F’ (f-—f')— @e]dudu 


+(Fg—G@’f)dv? = 0. | 
(20) 


(Hf — Fe) du? +{Eg—F(f’ —f) — Ge|dudv + (Fg — Gf’) dv? = 0. 


Eliminating du /dv, 


a 


be 


YT ee ne eet 


iP 
‘a. 


(E'G! — F”) tan? + [Wg —F (f+ f’) + @e)] tan $ + (eg—ff')=0. — 
(2 1) = 


(eg —ff’) tan?d + [Lg —F (f +f’) + Ge] tan 6+ (EG—F?) = 0. 
[(eo ff’) — (EG! — F’*)] tan? p + [(E— Bg —(F—F’) (f+) 
+(G—G) e] tan @+ [(EG—F’)—(eg—ff’)] = 9. (22) 


In order that a congruence should be focal, it is necessary 
that the two equations (20) should be equivalent, and the 
same for the two equations (21). It should, further, be noted 
that the middle coefficient is the same in (19) and (22). This 
vanishes when, and only when, the pairs of solutions make 
equal angles with (y) and (2). 


Theorem 34.] In a focal congruence the spheres of anti- 
siumilitude of the focal spheres are also spheres of antisimilitude 
of the lumiting spheres in pairs. 

The conditions that a congruence should be focal can be 
written in better shape. The foci of the circle being (a) and 
(y), which coordinates we find from (18), the condition for 
a focal congruence is found from (15), 


dy dX da doy Ia 0a 
50°) Su 30 | | 0°) Ya, dv | (23) 
This gives 
oz dy dy oz dy oy 
duo” Ju dv | | du?” du dv! — a 
Squaring 
EF e De AN 
FE filial FG go l=0., * (24) 


e ti Be in g Go 


= 
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What additional requirements must be fulfilled if our focal 
congruence is to be a normal one? We take as wu and v the 
focal parameters, then 


oz; oY; dz; oy 
Sy = Wit Meas + oss Jy = UVF vee, te = . (25) 


H=ce, W=¢f', =¢f, @=cq; cH=e, cF=f, 


Then, since the expression 
P) oz 
e[(y) + (55) du]—[e) + ($=) au 


is a linear combination of (y) and (z), the focal spheres are 


c(y)—(z) and e’(y)—(). (26) 
The condition for a normal congruence is thus, by (17), 
ec’ +1=0. 
This gives 
(EG—F?) = (E'G’—F) = —(eg—ff’). (27) 


These equations are invariant, and our reasoning is rever- 

sible. They will, therefore, give necessary and sufficient con- 
ditions that a focal congruence should be a normal one. 
' The normal congruence of circles seems, at first sight, the 
most natural extension of the normal congruence of straight 
lines, which is after all but a special case of the other. There 
is, however, another extension of the normal line congruence 
which possesses not a little interest for us. Interpreting our 
circles as lines in S,, what sort of a congruence of circles will 
correspond to a normal line congruence in this space? We 
mean by a normal congruence of lines in S, a two-parameter 
family orthogonal to an analytic surface. What will such 
a line congruence give us in circle geometry? The measure- 
ment in S, being elliptic, we see by a little reflection that in S, 
we must have such a circle congruence that through each 
circle we may pass a sphere whose pairs of points of contact 
with the two nappes of the envelope are mutually inverse 
in that circle. Suppose that such a sphere has the coordinates 


Yy, = y,cospte;sing, 1=0...4. 


1702 oo 
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Then every sphere through the points of contact of (y’) with — 
its envelope cuts (y) 3 in a circle orthogonal to the given circle, 
i.e. such a sphere is orthogonal to (—y) dd rind cos d, the 
sphere through our circle orthogonal to (y’). We thus get 
the equations 


~ (y 22) sintg + (254 cos’ + oP - y 52) sin 


oF) ) ge OP 
+ (25%) cos o+ > 


22), 26 _ 2). (8) 


eee em fh. ele 


fe ft (29) 


The differential equations (28) are equally well satisfied 
if we replace @ by $+k, where k is any finite constant. 


Theorem 35.] If through each circle of a congruence it be 


possible to pass a sphere whose points of contact with its envelope — 
are mutually inverse in that sphere, then an infinite number. 


of such spheres may be passed throwgh each circle. These 


spheres will generate a one-parameter family of congruences ; 


corresponding spheres of any two congruences pass through — 


the. same circle of the circle congruence and make a fiaed 
angle. 


A congruence of circles which possesses this property is said 
to be pseudo-normal. 

Suppose that we have a congruence of circles which is both 
focal and pseudo-normal. We find from (25) and (29) that 


(c—c’)f = 0. 
We could not have c = c’, for then would 


dz; = py;+qz,+7dz,, 


and we should have a set of circles through two paw or one — 


sphere, an uninteresting set. Hence 


fe fa 


- 


P 
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Substituting in (17) we get an equation whereof (26) gives 
two solutions. 


Theorem 36.] A necessary and sufficient condition that a 
focal congruence which does not consist in circles through 
a pont-pair or on a sphere should be pseudo-normal is that 
the focal spheres should coincide with a pair of limiting 


_ spheres. 


Let us see what relations subsist among the foci of the 
circles of a pseudo-normal congruence. We return to (18). 


If, then, : 
01 
“. x)= (ce %) 


G30) = Goan 


and vice versa. If, now, (8) be a sphere touching its envelope 


we have also 


at («) and (y), we see, by (6), that the circle orthogonal to (8) 


at (x) and (y) (in bi-involution with the given circle) will 
generate a normal congruence, and vice versa. Moreover, 
w and v will be the focal parameters for this normal con- 
gruence, i.e. give the lines of curvature of the surface (a) 


and (y). 


Theorem 37.] A necessary and sufficient condition that 
a focal congruence of circles should be pseudo-normal is that 
the lines of curvature should correspond in the two swrfaces 


of foct. 
Let us follow further the relation between the normal and 
pseudo-normal congruence. The focal spheres are 


e(y)—(2)3 &(y)— ©). 
The spheres orthogonal to our circle through the pairs of 


focal ES are 
u)O-Gu» Go2)@- Ge): 


These will be mutually orthogonal if F=f=/f’ = 0. 
002 
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When, however, these spheres are mutually orthogonal, the 
pairs of focal points separate one another harmonically, and 4 
conversely, whence 


Theorem 38.] A necessary and sufficient condition that 
a focal congruence should be pseudo-normal is that the pairs 
of focal points on each circle should separate one another 
harmonically. 


We get at once from (28) 


Theorem 39.] If a normal congruence of circles be gwen, © 
the congruence of circles whose foci are the pairs of inter- 
sections of the circles of the normal congruence with any two 
chosen orthogonal surfaces is focal and pseudo-normal. 


Theorem 40.] Jf a congruence of circles be both focal and 
pseudo-normal, the foci are the pairs of intersections of the 
circles of a normal congruence with two orthogonal surfaces. 


EN iii tel ee i pat tS lds Ad be 


Taveras. 


When a normal and a pseudo-normal congruence are related 
in the fashions described in the last two theorems, we shall 
speak of them as associated. The normal congruence has the 


parametric form 
av; = Pa; +t B+ y;. 


oy1 9d | 
B= | 9; % 5H vu ol, Glo. « 


Here we suppose that w and v are the common focal para- 
meters of the two congruences. Let one of the spheres whose 
points of contact with its envelope are mutually inverse in the 


(y); (2) cirele be (y’), where 
yi = cospy;+singz;, += 0.4. 


oy, Oy, Be DES Seals: 7 
Sy = 88 b sy, +sin ps7 + (¥ 5) (—a. sin 6 +2; 608 $) 


ee et eee a ee ee Pe ye ee ee ee eee ee ae, 


“Us = eos g 3! Yi 4 sing st (yee —y,sin 6 +2, cos >); 


Co 
tet £7 


a 
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; 


as we see by the aid of (28). We also find from (18) and the 
above value of (8) that all points of the associated circle of 


the normal congruence lie on the spheres G=). cy) so that, 


in particular, the points of contact of (y’) with its envelope lie 
on this associated = and this circle is orthogonal to (y’), 


since (y' 4) = (y 2 


Theorem 41.] If a focal and pseudo-normal congruence be 
given, the spheres whose pairs of points of contact with their 
envelopes are mutually inverse in the circles of the given con- 
gruence will envelop the orthogonal surfaces of the circles of 
the associated normal congruence. 


_ Since w and v give the focal parameters for both con- 
gruences, 


Theorem 42.] If a normal and pseudo-normal congruence 
be associated, the annular surfaces correspond in the two, 


Theorem 43.] If a normal congruence be given, not con- 
sisting in the circles through a point-pair, pairs of inter- 
sections with any two orthogonal surfaces may be taken as the 
foci of the circles of an associated pseudo-normal congruence. 
The other orthogonal surfaces will then be paired in such a way 
that the intersections of each circle with a pair of surfaces are 
mutually inverse in the corresponding circle of the associated 
congruence. 

The pseudo-normal congruence enjoys a sort of indestructa- 
bility akin to that of the normal line congruence, Let one 
such congruence be given by the spheres (y) and (z). Wemay 
then determine (z’) so that, 6 being fixed, 


Was W=0 emone (= G2) 


The spheres (y) and (2’) will determine a second pseudo- 
normal congruence of such sort that each of its circles is 
cospherical with one of the given circles, and makes therewith 
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a fixed angle. The sphere through the circle of (z) and (2’) 
making an angle ¢ with the former is (2”), where é 


»_ sin (0— $) , sin p 
or sin 0 Ate sin 6 a 


This cuts (y) in a circle coaxal with the previous circles, 
and making an angle ¢ with the first of these. If, then, @ be 
constant, i ew. 

dz" oY 2" oy 
ou x= bp Th 

Theorem 44.| If two pseudo-normal congruences be so 
related that corresponding circles are cospherical and make 
a constant angle, then each circle coaxal with both and making 
constant angles with them will generate a pseudo-normal 
congruence. 

We reach another theorem of the same sort in the following 
manner. Suppose that we have two correlative complexes of — 
spheres, given by the equations 


‘ih ea et 14) 


027, OX, 0 
pu, = 2; (u,v, WwW), o& {=| 2; ne et 


Jow ov ow 


We assume also that we have a pseudo-normal congruence 
of circles. Through each circle will pass at least one sphere of 
the first complex, and this we shall take as (y). The corre- 
lative sphere is (¢) where 


Yn Yt 
7.= 93 0, yw ov Sm |° 


8, 18 & function of uw, v, and w. Further, let 
, __ sin (p—8) sin} | 
ing - taint sin 0°" 
so that ¢ is the angle of (z’) and (é), while @ is the angle of 
sin d 
sin 0 


(z) and (¢), and let us assume that - 
We have 


Gass) Grow Gua Gy) 


=k, a constant. 
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Theorem 45.] Through each circle ¢ of a pseudo-normal . 
congruence a sphere is passed belonging to a given non-de- 
velopable complex in such a way as to generate a congruence 
of that complex. This sphere meets the corresponding sphere 
of the correlative complex in a circle c’, and a circle c’ is so 
taken as to be coaxal with the circles c and c while the sines 
of the angles which c and c’ make with ¢ have a constant 
ratio. Then the circles c’”’ will also generate a pseudo-normal 
congruence.* 


It is now time to take up some of the hitherto excluded 
types of congruence. The semi-conformal type has the pro- 
perty that each circle in general position is paratactic or 
tangent to one adjacent circle. The circles are, however, 
necessarily imaginary, and we prefer to pass to the more 
interesting type of conformal congruences. Here we have 


EE’: F—F':G-@ = eJAT _ g. (30) 
Equations (17) take the form 


[edu*+(f+/’) dudv+ gdv?] (sin? —cos*o + ksin $ cos $] = 0. 


The roots of the second factor give two mutually orthogonal 
spheres, which we may take for (y) and (z). A circle cospherical 
and orthogonal to our given circle, and to one infinitely near, 
must lie on (y) or (z). The sphere (y) is, then, orthogonal to 
(z) and (z+ dz). 

(ydz) = (zdy) = —4(dydz) = 0. 
=ft+f=Hg=o0. 


But if we return now to our equations (18) we find 
dX OX oy oy OX OX dy AY 
du Se ee su)? ne ey au)” 
9X Oy) _ is Oo”). 
dv x) = Lov dv 
(dada) = (dydy). 


* This is the interpretation in terms of circles of the four-dimensional 
extension of the Malus-Dupin theorem. 
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If these various expressions do not all vanish identically, 
the two surfaces of foci are conformally related. If they do 
vanish identically, («) and (y) trace two minimal curves, given — 
respectively by the parameters w and v. Suppose, conversely, 
that (x) and (y) are corresponding points on two conformally — 
related surfaces, 


(dada) = p(dydy), 2(ay)= —1. 
Replacing a; by ws and y; by V py, 
p 


(dada) = (dydy), 2ay)=-1, e=f+feg=9, 
Equation (17) reduces to 
[(E—E’)du? + 2(E—F”’)dudv + (G—G’)dv?] sin $ cos $ = 0, 
a circle orthogonal and cospherical with our given circles, and 


one of its next neighbours must lie either on (y) or (z). We 
next write 


y, =y; cosptz2,sing, y;”=y;cosd—z;sing, = const. 


(dy'dy’) = (dy dy”). 
Conversely, if this equation hold, and if @ be constant, 
(dydz) = 0. 
We shall say that two congruences of spheres are con- 
formally related if they be in one to one analytic correspon- 
dence (at least in some continuous region), and if the angle of 


two adjacent spheres of the one be equal to the corresponding 
angle in the other. We thus get 


Theorem 46.] If the foci of the circles of a congruence be 
corresponding points on two conformally related surfaces, or 
trace two minimal curves, then, through each circle of the 
congruence we may, in an infinite wumber of ways, pass two 
spheres which shall make a constant angle with one another, 
and describe conformally related congruences. } 


Pee TP ee eT a Ie ea FPL ee og pene rere, 


Theorem 47.] Jf corresponding spheres in two conformally ; 
related congruences make a constant angle, then will their — 
circle of intersection generate a conformal congruence. 
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Let us now make the additional assumption that our con- 
gruence is focal. The isotropic curves will correspond on the 
two surfaces of foci. If we take these to determine our 
parameters w and v, we have two conceivable cases 


ov; Wa. dy; Sy 
Bron, PUT INTH SS 55 HPT SS 
ov; On: P,) . , Pov 
ou Baro ke ee oe Si = oi +PH+K = 


Leaving aside for the moment the question of whether both 
cases are possible, let us consider them in turn. In (A) 
we have 

da dy\ (90 ey). 
du dv) \dv du 


Our congruence is pseudo-normal; the focal parameters w’ 
and v’ will, by 42], give the focal directions for the associated 
normal congruence, so that they give mutually orthogonal 
lines of advance for (x) and (y), We have the partial differen- 
tial equations, analogous to those previously found for a normal 
congruence, 
oy; 


oa; 
> am b’c'x; + b’y; + c rd ) 


oy; 0a; 
ae = bea, + by; + ess 


The relation between the coefficients of (x) and (y) comes 
from the equations 


(as) + (rawr) = (@ay) + 30) = 9 


The condition that our surfaces (x) and (y) should be con- 
formally related is 


Ix Ia ww? 0X 0X oy ey / dy 2°) 7 72 
dy’ su) oe yl 2p dv’, 
dw’ du’ PY 7 5) 0 ou’ dw (575 7) 


This gives c?=c’%, Now, if c =c’, we have at once 


dy; ae Pa;+Qy;+ Rda;. 
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Each two adjacent circles are cospherical, and we have 
circles through two points or one sphere, cases which we may 


exclude. Hence 
c+ec= 0. 


This shows that the focal spheres c(x)—(y), ¢’(«)—(y) are — 


mutually orthogonal, and so, by 17], 


Theorem 48.] If a congruence be both conformal and 


pseudo-normal it is normal. 


Theorem 49.] If a congruence be both normal and con- 
formal it is pseudo-normal, or consists in circles touching 
a given circle at a given point. 

Congruences of this type are well known. On the other 
hand, in congruences of type (B) the focal parameters are also 
the isotropic ones. We thus see that each circle is tangent 
to two adjacent ones, or the circles of the congruence are the 
osculating circles to two different one-parameter families of 
curves. This much is true if such congruences exist; unfor- 
tunately, the present writer has signally failed in all his 
attempts to find an example of such a congruence.* 


§ 4. Complexes of Circles. 


Our leading object in attempting the Kummer method for 
the study of circle congruences was to follow the methods 
which are fruitful in line geometry, or, rather, to study line 


* The problem of finding a conformal focal congruence is sometimes called 
the problem of Ribaucour; it amounts to finding a congruence of spheres 
which establishes a conformal relation between the two nappes of the en- 
velope. For an interesting discussion of congruences of type (A) see Darboux, 
‘Sur les surfaces isothermiques’, Annales de I’ Kcole Normale, Series 3, vol. xvi, 
1899, pp. 498 ff. Darboux here proves that this is the only type of conformal 
congruence, but his proof is erroneous, as he subsequently acknowledged in 


er Pe LN TE eee Ose ee ee er 


tidaan 


thtndut Bahk 2 


a letter to the Author. He doubted, however, whether any congruences of — 


type (B) really existed. The theorem that congruences of type (A) are normal 
was casually mentioned by Cosserat in a short article, ‘Sur le probléme de 
Ribaucour’, Bulletin de V Académie des Sciences de Toulouse, vol. iii, 1900, pp. 
267 ff. 
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systems in S,. The idea lies close at hand that if in our line 
geometry we move up one in the number of dimensions, we 
should do well to allow ourselves an extra parameter. In 
other words, will not these same methods yield interesting 
results when applied to the study of circle complexes? We 
start with the equations 


Yi = Ye (UUs), 2% = 2 (Uy Uys), 
(33) 
(yy) = (22) =1, (yz) = 0. 
i,j=8 
(dydy) —(zdy)? = 2 ajdujdu;, Uy = Uy. 
i= 
ij=3 
(dzdz)—(ydz? = > dydu,du;, by = d,;. (34) 
4k 
i j= 
(dydz)= > cdu,du,;. 
tyj = 
oie Se: 
du; sie (52) S44 


oy oy (2 (Ce a = ee <? 
a, +O, = 2a,,= 2a, 7 Fr. 
ou; a) ) wert a ad ij Gi 


Fe Is (v=) = bis; 
Pee 2s Pedy s,) = Py + bjs Py = Bie FFE (88) 


oy 92\ _ 
ae = iy. 
ou; UW; 


ee SoC re S geen ee 
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du, Iu, du, | du, du, uy 
i,m=4 
24s 8 | en ee 
i, m=0 dU, dU» dU» 0 Us OU, OU, 
| 
Iz Wy IUy OU, IU, Ug 
C11 “2 “is 
=| Cor Coz Cos | =| Cy |- (36) 
C31 C39 Cg 
oy dy oy |? _, 0% 2% dz b 
: JU, Wy Uy o Su dU, OU | Ol. 
From 
ay Ry 
cm, BAS = — 0. 
G2) = (y a) =e I Zu, (vs Iu, a) aa 
me CS aGe 
=V5,J= =0, 
(zy) = ( mazes “ dUs AYA = 
2. OK ayy 24m 024, 021 om 
ae Uy WU, IU, yh dU, Wey wu, 
= 2, LLY we 9 © J 
V| ay; | Vv |b; | 
If we write 
o| a d| b.. 
A}, = | iy | By = a |, 
On 0b) 
heat k,l=8 
= C5761 Bry Ci C1 Agy 
neg TSN fae ee payee. 
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Let us find the circles cospherical and orthogonal to a circle 
in general position and to one immediately next. We pursue 
exactly the same calculation which led to (17), and reach the 
equation 
,j=38 

> [eij (sin? —cos*$) + (a; —,;) sin p cos $]du,du;=0. (39) 
j=l 

As in the case of a congruence we are thrown back upon 
the equations 
(dada) =0, (dydy) = 0. 

When these equations are not equivalent the relation 
between (x) and (y) does not give a conformal transformation 
of space, and the complex shall be said to be non-conformad. 
When the two equations are equivalent we have a conformal 
transformation of space established by (x) and (y), and the 
complex shall be called conformal. There is no intermediate 
case corresponding to the semi-conformal congruence, unless 
(x) or (y) be restricted to lie on a surface, since the equations 
are irreducible. We start with the non-conformal complex, 
and notice that there will be two circles cospherical and 
orthogonal to each circle and each of its next neighbours, 
unless the two be cospherical or paratactic. Analytically, we 
have trouble in finding these orthogonal circles when 

i,j=38 ija8 
> ejdujdu; =0, DX (aj —by)du,du, = 0. 
i,j=1 i, j=l 

Let us see whether the solutions of these equations give us 
eospherical or paratactic circles. We know from 8] that each 
circle of a complex is (usually) cospherical with three adjacent 
circles. On the other hand, the equations as they stand are 
irreducible quadratics, with four solutions, distinct or coin- 
cident, and in the case of each solution ¢ is indeterminate ; 
hence 


Theorem 50.] A circle in general position im a non-con- 
formal complex is paratactic with four distinct or coincident 
adjacent circles of the complex. 
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The qualification pseudo-normal may be applied to com- 4 
plexes as well as to congruences. We wish to find those — 


complexes of circles which correspond to the normals to 
a hypersurface in S,. A little reflection shows that such 
circles must be the intersections of corresponding spheres in 
two correlative complexes. Let the corresponding spheres be 
(y') and (2), | 
Yj, = Y, COSP+2,; sing, 2 = —y,sin +2; cos >. 
We wish to have 
(y' dz’) = (7 dy’) = 0. 
Proceeding exactly as before, we find 


(ydz) = d¢. (40) 
Spiele 2B (41) 


Ca = Cpe 
We note also that if ¢ be one solution of the differential 
equation, so is @+ const. 


Theorem 51.] If through each circle of a complex it be 
possible to pass a pair of spheres which correspond in two 
correlative complees, then we may pass an infinite wwmber 
of such pairs of spheres generating as many pairs of corre- 
lative complexes. The spheres of any two of these complees 
through each circle make a fixed angle. 

We shall define circle complexes of this type as pseudo- 
normal. We next choose for u,, w,, Ws such parameters that 
by holding two constant we get the annular surfaces of the 
complex. We can repeat almost word for word what we did 
in the previous case of pseudo-normal congruences, and find 


Ge tw hi = Cog = Cyp = Cy, = Cg = 0. 


The spheres mo oe (5). on 2) (2)— ee are 


mutually thee i hence 


Theorem 52.] A necessary and sufficient condition.that 
a complex of circles should be pseudo-normal is that the pairs 
of focal points should separate one another harmonically. 


. 
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On an arbitrary sphere there will lie a finite number of 
circles of a given complex of order greater than zero. Suppose 
that two pseudo-normal complexes are determined respectively 
by (y) (2), and (y) (2’), and that (z) and (2’) make a constant 
angle 6. Then, if 


_w— Sn (p—a) _ sin > ‘ 


a = = z = 2 w= 0... 4 
s amd —* “vam g *” : 


where ¢ is constant, we see that (7) and (2’”) determine a pseudo- 
normal complex. 


Theorem 53.] If two pseudo-normal complexes be so related 
that corresponding circles are cospherical and make a constant 
angle, then the complex of circles, each coaxal with two corre- 
sponding circles of the given complexes and making with 
them a fixed angle, is also pseudo-normal. 

Suppose next that (s) corresponds to (y) in the complex 
. correlative to that generated by the latter. If, then, we write 

,_ Sin (p—6) sin 
6 age 8 aint. 
and if eae be constant, we find, as before, that (y) and (2’) 


generate a pseudo-normal complex. 


Theorem 54.| Jf through each circle of a psewdo-normal 
complex a sphere be passed belonging to a given non-developable 
complex, and if the original circle be replaced by such a cirele 
coaxal with it, and the circle cut by the corresponding sphere 
of the correlative complex, that the sine of the angles of the 
original and the replacing circles with the circle on the corre- 
lative sphere have a fixed ratio, then will the replacing circles 
also generate a pseuclo-normal complex. 

The consideration of circles adjacent and cospherical with 
a given circle presents certain special features in the case 
where the complex is conformal. Let the foci of a circle in 
general position be P and P’, while those of an adjacent 
sphere cospherical with the first are P+ AP, P’'+AP’. If we 
follow the conformal transformation of space established by 
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. . . . - " 
our complex by an inversion which interchange P and P’, — 
we have a spherical transformation which leaves invariant P 


and the circle through our four points. We are thus led to 


the consideration of the invariant line-elements in a spherical - 
transformation which leaves P invariant. We have four 


possibilities : 


1) One proper and two isotropic line elements fixed. 


2) One proper line element fixed, and all line elements — 


orthogonal thereto fixed. 
3) All line elements orthogonal to an isotropic fixed. 
4) All line elements fixed. 


Remembering that a necessary and sufficient condition that 


two circles on a not-null sphere should touch is that the circle — 


through their foci should be null, we have 


Theorem 55.] Jf a circle of a conformal conplex be 


cospherical with but three adjacent circles of the complex, 
the common sphere being in no case null, it will touch two 
of them. 


Theorem 56.] Jf a circle of a conformal complex be co- 
spherical with three adjacent circles, and be not tangent to any 
one, nor lie with one on a null sphere, it will be cospherical 
with a series of adjacent circles. 


Theorem 57.| If a circle of a conformal complex be neither 


tangent nor on a null sphere with more than one adjacent — 


circle, it will be cospherical with a series of adjacent circles. 


Theorem 58.] Jf a circle in general position in a conformal 
comple touch three adjacent circles, the complex will consist 
in the totality of circles on one sphere. 


Of course these statements in terms of adjacent circles 
could be translated into terms of annular surfaces and oscu- 
lating circles if we chose. ; 

The following theorems are deduced by methods exactly 
analogous to those used in the case of circle congruences. 
Two complexes of spheres shall be said to be conformally 
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related when their members are in a continuous one to one 
correspondence, and the angle of two adjacent spheres in one 
is equal to the corresponding angle in the other. 


Theorem 59.] If a conformal circle complex be given, we 
may, in an infinite number of ways, pass two spheres through 
each circle which shall make a constant angle with one another, 
and describe conformally related compleaes. 


Theorem 60.] If two sphere complemes be conformally related, 
and two corresponding spheres meet always at a fixed angle, 
then will their circles of intersection generate a conformal 
complex. 


The subject-matter of the present chapter offers quite as 
much opportunity for fruitful further study as did that which 
preceded it. We only managed to prove known theorems 
with the aid of the parametric method, but it is a method of 
great power and, skilfully handled, seems likely to furnish 
new and interesting results. What will be found if we 
attempt to extend this method to the study of complexes of 
circles? On the other hand, the Kummer method which has 
done so much for the differential geometry of the straight line 
is certainly capable of much larger development than it has 
here received. Other writers will prefer to study directly the 
infinitesimal properties of the S,° by the methods which are 
proving so fruitful in modern projective differential geometry. 
What is certain is that the circle has been diligently studied 
for two thousand years, and that it will be similarly studied 
for many thousands more. The methods of attack here ex- 
hibited are no more in advance of those known to Euclid and 
Apollonius than will be those of future geometers in com- 
parison with the best that we have been able to show. This, 
at least, is what we have a right to.hope and expect. For 
ourselves, ‘Let us shut up the box and the puppets, for our 


play is played out.’ 
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Circle, defined, 20, 129, 130, 189, 
284, F 

— of inversion, 22, 25. 

— of similitude, 28, 29, 96, 97, 107, 
155, 176. ; 

— of antisimilitude, 28, 29, 110, 111, 
112, 120, 188, 148, 155, 169, 174, 
182, 183, 191, 200. 

— Nine-point, 40, 41, 44, 52, 53, 56, 
57, 59, 60, 94, 100, 101, 107, 113, 
121, 122, 123, 238, 247. 

— Hart, 43. 

— circumscribed, 41, 45, 49, 51, 53, 
56, 58, 59, 64, 65, 77, 87, 88, 89, 
95, 118, 115, 116, 117, 118, 127. 

— inscribed, 40, 41, 48, 45, 56, 72, 
88, 115, 117, 121, 122, 142, 175, 
176, 177, 376. 

— Tucker, 68, 69, 70, 71, 72, 112, 124, 
125, 

— cosine, 70, 

— triplicate ratio, 71. 

— MacKay, 83, 84, 128, 129. 

— Neuberg’s, 79, 80, 84, 127, 128, 129. 

— Taylor’s, 71, 72, 73, 74. 

— radical, 105, 106, 107, 108, 155. 

— P, 55, 56, 57, 102. 

— escribed, 40, 53, 116, 181, 182, 376. 

— pedal, 49, 50, 52, 69, 107, 123. 

— Hagge’s, 58. 

— Fuhrmann’s, 58. 

— Broeard’s, 58, 83, 125, 126. ; 

— Lemoine’s first, 70, 71, 74, 125. 
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Circle, Lemoine’s second, 66, 70. 

— proper, defined, 130. 

— null, defined, 1380, 189, 284. 

— osculating, 156, 157, 204, 205, 214, 
215, 216, 217, 218, 221, 393, 400, 
401, 404, 

— fundamental of cyclic, 206, 207, 
208, 217, 218, 289. 

— polar, with regard to cyclic, 211. 

—antipolar with regard to cyclic, 
211. 

— directrix, of rational cubic series, 
5138, 514, 515. 

— parabolic, 458. 

— oriented in plane, defined, 351, 
358. 

——§in space, defined, 521, 522. 

Class of congruence of circles, 509. 

Coaxal circles defined, 98, 154, 

— spheres, defined, 242. 
Collineations, conformal, 210, 211, 
810, 337, 339, 341, 369, 415, 433. 
Compass, geometry of, 186, 187, 188. 
Complex, of spheres, 275, 277, 503, 

504, 582, 588, 591, 592, 593. 

——— linear, 248, 253, 255, 276, 
277. 

——— quadratic, 276, 277, 278, 279, 
286, 301, 508, 509. 

—— — cubic, 279, 280, 281, 282. 

— —— developable, 277. 

— — — non-developable, 277. 

——— correlative, 277, 278, 
583, 590, 591. 

——— polar, 276. 

— —— tangent, 277. 

— — — homothetiec, 278. 

— — — confocal, 278, 279, 302. 

——oriented spheres, 428, 429, 433, 
440, 441. 

———— linear, 428, 429, 430, 431, 
432, 483, 484, 435, 486, 437, 440, 
441, 446. 

———— quadratic, 448, 444, 445, 
446, 

— of circles in space, 462, 494, 508, 
509, 550, 551, 586, 589, 590. 
—— —— — linear, 458, 459, 460, 

461, 462, 497, 498, 501, 502. 


582, 


———— — conformal, 589, 592, 
593. 

—_———— non-conformal, 589. 
—-———— pseudo-normal, 590, 
591. 


— of oriented circles in space, linear, 
5380, 531. 

Concurrent circles, 52, 59, 85-92, 94, 
123, 149, 239, 

— spheres, 240, 241, 247, 262. 

Concyelic points, 39, 85-92, 94, 100, 
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102, 149, 194, 215, 217, 218, 219, 
391, 449. 


Confocal congruences and com- 


plexes. Sce Congruences and Com- — 


plexes. 
—cyclies, 220, 221, 222, 224, 225. 
— cyclides, 302, 303, 304. 
Conformally related complexes, 592. 
— — congruences, 584. 


Congruence of circles in plane, 160, — 


161, 332. 
—_———— quadric, 161, 162, 163, — 
203. ; 
—_-———— homothetiec, 163. 
—-—-— confocal, 163, 164, 221. 


—--——— correlative, 160, 161. 

— of oriented circles in plane, 394, 
400, 401, 402, 403. 

—— —— linear, 394, 395, 
396, 397, 398, 401, 402, 528. 

——— — -— quadratic, 404, 405, 
406. 

— of circles in space, 463, 468, 494, 
506, 509, 515, 516, 550, 553, 571, 
574, 584. 

—-—-— focal, 550, 555, 556, 557, 
558, 561, 567, 576, 579, 580, 581, 
585. 

——— conformal, 
586. 

———— — normal, 554, 555, 558, 
561, 562, 563, 564, 567, 568, 570, 
571, 580, 581, 586. 

seudo-normal, 578, 579, 
580, 581, 582, 583, 586. 

a linear, 461, 502, 503, 


574, 584, 


oo chain, 470, 471, 472. 

— third order, sixth class, 510-15. 

— of oriented circles in space, 540, 
541, 542, 

——— linear, 532, 533. 

cet spheres, 274, 494, 555, 556, 567, 

78. 

——w— linear, 243, 244, 253, 273, 
277, 281, 501, 504, 510. 

— —— quadratic, 273, 274, 275. 

——— central, 498, 499, 501. 

— of oriented spheres, 432, 487, 488 
439, 442. 

se oe coaxal systems, 99, 107, 
316. 

— Dupin series, 264, 437. 

— chain congruences, 471, 472. 

Coordinates, trilinear, 114. 


P] 


| — artesian, 180, 248. 


— special tetracyclic, 130. 

— general tetracyclic, 140. 
— of notable points, 123, 124. 
— of circle, 130, 134, 188. 
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Coordinates, tetrahedral, 248. 

— of sphere, 250, 283. 

— special pentaspherical, 251, 398. 

— general pentaspherical, 257, 399. 

— complex, 370, 371. 

— of oriented circle in plane, 358, 
398, 399. 

— of oriented sphere, 410, 433, 434. 

— of circle in space, 475, 476, 477. 

— Pliicker, 434, 453, 454, 457, 469, 
475, 476, 477. 

os Klein, 435. 

— of oriented circle in space, 522, 528. 

Cospherical circles, 448, 455, 477. 

— points, 234, 238, 239, 240, 262. 

Coresidual cones, 428. 

— points, 215, 216. 

Coupled circles, 145, 

— spheres, 261. 

— ruled surfaces, 438. 

Cross, 460, 464-71, 529, 572. 

— axial, 460, 467, 491, 492, 493. 

Cross ratio, invariant, 23, 228. 

— for a cyclic, 209, 213, 219, 2238, 225. 

— — tetracyclic, 194, 195, 197, 536, 
537, 555. 

Curvature, line of, on cyclide, 265, 
266, 303, 439. 

—— — on hypercyclide, 427. 

—-—— on singular surface of quad- 
ratic complex, 444, 

Cyclic, 203-25, 262, 275, 288, 289, 
291, 292, 295, 304, 391, 392, 405, 
412, 428, 531. 

Cyclide, 286-305, 404, 405, 406, 439, 
443, 446, 461, 472, 474, 484, 497, 
509, 518, 530. 

— Dupin, 266, 267, 268, 270, 302, 343, 
345, 407, 529, 537, 538, 539. 

— Confocal, 303, 304, 305, 


Deferrent, 25, 229. 

— of cyclic, 206, 207, 208, 209. 

— of cyclide, 269, 288, 297, 298, 299, 
300, 

— of hypercyclic, 387, 388, 390. 

— of hypercyclide, 426. 

Dekacyele, 534, 535, 545. 

Desmic configuration, 231. 

Diameter of circle, 20. 

Direct circular transformation, 311. 


~ Directrix, of rational cubic series, 


5138, 514, 515. 
Divisors, elementary, 203, 204, 286, 
301, 302. 


Edge, of tetrahedron, 227. 
— line, 227, 
Equitangential, 380, 
Exactitude, 167. 
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Face, of tetrahedron, 227. 

— plane, 227. 

Focal, points on cirele, 502, 503, 
579. 

— surface, for circle congruence, 503, 
574, 

— curves on eyclide, 288, 304, 305. 

—-——— double, 299. 

—— of circles, definition, 449, 

——— coordinates, 523. 

Foci, of cyclic, 207, 209, 221, 225, 
289. 

———— double, 207, 389, 

Form, Hermitian, 201. 


Groups, of circular transformations, 
311, 330-5, 384, 385. 

— of Laguerre transformations, 369, 
370, 383, 384, 385. 

— of spherical transformations, 340, 
348, 349. 


Half-line, 19. 

Harmonic separation, 23, 194, 199, 
227, 314, 823, 327, 377, 391, 424, 
580, 590. 

Hyperboloid, associated with tetra- 
hedron, 235, 237. 

Hypercomplex, of circles, 487, 552. 

——— linear, 487-98, 527, 529, 
547. 

— of oriented circles, 526. 

—— — — linear, 526-30. 

Hypercongruence, of circles, 494, 551. 

——— linear, 494-7, 547, 548. 

— of oriented circles, 526. 

—— —— linear, 544. 

Hypereyclic, 385-93, 405, 424, 426. 

Hypercyclide, 424-8, 448. 


Identity, of Frobenius and Darboux, 
135-47, 253-61, 360, 361, 572. 

Invariance, of cross ratio, 23, 228. 

— of angles, 24, 185, 228, 258, 310, 
311, 338. 

— of ‘tangential segment, 356, 366, 
369, 370. 

Invariant, of circular transformation, 
313, 321, 322, 333. 

— of Laguerre transformation, 382. 

— of four oriented lines, 372, 373, 
374, 

—— — — planes, 420, 421. 

— of two linear congruences, 396, 
397. 

— of linear complexes, 430, 459, 460. 

— —— hypercomplex, 487. 
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Invariant of two circles in space, 457, 
460, 478. 

Inverse, of centre, 30. 

—— point, 22, 134, 190, 227, 284. 

—— circle, 25, 26, 134, 135, 190, 
228. 

—— line, 26. 

—— plane, 228. 

—— sphere, 228, 253, 284. 

Inversion, defined, 22, 190, 227, 284, 

— analytic formulae, 134, 135, 190, 
252, 258, 284. 

— Laguerre, 355, 356, 360, 376, 378, 
383, 387, 388, 389, 390, 391, 397, 
409, 416, 423, 424, 428. 

— in linear congruence, 397, 398, 

— in linear complex, 431, 432. 

Involution, on a circle, 197, 198, 199, 
200, 874, 544, 547, 548, 

— Mdbius, 316, 317, 319, 320, 324, 
327, 328, 329, 342, 345, 346, 347, 
378. 

— of oriented lines, 374, 375. 

— of linear congruences, 396. 

— of linear complexes, 430, 433, 437. 

— of circles in space, 449, 455, 466, 
474, 477, 482, 485, 497, 501, 502, 
504, 506, 507, 508, 511, 520. 

Isogonal conjugates, 49, 50, 51, 52, 
59, 62, 86, 107, 123, 232 , 238, O34, 
Isotropic, defined, 190, 284, 


Limiting, points of coaxal circles, 97, 
99, 100, 151, 155. 

——— — spheres, 242, 

Line, defined, 19. 

— oriented, defined, 351, 358. 

— Simson, 49, 59, 73, 78, 88, 98, 101, 
and Addenda. 


Notation, explained, 20, 21. 


Opposite, oriented circles, 
529, 536. 

Order of complex of circles, 508. 

— of congruence of circles, 509. 

Orthocentre, of triangle, 21, 40, 41, 
53, 56, 57, 59, 60, 73, 101, 102, 123, 
141, 234, 237, 238. 

—of tetrahedron, 2384, 237, 
257. 

Orthocyclic points, 100, 194, 314, 
421, 

Orthogonal circles, analytic condi- 
tion, 132, 189. 

— crosses, 466, 470. 

— spheres, analytic condition, 252, 
283. 

— system, 239, 257. 


522, 527, 


238, 
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Parallel lines, proper defined, 352. _ 

—— improper, defined, 352. : 

— planes, proper, defined, 408. 

—— improper, defined, 408. 

Parameters, elliptic, 219, 220. 

— focal, 557, 561, 563, 567, 577, 579, 
580, B85, 586. 

— isotropic, 190, 201, 209, 223, 318, 
417. 

Paratactic lines, 164, 344, 453, 

— circles, 344, 451, 456, 467, 468, 480, — 
523, 540-4, 583, 589. 

— crosses, 467. 

Pentacycle, 482-6, 502, 504, 507, 508, 
532, 546. 

Pitch, of double spiral, 334. 

Plane, defined, 226. 

— cartesian, defined, 114. 

— tetracyclic, defined, 189. 

— half, defined, 227. 

— oriented, defined, 408. 

—radica]l, 239, 242, 245, 246, 257, 
409. 

Point, 19, 189, 283. 

— improper, 192, 285. 

— Brocard’s, 60, 62-8, 74, 86, 123, 
124. 

— Gergonne’s, 53. 

— Miquel’s, 87, 88, 89, 90, 92, 101, 
122. 

— Nagel’s, 53, 55, 56, 57, 58. 

— Steiner’s, 77, 78. 

— Tarry’s, 77, 78, 79. 

— symmedian, 65-70, 83, 128. 

Polarization, in linear complex, 459, 
461, 489, 491, 529, 

Polygon, inscribed, 48; 116. 

Poristic systems of cireles, 31-4. 

Power, of point with regard to cirele, 
defined, 30, 131. 

— sphere, defined, 230, 
252. 

—of oriented line with regard to 
oriented circle, defined, 354, 359. 
—-—plane with regard to oriented 

sphere, defined, 409, 411. 
Projection, minimal, 367, 368, 414. 
— orthogonal, of cirele on sphere, 479, 

492, 493, 

Projective ranges, tetracyclic, 197, 

198, 199, 200. 

Pseudo-conjugate coaxal systems, 161. 
Pseudo-cylindroid, 468, 469, 472. 


Quadrilateral, inscribed and cireum- 
seribed, 46, 118. 
Quaternion, 343, 


Radius, of circle, defined, 20, 180, 13d 
— of inversion, defined, 22, 
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Ratio, double, 313, 814, 321, 367, 420. 
ae hypercomplex, 527, 529, 
Reflection, in line, 27, 30, 309, 376, 
424, 
— in plane, 337, 340, 376, 424. 
— in hyperplane, 416, 424. 
Residual points, 215, 216, 219, 220, 
— circles, 294. 
— cones, 428. 


Secant, of circle, defined, 20. 
Segment, defined, 19. 
Series, of circles in plane, 156, 157. 


_-—- conic, 157, 158, 159, 
509. 

————— cubic, 159, 160. 

—w— oriented circles in plane, 400, 
401, 403. 


— of spheres, 262, 263, 265, 286, 494. 

—— — conic, 263, 264, 270, 301, 495. 

— — — Dupin, 264-70, 274, 282, 436, 
437, 528, 529. 

——— cubic, 270, 271, 272. 

——— quartic, 272, 273, 512. 

— of oriented spheres, 437, 442. 

— of circles in space, 463, 472, 494, 
502, 548, 549. 

————— linear, 506, 507, 508. 

———— rational cubic, 511-14. 

— of oriented circles in space, 526. 

ae linear, 534, 535, 

Shoemaker’s knife, 36. 

Side of triangle, defined, 19. 

Side-line of triangle, defined, 19. 

Similar, three figures, 81, 82, 83. 

Simplicity, of geometrical construc- 
tion, defined, 167. 

Singular, oriented circle of congru- 
ence, 403, 405, 406. 

— oriented sphere of complex, 441, 
443, 444. 

— curve, 405, 406. 

— surface, 444. 

Sphere, defined, 227, 250, 283, 

— of inversion, defined, 227. 

— of similitude, 230, 244. 

— of antisimilitude, 230, 243, 246, 
247, 284. 

— radical, 233, 245. 

— null defined, 254, 283. 

— inscribed, equation, 259. 

— circumscribed, 234, 235, 239, 240, 
241, 250, 254, 258, 262. 

— sixteen-point, 234, 247. 

— twelve-point, 237, 238, 239, 247. 

— singular, of complex, 278. 

— polar, with regard to cyclide, 292. 

— antipolar, with regard to cyclide, 
292.. : 
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Sphere, fundamental of cyclide, 287, 
290, 292, 297, 299, 301, 308. 

— limiting in circle congruence, 574, 
575, 576, 579. 

— focal, 558, 562, 566, 575, 576, 579. 

— central, for linear hypercomplex, 
488, 489, 490, 493, 495-8, 501, 504, 
505, 527, 528, 529, 530. 

— oriented, defined, 408, 410. 

Spiral, double, 321, 334, 


| Substitution, orthogonal, 140, 337, 


342, 348, 349. 
Symmedian, 65, 75. 


Tangent circles, succession of, 31, 32, 
33, 34, 35. ; 

—— Casey’s condition, 37, 38, 39. 

—— Hart systems, 43, 147, 150, 151, 
152, 165, 407. 

— — formula, 132, 189. 

—— Apollonian problem, 145, 147, 
167-72, 185, 186, 200. 

—— Malfatti’s problem, 174-82. 

— — tetracyclic, 189. 

—— proper, defined, 352. 

—-— improper, defined, 352. 

— spheres, formula, 252, 284. 

—— five to a sixth, 259, 

—— Hart systems, 261, 282, 446. 

—— proper, defined, 409. 

—— improper, defined, 409. 

Tangential segment of point with 
regard to cirele, defined, 28. 

—— common to two circles, defined, 
28. 

Tetrahedron, defined, 227. 

Transformation, circle, 306, 307, 308, 
335. 

— circular, 308-35, 338, 342, 346, 
378, 379, 381, 382, 383, 384, 385, 
407, 542. 

— Cremona, 307, 308, 335, 336. 

— — elliptic, 321, 322, 325, 327, 328, 
335, 342, 381, 382, 385. 

—— hyperbolic, 321, 322, 325, 327, 
328, 355, 381, 382, 385. 

— — parabolic, -320, 322, 325, 327, 
328, 3338, 335, 379, 381, 385. 

—— loxodromic, 321, 334, 335, 381, 
385. 

— Laguerre, in plane, 366, 370, 372, 
374-85, 393, 407. 

———— parallel, 381, 384, 385. 


——— — elliptic, 381, 382, 385. 
—— —— hyperbolic, 381, 382, 385. 
———— parabolic, 381, 382, 385. 
———— loxodromie, 381. 


—— in space, 415, 416, 420, 422, 423, 
424, 


| 894, 475, 498, | ae | 
, 525, B48, 555, 592, ag oe | — Brocard’s fst 75. 
— gaqtitong, in plane, 356, 870, 371, . 


 ——— space, 409, 417, 419, 447, ‘ties: of null circle, defi 
-  — line- raphere, 434-8, — of null sphere, defined, 


. 
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Affolter, 108. 

Allardice, 39. 

Amaldi, 330, 348. 

re 167-72, 185, 200, 375, 
93. 

Appell and Lacour, 219, 222, 

Archimedes, 36. 

Author, 94, 132, 133, 154, 157, 164, 
172, 210, 262, 274, 344, 360, 407, 
419, 435, 436, 488, 452, 464, 465, 
468, 479, 491, 516, 552, 571, 586. 


Barrow, 51, 86, 479, 521. 

Beck, 191. 

Benedetti. See Addenda. 

Bianchi, 567. 

Blaschke, 370, 373, 386, 405, 419, 424, 
444, 

Bocher, 191. 

Bodenmiller, 101. 

Bodenstedt, 170. 

Bompiani, 548. 

Bonnet, 416. 

Bouton, 308. 

Bricard, 52, 375, 376. 

Brocard. See Angle, Circle, and 
Point. 

Bromwich, 204. 

Burgess. See Addenda. 

Biitzberger, 22. 


Casey, 37, 44, 112, 114, 116, 259, 289, 
297, 375. 

Castelnuovo, 496, 497, 498, 510, 518. 

Cauchy-Riemann, 371. 

Cayley, 204, 270, 349, 851. 

Ceva, 29, 81, 376. 

Chasles, 29, 101, 205, 815. 

Clebsch-Aronhold, 201. 

Clebsch-Lindemann, 114. 

Clifford, 90, 153, 164, 344. 

Codazzi, 569. 

Cole, 312. 

Cosserat, 490, 498, 508, 548, 586. 

Cranz, 168, 172. 

Cremona, 307, 308, 335, 336. 


Darboux, 135, 208, 222, 258, 291, 293, 
299, 3038, 309, 338, 416, 432, 565, 
568, 586. 

Demartres, 548. 

Desargues, 100. 


Dixon, 210. 

Déhlemann, 262, 306, 312. 

Dupin, 266, 303, 432, 583. 

— See also under Cyclide and Series. 


Hisenhart, 553, 562, 567. 
Emch, 82. 

Emmerich, 60, 79. 
Enriques, 186. 

Epstein, 353. 

Euclid, 593. 

Euler, 46, 112, 138. 


Fano, 331. 

Feuerbach, 39, 41, 52, 247, 376. 
Fiedler, 183, 185, 186, 422. 
Finsterbusch, 27. 

Fontené, 41, 52, 123. 

Forbes, 457, 459. 

Frobenius. See Identity. 
Fuortes, 90. 

Fuhrmann, 58. 


G, 123. 

Gauss, 101, 313, 314, 318, 536, 537. 
Gerard, 172. 

Gergonne, 53, 171, 172, 186, 247, 
Grace, 92. 

Grebe, 65. 

Greiner, 59. 

Griinwald, 370. 


Hadamard, 268, 

Hagge, 58, 90, 102. 

Hamilton, 343. 

Hart, 43, 175, 176, 182. 

— See also Tangent Circles and Tan- 
gent Spheres. 

Heath, 36. 

Hermite, 201. 

Humbert, 208, 300. 


Intrigila, 234, 240. 


Jessop, 212, 439, 444, 503. 
Joachimsthal, 265, 269, 432. 


Kantor, 59, 90, 92. 
Kasner, 201, 204, 210. 
Kempe, 22. 
Killing-Hovestadt, 168, 
Klein, 330, 400. 
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Klein-Fricke, 330. 
Koenigs, 437, 479, 502. 
Kummer, 439, 444, 515, 571, 586, 598. 


Lachlan, 39, 59, 135, 150, 151, 220, 
253. 

Laguerre, 224, 353, 355, 375, 386, 535. 

— See also under Inversion and Trans- 
formation. 

Larmor, 150. 

Leibnitz, 65. 

Lemoine, 65, 166, 168. 

— See also Circle. 

Lewis, 422. 

Lie, 394, 415, 484, 440. 

Lie-Engel, 348. 

Lie-Scheffers, 330, 332, 367. 

Liouville, 338. 

Lohr, 419, 

de Longchamps. 

Lorenz, 422. 

Loria, 162, 276, 287. 


See Addenda. 


McCleland, 81, 84, 86, 101. 

MacKay, 83, 84, 128, 129, and Errata. 

Malfatti, 174, 175, 177, 179, 180, 182, 
247, 282. 

Malus-Dupin, 583. 

Mannheim, 122. 

Mascheroni, 186. 

Menelaus, 29, 54. 

Mertens, 177. 

Mesuret, 494. 

Miquel, 85, 87-90, 101, 122. 

Mobius, 27, 309, 313, 315. 

— See also Involution. 

Molenbroek, 535. 

Monge, 338, 438. 

Moore, 443, 458. 

Morley, 153. 

Moutard, 24. 

Miiller, 183, 262, 359, 361, 424. 


Nagel, 58, 55, 56, 57. 

Netto, 349. 

Neuberg, 79, 80, 84, 127, 128, 129, 
238, 247. 

Newson, 334, 335. 

Nother, 154, 215, 401. 


Orr, 149. 


Page, 415, 

Pampuch, 180. 

Pascal, 349. 

Peaucellier, 22. 

Peschka, 262. 

Pesci, 92, 153. 

Picquet, 27. 

Pliicker, 177, 215, 364, 406. 
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Pliicker. See Coordinates. 
Poncelet, 105. 

Prouhet, "987. 

Ptolemy, 88, 138, 315. 


Ranum, 548, 

Reusch, 172. 

Reye, 248, 262, 274, 276, 279. 
Ribaucour, BBA, BBB, 561, 586. 
Richmond, 484, 508. 
Roberts, 107, 225, 233, 240, 
Rodrigues, 568. 


Salmon, 204, 248, 256. 
Saltel, 215. 

Sawayama, 39, and Addenda. 
Scheffers, 367, 370. 
Schellbach, 177. 

Schlafli, 514. 

Schoute, 127. 

Schriter, 177, 217. 
Schubert, 261. 

Segre, 287, 481, 506, 551. 
Simon, 36, 46, 167, 174. 


Simson. See Line and Addenda. 
Smith, 397, 424, 431, 482, 433, 444, 
446, 


Snyder, 400, 435, 444, 

Sobotka, 396. 

Spieker, 53. 

Standen, 548. 

Steiner, 31, 32, 34, 35, 77, 78, 173, 
175, 176, 177, 179, 182, 232. 

Stephanos, 231, 475, 482, 484, 487. 

Study, 142, 147, 152, 195, 196, 326, 
384, 419, 436, 465, . 

Sturm, 306. 

Swift, 309. 


Tarry, 77, 78, 79. 
Tauberth, 159. 

Taylor, 31, 32, 71, 72, 73. 
Thébault, 113. 
Thompson, 22. 
Timerding, 159, 262, 272. 
Tucker, 68-73, 112, 124. 


Vahlen, 31, 33, 232. 
Vigarié, 61. 

Von Staudt, 199, 202. 
Von Weber, 319, 326. 


Weber, 224. 
Weber-Wellstein, 165. 
Weierstrass, 203. 

Weill, 105. 

Weitzenbick, 484, 485, 508. 
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ERRATA AND ADDENDA 


P. 37. In problems dealing with four circles tangent to a fifth, a straight 
line and a point must be treated as limiting forms of circles. 

P. 39, note. For Swayama read Sawavama., 

P. 83. Here, and later, the name MacKay should be spelt McCay. The 
Author stupidly confused the names of two different writers on elementary 
properties of circles, 

P. 92. Theorem 164]. The credit for discovering this is, apparently, due to 
de Longchamps. See his ‘Note de géométrie’, Nouvelles correspondances de 
mathématiques, vol. iii, 1887, pp. 306 ff. 

P. 94, Theorem 165]. This is contained implicitly in an elaborate theorem 
due to Burgess, ‘Theorems connected with Simson’s Line’, Proceedings Edin- 
burgh Math. Soc., vol. xxiv, 1906, p. 126. 

P. 113. Theorem 222]. For side read side lines. 

P. 143. ‘The condition that there should be a real circle,’ &c. This holds 
only in the case where the given circles have non-collinear centres. When 
the centres are collinear, the second factor of the left-hand side of the equation 
at the bottom of the page, which is stated, p. 144, to be negative, is zero, 
Conversely, suppose that three real circles are cut at preassigned real angles 
by a circle with real radius and imaginary centre. They will meet the circle 
with the same real radius and conjugate imaginary centre at the same real 
angles, and so have collinear centres. 

P, 165, second note. The proof here suggested is invalid. 

P. 167. ‘Let us begin by examining,’ &e. See remark above about P. 143. 

P, 221, line 3. For — 5 read — 5° 

P. 328. Theorems 30] and 31], The conditions given in these theorems 
that two circular transformations should be commutative, are necessary but 
not sufficient. A hyperbolic or elliptic indirect transformation will be com- 
mutative with a system of real ones depending on one real parameter. See 
Benedetti, ‘Sulla teoria delle forme iperalgebriche’, Annali della R. Scuola 
Normale di Pisa, vol. viii, 1899, p. 62. 
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